A. . der
T'PYIIIIA CHMMETPHH XUMHYECKHX J3JJEMEHTOB

BBEJEHHUE

B osToii pafore wmararaercsa rpymmoBag KIACCH(UKANEA XHMHYECKHX
9JeMEHTOB, DAacCMATPHUBAEMBIX KAK COCTOAHHA eJHIoH KBaHTOBOIl cCHCTEMBI.
ATOMBI pa3JHIHBIX 2JeMEHTOB H306paskAIOTCA BEKTOpPaMHU IPOCTPAHCTBA, IS
onpeflesieH0 HeIPHBOAEMOe YHHTAPHOE IPEACTABIGHHE HEKOTOPOH TPYILIBI
CAMMETDHHN, TaK 9YT0 pasjJHdHble JIeMEHTHI IepeBOAATcA APYT B [Apyra meii-
CTBHEM OIeparopos 3rToil rpynnsi. Takoll HogXol NPHHMUNHAIBHO OTIWYA-
eTcs OT TPafMIMOHHOrO NPHUMEHCHUA TEOPHW TPYNN B ATOMHOH (PU3HKe, HpH
KOTODOM IDyIIla CHMMETPHM WePEBOAHWT JPYr B Apyra pasinyfbie Bo30yix-
JeHRble COCTOAHUS ONHOTO M TOTO ke aToMa, B CIefyeT COBCeM JPYroMy
o0pasily — onucaHUIO TAKENbIX YacTHn (aTPOHOB) NpefcTABIEHAAMNW YHU-
TApHBIX Ipymmn, npepixo:keHnomy B 60-x r. B nesaBucumeix paborax [ema-
Maunna n Heemana, a sarem passuromy OxyGo, I'opcm m Paguraru, Tlaiicom
d IPYrUMH aBTOpaMH.

B 1970 r. 10. b. PymMep u aBrop onmyGIMKOBAIM KHHATY [IOJ Ha3BAHEEM
«Teopna yHNTApHOH CHMMETPHHY», IOCBAIIEHHYI CHCTEMATHICCKOMY H3JIOMe-
HA0 9Toro Kpyra mpaeit. B mpomecce paGorsr mag wuuroit 0. B. Pymep nmpu-
el K MBICHY NPUMEHATH AHAJOTHYHBIA MOAXOJ K cHcTeMe XUMHICCKUX 3je-
MenToB. Ilocie NpeofoJieHHA HEKOTOPHIX TPYAHOCTEH, CBA3AHHBEIX ¢ TAKHM
ONMCAHMEM, Mbl H3JI0KHIN TPYIOOBY CHCTEMATHKY 3JIEMEHTOB B 0onyoJn-
rkopammoii B 1971 r. pabore [11]. ¥Vike B 9roit paGore moguepkmBagach Hpu-
HATAag HAMU TOYKA 3PEHHUsA, COMIACHO KOTOPOH paccMaTpHBaeMas CEMMETDHSA
OTHOCHTCA K aroMaM B IeJOM, a He TOJNBbKO K JJIeKTPOHHEIM 000J0TKAM.
B radecTBe rpymie cuMMeTpHE GBI B3ATA [ABYJIHCTHAsA HAKPHIBAKIIAL IPyII-
net SO(4), o NpoCTPaHCTBO TPEACTABICHES OKA3aJoCh CBA3AHHBIM C W3-
BECTHEIM IIpefcTaBieHneM KoHQopmuoi rpynust SO (4, 2). CoorBeTcTBylOmEee
paciuupenme Tpynnel caMMerpun 6o BhmmomHeno B. I, Horoneapueako B
1972 r. [5]. B Tom e rogy mosBmamch HesaBmcumble paGorTsr Bapyra [18]
1 Hosapo 1 Bappoumo [30], aBTOpBI KOTOPHIX paccMAaTPHBAIN ONHCHIBAEMYIO
CHMMETPHIO ¢ TOYKH 3peHHA DJIeKTPOHHBIX 000J0TeK.

OrueTnuBoe OTHeJIeHHe CHMMETPHIH JJIEMEHTOB OT TPaguMuOHHOHE 00010~
YedHOH MOJeNHN CIIOCODCTBOBANO Gojiee ACHOMY TOHUMAaHUIO TOJY4eHHOH KJjac-
caUKANIT [, B YaCTHOCTH, II03BOJIIIO MHE NpefaokuTh B 1974 r. rpynmosoe
onucaHme XmMmgeckoro cpomerra [14, 15], a B 1979 r.— Maccoryo dopmyny
g atoMeex pecoB [16, 21, 22]. B mpomecce yroureHus kmaccmurannu
HIEMEHTOB 0Ka3aldoch, 4TO OHA OOHAPY)KMBAeT HEKOTOPble 3aKOHOMEPHOCTH
H3MEHeHHs CBOMCTB DJIeMeHTOB, PaHee, IO-BUOAMOMY, He 3aMedeHHBle. Oxa-
3aJ0Ch, UTO KajsKl0e M3 U3BECTHHIX p-, d- W f-~ceMelcTB DJIEMeHTOB OTYeTIHBO
HeNnTcA Ha 1Ba IOfceMeiicTBa ¢ pasHBIMH 3aKOHAMM W3MeHEHHA CBOMCTB.
CpaBHeHHe DTHX Pe3yJdbTaTOB ¢ YKCHEPHMEHTANbLHBIMU AaHHBIME OBLTO Biep-
sele semosnnero B. M. Baxossim [20], a Bmocaencrsnn, Ha Godee oOIIHPHOM
marepuane, H. V. CopoxrmHEIM.

Wsnosenne OMMCAHHOTO MeTOfla B JKYDPHAJNBHEIX CTATBAX BPAMN JH MOH-
HO CUHMTATH JOCTYIHEIM AJA 4HTaTeneil, He NMEIOHUX [OCTATOYHOLO OIBITA
pabornt ¢ rpymmamu Jlu. Mexpgy TeM, Msuku ¥ XMMWKH, 3HAKOMbIe ¢ KBAH-
TOBOI MeXaHWKOH, OOBITHO BCTPEUYAIOTCA JWUIIL € IPEACTABJCHUAMN IpYIIIBI
BpAleHUI TPeXMEepPHOTo NMpocTpaHcTBa, B Ayxe pabor Burmepa m Beitns, BbI-
HonmeHHsX B Koume 20-x rr. fI mocrasma ceGe meabio HAmmUcaTh 0630p 9TOro
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MaTepHajia, AOCTYIIHBIA OIA BCeX 3aWMATEPeCOBAHHBIX uuTatesded. B cesasm ¢
39THM BO3HHKJIN 3HAYHTeJbHBIe TPYOHOCTH, IIOCKOJBKY CYLIeCTBYIOIas JHTe-
parypa o rpynnax Jlu Hukoum obGpasoM me ofjerdaer 3HAKOMCTBA C WIEeSIMH
CAMMeTPHH, CTOJb Ba)KHBIMEH B (U3WKC NOcaemEux pecarmiermit. Oma ge-
JARNTCA HA CHCTeMaTHdeCKHe TPAKTATH, NpeJHA3HAYEHHbIe [JI Ipodeccuo-
HaJbHBIX MaTeMaTHKOB, W HA PYKOBOACTBA AJi (PUAHKOB, In60 EMHTHUPYIOIIHE
9TH TPaKTaThl, JUGO IpeNjIaraiiniie HEeKOTOPHIH aCCOPTHMEHT NPUIOMKeHHH R
PasHOOOpA3HBIM YACTHBLIM BoIpocaM. fI monslTalcd H3J0KHUTh OCHOBHEBIE IIO-
HATHA 0 Tpynmax u aare6pax Jlm, orpaEWYMBINTMCh, MUHEMaJBHBIM MaTepHa-
J0M, HeoOXONMMBIM IJIA W3YYCHHA CAMMETPHM 3JIEMeHTAPHBIX YACTHI[, W HC-
XOOA H3 TOTO 3HAHMA IPOCTeHIINX 3ajay KBAHTOBOH MeXAHHKH, KAKOE MOK-
HO IpeAmosiarars y ¢uamka Win XUMHKA ¢ OOBYHBIM 1IpodecCHoHaJbHBIM
obpasosanmeM. Bce, 9To Kacaercsi TeopuH TPYNI — fajke OmpefelieHde rpyi-
IIbI,~— M3JIATAeTCA ¢ CaMore HAyala, HOo >KejJaTelbHO Bce e, 4To0bl y d9H-
TaTenaa OBLIO HEKOTOpoe IpefcTaBieHHe O NPHMeHeHMH TPYIIILl BpalmeHmit
K Kiaccu@UKAEN SHEPreTHYECKAX CIEKTPOB aTOMOB M MOJeKyJ. ['pymmosbie
MeTofbl BBOJATCA HAa OCHOBe KOHKpeTHoro (uamdecKoro marepmaiga. B oco-
GeHHOCTH 3TO OTHOCHTCA K NMOHATHAM OOBIYHOrO M YHHTApPHOro chlimHA, Quan-
YecKHe IPedIOChIIKH KOTOPBIX W3J03KeHbl HocTtaTouno moapobuo. Taxmm
00pa3oM, NPHAATOE HAMH H3JIOMEHHWE ABIAETCA HE CHCTEMATWYeCKHM N Jie-
NYKTHUBHEIM, a, CKOpee, TeHeTHYECKHM M HHIYKTHBHEIM, T. €. TIaBHOe BHH-
Manue ypheaseTca He (OPMAILHOH TOYHOCTH IOCTPOEHMH, a 3apOKAEHHI0 U
cMBIcIy IoHATHH. B wacTmoCcTH, MaTeMaTHYecKas CTPOTrOCTh COONIOAAETCs
JIMIIE TaM, TAe 9To Bo3MO:KHO. IIpHBOmATCA mOCTOAHHO NMpUMeHAeMEBIe Teope-
MBI, CMBICI HX HOJPo0HO OOBACHIETCA, HO [OKA3aTeNbCTBA, KAK NPAaBHIO,
ONYyCKAlOTCA, TAK 7Ke KAK W rPOMO3JIKAE BBHIYUCIEHUA.

IlepBas riaBa copepsxuT BBeleHHMe B IPYNIOBHe METOXBl KBAHTOBOH Me-
XaHOKN W HAudHAeTCHA ¢ TPAfUI{AOHHEIX IPUMEHeHW! TPYNIBI BpaIieHHHd K
aroMy Bomopopa. 3aTeM o0bacHAeTCS, KAKuM 00pa3oM MOJKHO IIOJYYHTh Ha-.
GaIomaeMsble, ONMCHIBAIONINE CHCTEMY, M3 ee TPYINIBl cuMMerpum. TeM caMbiM
IPyNOBl CHMMeTPHH 3aHUMAlOT MeCTO, IpHHAjleKaliee UM B COBPeMEHHOX
¢uE3IKe: KBAaHTOBag cHCTeMa 3aZaeTcsi IpeficTaBjleHMmeM TPYNNbl CHMMETDPHH.
B uwacrHOCTH, BBIACHAETCA, 9TO TAMIJILTOHMAH CHCTEMBl ABJAETCA OIeparo-
pom Kasmmmpa ee rpynubl cuMmerpum. IBaHTOBble dUHCIa, HyMepyloline
SHepreTmIecKne COCTOSAHHS CHCTeMBI, OKA3BIBAIOTCA COOCTBeHHHIMHM 3HATEHUS-
Mu HaGopa IIepecTaHOBOYHBIX OIIE€PAaTOPOB, IPEJCTaBIAKINAX HEKOTOPHE reHe-
paropsl anreGpsl JIm rpynnsl cmmMerpmu. B oTolf ke riaBe BBOJATCH OC-
HOBHBIE IIOHATHA o0 rpynnmax m aarefpax JIm, K KOTODBIM dUHMTaTelh YiKe
[OAIrOTOBJNeH HpefbyInuM ¢usmdeckuM MaTepuamoM. Hampoe momsTHe M-
JAI0CTPUPYeTC IIpUMepaMd, MOACHAKINUMEA ero HeoGxogmmocTs. Jlaisiie
OTPCAeNsIeTCA TOHATHE NPefCTABIEHUs TPYIIIBI M IMOKA3bIBAeTCHA, KaRUM 00-
pazoM m3 UaHUecKHX coofpajkeHHmH MoTHBHpYyeTca oco0oe 3Hadenme HeIpH-
BOMMMBIX W YHHUTAPHLIX IIPeCcTaBieHHIL.

Bo BTopoll riape BBOJHTCA IIOHATHE CIIMHA, IPUYeM MBI MCXOAHM H3
HepPBOHAYANBHOrO, IO CYI[ecTBy rpymmosoro mofxoma ITaymn. Ksanrosas wme-
XaHOKA CIIHA OTIAeNAETCA 3aTeM 0T IPOCTPAaHCTBEHHO-BpeMeHHOI TPaKTOBKH
CcHCTeMEI M paccMaTpuBaeTcsd KaK TeopHs CHCTeM ¢ KOHCIHOMEPHBIMA IIPO-
CTPAHCTBAME COCTOAHMI, BO3HMKAMOMNX W3 NPelCcTaBleHHNl TPYNIbl YHATAp-
HBEIX MaTpun Broporo mopsagra SU(2). Orcroma Mbl mepexofmM K m30TOIHYe-
CKOMY COHHY, OIMCHBAeMOMY TeM ke anmaparoM. Horma mpes usoTommde-
cKOTO cnmEa 6buIa mpefmomena lefiaenfeprom B 1934 r., moppepsxuBaiomue
ee JOBOMEl Ka3aumch HeyGequTeJbHBIMH, W OHa BCTpeTmja COUPOTHBASHHE
HekoTophx PmsmroB (ocoGemmo JI. J[. Jlamgay m ero miKoubi). Ho umenno
9Ta HWaes Jerjda B OCHOBY MeTO[0B Kiaccm(puKauum 9acTHd, HAa KOTOPHIX 0C-
HOBBIBaeTCH Haml moxxof. Mpl mepexoimM 3arTeM K YHHTAPHOMY CHHHY, T. €.
K cumMerpusay rpynn SU(3) m SU(6). Dusuueckas CTOpOHA Jena Hajnara-
etcsi ajech HOCTATOYHO NOAPOOHO, HO NOKA3aTedbeTBa alrefpamdeckux pe-
3yJNBTATOB OIIyCKaloTca (YuTaTesap MO;KeT HaWTH HX, HalpuMep, B Hamled
kamre [12]). OcoBoe MecTo saEAMaeT B 3TOH riaBe MaccOBaA dopmyna Temm-
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Manra — Oxy6o, KoTopas WIIIOCTPHDYeTCs NPHMEPAMI OKTeTa H TeKYIIeTa
6apmonos. Ilo ofpasmy sroii popMynnl mbl cTpomMm fambime (GopMydy AIA
aTOMHBIX BecoB. B 3akmiodennme B BHIe HEKOTOPOTO CHHTE3a M3IaraloTCA
ofmue IPUHNEOB KJIACCHPUKAUMA TACTHI[, BHITEKAION[Me M3 PACCMOTPEHHBIX
YACTHHIX cAydYaeB. JTA NOPHHNMIB, KAK BUJHO B3 jajbHeilero, coGaiofa-
I0TCA B WHTepecyIOIeM HAC CIyYae CAMMETDHA XHMHYECKAX 3JeMeHTOB.

Tperssa rnaBa cofep:KET MaTeMaTWUeCKMil MaTepuay, KOTOPHIi TPYIHO
Haiite B y4eOHOH amreparype. Onpepensierca kondopmuasa rpynna SO (4, 2),
BBefleAHasg B ¢umanmky [mpaxom B 1937 r. m craBmas ¢ Tex mop opHo# W3
$yHAaMeHTaJIbHEIX TPYNN CHMMETDPUH, BO3HAKAOMEH B CaMBIX Pa3IHIHbBIX
curyamuax. Hanpmmep, B 1965 r. oma 6rnta mpumenena M. A. MankurbiM
n B. Y. MasbKo K onmcaHHI0 9HEPreTHUECKOro clekrpa Bomopona [8]. Jlamxb-
Ime NpPHBOOATCA HEKOTOPhle MaTeMaTHdYecKHe pe3yabTaThl o KOH(DOPMHEOIL
ITPYIIle W ONHOM ee chHelWaNbHOM upefcraBiennn. Jurarenb, TOTOBLIA npu-
HATL Ha Bepy °Tm (PaKTHl, MO;KeT He BHHKATH B IOAPOOHOCTH I BO3Bpa-
maThesA K HOM, KOrja OHW HOHAHoGATCA B cIedyIONHX riaBax.

W3 ronrdopMHOI rpynmnsl cTPOMTCA OCHOBHAH TPYNNa CHMMETPHH Halmei
TEOPHHM M ICIOYKA ee IOATrPYII, CIYMKAW@AA AAA KIacCH(PUKATMA BIEMEHTOB.
Ha »aToil cuMMeTpnu ocHoBBIBaeTcA o0bficHeHMe sMImpMIeckax udmcen Mape-
ayHra, mpejuioskeHubix uM emie B 20-e rr. i myMepanuu dIeMEeHTOB H He
EMeBINUX TeopeTudyeckoro obocHoBaHmsa. OTMETHM, 49TO0 HAalma CHMMeTDHA He
TOMJEeCTBEHHA IPEeIJIOKeHHON JPYrMMH aBTOpPaMi, a KBAHTOBBIE UMCJIa €e
OpeficTaBIAIOT ycoBepleHcTBoBaHMe umcea Mapenynra. B aroii ke rmase
coJep:KuTCA MaccoBad (opMyda A aTOMHBIX BECOB, HORIEeP/KUBAIOIIAA TOU-
Ky 3penmsg paGorer [11], cormacho KoTopo#i KOR(OPMHAA CHMMETDPHA OTHO-
CHUTCA HE TOJBKO K BICKTPOHHBIM 000J0YKAaM, HO K aTOMaM B IEJIOM.

B derseproit riase Haml MOAXO[ IpUMeHseTca K KiaccmpUKAmMuu 3Jie-
MEHTOB TI0 HX XWMHYECKHM CBOICTBAM MW, B TaCTHOCTH, BLIACHAETCA NPUPOJAA
MEH/eTeeBCKAX TOMOJIOTHYECKHMX PSJOB ¢ TOUKH 3DeHUs IpefjaraeMoil cmm-
Merpnu. B 3aki0UeHHe NPHBOJATCA TrpagHUKH, OO3BOIAKIINE CPABHATHL C
ONBITHBIMUA JAHHBIMH HEKOTOPEIE BBIBOJBI TEOPHH.

B paGore majg sruMu BompocaMm MHe OKasaaM GoOJBITYI0 ITOMOIUIb
C. 10. Ilpumenmonok, BecbMa CTHMYJIHMpPOBABIIWE Moe IIOHMMAaHME IpeaMeTa
obcymagennmeM amareGpamdeckoro ammapara, m H. W. Copokun, mpopenasmmid
COIOCTABIEHNE C DKCIepMMeHTanbHEIM MarepuamoM. B wacrmocrs, H. M. Co-
POKHH 3aMeTWJ, d9T0 IpejjaraeMasd TPYHIOBas KiaccmpuKamusa Xopouro
OIUCHLIBAGT Te cBOMCTBA 3IEMEHTOB, ¢ KOTODHIMU CBfA3aHA WX XHMHYCCKAS
aKTHBHOCTB. JTa ToYKa 3peHmA MOJyYdaa NOATBep:KAeHme B paboTe
T. B. Jypurnna u P. Xeddepanna [3], rme ¢ moMomplo Hamiero TpymnmoBoro
nofaxona oGBACHAIOTCA 3aKOHOMEPHOCTH CBOWCTB JIByXaTOMHBIX MOJEKYJ, CH-
cTeMaTHYecKn msydennble B paAme pabor P. Xeddepanma m ero corpypnm-
xoB [26—28].

Taama 1

CHIMMETPIN KBAHTOBON CICTEMbI

1.4. Tpynna cmmMMeTpun KBAHTOBOIl CHCTEMbI

Cocrosinne dwacTunbl ONHCHIBAeTCA B KBAHTOBOJ MeXaHUKe BOJHOBOH
q)ynmmeﬁ ¢, 3apHcaAmiell or KoopAmHHAT Z, Y, Z W BpeMeHH I. Oyurnua P
OPEHAMAET KOMIUIEKCHbIC 3HAaYeHHA W HpeANoaraeTcd He DPaBHOD To;je-
creegHo Hymo. Ilockonpky B mamHOR paGore 3aBHCHMOCTH COCTOSHMA OT Bpe-
MeHHM He pPAcCMATPHBAETCH, APTyMeHT t ouyckaerca. Ipome rtoro, B 3rolt
rIaBe He YYATHIBAeTcsg CHOMH, TAK YTO BOJIHOBBIe (YHKIME HMCIOT eIHH-
CTBEHHYI0 KoMTOHeHTy. {1 gaHHOrOo cocTosgHmA \ ompefleleHa JHUIMIL ¢ TO9-
HOCTBIO [0 MHOKHATeNA, T. e. P # AP (A7 0) 3amaor ofmHO @ TO.:Ke CO-
CTOSAHEE,
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CornacHo «BEpPOATHOCTHOMY WCTOJNKOBAHHMIO» BOJHOBOM (YHKIHH, EBepo-
ATHOCTE HAXOJKTEHHS 9YaCTHIBI B HEKOTOPCH 06JacTH IPONOPIUOHAJNBHA WMH-
rerpaxy or |{|? mo aroit o6nacru. IlockonbKy AJiA Bcero IPOCTPAaHCTBA Ta-
Kasg BepOATHOCTb PaBHA eWHHUIE, MOIKEH CYIIeCTBOBaTh KOBEGUHBIN MHTErpal
or |$l? mo Bcemy mpocrpanctsy. Kak MomHO mOKa3aTe, Bce (PYHKIOUE ¢ WH-
TerpHPYeMBIM KBafpaToM o0pasyioT AuHelinoe npocTPAHCTE0, T. €. IWHeHHbIe
KoMOHHANMU TakAX QYHKIMA (¢ KOMIIEKCHBIMH KOI(WIHEHTAMH) TaK#xe
WHTETPUpYeMbl B KBagpare. [lo amanmorum ¢ BeKTOpPAMH 3JIeMEHTApHOI Teo-
MeTpHHI, OG'BEKTHI, KOTOPHIE MOMKHO CKIAJHBATH W YMHOKATh HA YHCIA,
YacTO HA3BIBAIOTCH BEKTOPaMu; M03TOMY (P-(DYHKIMA HA3BIBACTCSA TAKIRE 6€K-
TOPOM COCTOSHUS ONMUCHIBAGMOIl KBAHTOBOH cuHcTeMbl. JIHHeHHOCTHL IpoCTpaH-
CTBA BOJHOBBIX (YHKIMIl DPAaBHOCHIBHA TAK HA3BIBAGMOMY <IPHHIHIY CY-
TMEPHO3UIHIY, COTIACHO KOTOPOMY CYNEpHo3HnHA (PHIWYECKH BO3MOMHBIX
COCTOSIHHIT €CTh ONATH (PM3UYECKM BO3MOMKHOE COCTOSHNE KBAHTOBOM CU-
CTCMBI *).

B npocrpancTBe BOMHOBHIX (BYHKOHI BBOJHTCA CKALAPHOE npouigedeniie

<@l =SH¢>*(I» Y, 2) ¥ (. y, 2)dV. (1.1.1)

Mokno mowasatb, uto warerpan (1) womewem ana Qymrumi, ¢, |, HHTETpPH-.
pPyeMHIX B KBagparte. JluseilHOe HPOCTPAHCTBO CO CKAJAPHBIM MPOH3BEIeHUEM
Ha3bIBaeTCH 2uableprTosvlm npocrparcréom. OOosuaumM TUIABGEPTOBO MPO-
CTPAHCTBO BOJHOBHIX (pyHKIui depes K.

Hpennonaraeljcsl, 9T0 COCTOSIHUA JI000H KBAHTOBOH CHCTEMHLI OHHCHIBA-
0TCA BEKTOPAaMH HEKOTOPOTo THAbOEpTOBa TIpocTpaHCTBa. IIpH 3TOM BEKTODHI
MOTYT HMeTh pa3HYI0 NPHPOIY: OHH MOTYT OHITh [BYX- HJIH YeTHPEXKOMIIO-
HEeHTHBIMU BOJHOBBIMH (PYHRNHAMH, (PYHKIHAMU OT UMHYIAbCOR u T. 4. Ho,
KakoBa OBl HuW Obla MaTeMaTuvecKad 3ammnch BEKTOPOB COCTOSHHA, OHMU
OOJKHBI COCTaBIATH TrUIbOEPTOBO IIPOCTPAHCTBO, T. €. MJIA HUX JOJKHEI
OBITH OIpefelieHB! ONEDALMY CIOMKEHHA, YMHOKEHHA HA KOMIJIEKCHBIC THCIA
H CKAIAPHOTO YMHOeHHsA, ofnapgamoifme oObYHEBIME axre0pandecKuMU
CBOHCTBaMH.

B mpocrpamcTBe BEKTOPOB COCTOSIHHA CHCTEMBI O00BITHO HeficTByeT IPYII-
ma omepaTopoB, 3ajalolas cuMmerpuro cucremsl. IlonsaTne cuMMeTpHHM IpH-
MEHAETCsI B IBYX PAa3HBIX CMBICIAX, Pa3inunme KOTOPHIX clefyeT NOAYePKHYTH,
B mnepsoM cMbicie CHMMETPHAME CHCTEMBl HAa3bIBAIOTCA Mpeobpa3oBaBESA,
IepeBofsiime HEKOTOpOoe 3aJaRHOe COCTOSIHWEe CACTEeMBI B TO K€ COCTOAHHE,
KaK, HaIpHMep, ompeMleleHHble IIPOCTPAHCTBEHHBIE BPAIMEHAA MEPEBOAAT KYO
W3 JaHHOTO TIOJOKEeHNs B TO ke IloloykeHHNe, Bo BTOpoM cMsoiciae mpeobpaso-
BaHMs CHMMETPHE — 5TO IpeofpasoBaHusA, IepeBOfsAIHe N060e COCTOAHME
cHCTeMB B dpyzue (hmamdecKrm BO3MOKHBIe COCTOSIHNA, KaK, HANpIMep, Bce-
BO3MOKHBIE BpallieAAss Kyba TepeBONAT ero B PasHble IOJNOKeHUs, He o0dA-
3aTeJbHO COBIAJAKINNE ¢ WCXONHEIM. Mbl GymeM DPUMEHATH MOHATHE CHM-
MeTPUH TOJBKO B 3TOM HocilefqHeM cMsiciie. CmereMa ¢ GonbImeil cmMMer-
pHeit — 3T0 cHCcTeMa, BO3MOMHBIe COCTOAHHS KOTOPOH MoNMycKaloT OOmbIIyio
rpynny TnpeoOpa3oBaHUIA.

Hamomumm ofmee nomsitme rpynmbl. MuoskectBo (G ¢ 3neMenTamu g, £1,
g2, g3, ... obpasyeT epynny, ecim Ha HeM ompefielleH0 yMHOKeHWe g1 - £2,
obramaomee cremyomumn cBoiicrsamm: (1) accommatmBHOCTB: (g) - g2) " g3 =
=g, (g2 - ¢g3); (2) cymecrBoBanme efmHUILl: B G cymecTBYeT ONHH W TONb-
KO OTUH TaKoIl dIeMeHT e, 4To g -e=e - g =g aias Bcex g; (3) cymecTroBa-
Hue oGpaTHEIX 3JIEeMERTOB: A JOGOro g cymecTByeT OJMH W TOJBKO OIWH
raxoit sxemenT g}, uro g g l=g"'-g=e.

Yame Bcero BeTpedaoTCs TPYNNBl mpeoGpasoBaHmil (Wiam omepaTopoe,
9T0 omHO W To me). Ilpeo6pasosanuem mpocTpaHcTBA A Ha3sBAaeTCA 33KOH,
COTIOCTABIAIIIAN Ka)kIo# Touke R JApyryo TodKy, IpHIeM PasHbiM TOTKAM

*) Har MBI yBUANM B NaipHedmeM, B Golee CIOKHRIX CaAydasAx 3TOT OPUHIOEAI A0I-
sKeH OBITH MOJ(BePrHYT HEKOTODPHIM OrpABWYEeHHSM.
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COOTBETCTBYIOT DasHbIE, W Ka[gag TOYKA COOTBETCTBYeT HEKOTOPOH TOdKe.
Ecam T — npeo6pasosanme mpoctpaHcTBa R, TO CYIIeCTBYeT OXHO3HATHO
onpenenennoe o0paTHoe npeofpaszopanne T-! comocTaBiaAlIIee KaKmoil TO4-
Ke T Ty TOYRy Yy, masa Koropoit Ty =z. IIpoussenenne mpeoGpasosaHuii or-
pepensierca caepytomum obpasoM. Ilycrs T, T — npeofpasosanns mpo-
crpanctBa R. Torma 73 HasmBaeTca mux npouseedenuem (M 0003HAYaeTCH
T\T3), ecan T3 momyuaercsa mociefoBaTeldbubiM npnMenenueM T, T1: Tsz —
=T1(Tex). llpnMepaMu npeo6pasoBaHmii ABIAKTCA BpaMIeHHsT OOBIYHOTO
npoctpascrsa f2(3) BOKPYr HeNOABIIKHOM TOYRHM; NapajLIeNblble CIBHETH
3TOr0 IPOCTPaHCTBA; ABIKeHHs R (3), moidydaeMmble IOCHefOBATEIbHBIM BEHI-
IOJTHeHWEeM BpamlleHnss W cABHra. Jlerko mpoBepuTh, 4T0 IJA NpeodpasoBaHmil
BCerfla BLIMOJHSETCA ACCOMHATHBHOCTB: ecau Iszx =y, Toy=1z, Tiz=u, TO
(T,TQ)T:;x=(T1T2)y=T1(T2y)==le=u, TI(T2T3)x=T1)(T2(T3x))=u.
IToaroMy mHOecTBo mpeoOpasosamuil G sBlisgeTca TPYNIOH, eCITH 0HO 00-
namaer cliemgylomumu cBoiictBamu: BMecte ¢ 11, Te B G Bxommr T, -T9; B G
BXOJHUT TOKIeCTBeHHOoe mpeoOpasoBanme 1, mepeBofaAlllee KakAYyH TOUKY B
cebs; BMecre ¢ T B G Bxogmr T,

Hanpumep, spamenus R(3) of6pasyior rpynny O(3) (or Orthogonal);
monaras z' =z, z? =y, 2% =z, UX MOKHO ONUCATh B JEKAPTOBBLIX KOOPAMIA-
Tax ypaBHEHHUAME

. 3 3 .
zt= o (i=1,2,3), (1.1.2)
i=1

mm 2z’ =0z, e O = (0}) — oproroHajbHAS MATPHENA TPETbEro NOPAMLKA.
Ecnm orpasmumThesa mpeobpasoBanmaMm ¢ onpefgenntenem +1, To moayvaercs
nogrpymia SO(3) (or Special Orthogonal).

Cusurz B R(3) obpasyor rpyuuny D(3), oumchBacMyi0 ypaBHEHHAMH

di=z+d  (i=1, 2, 3), (1.1.3)

ann z' =z +a. [Ismwenns B R(3) obpasywor rpymny M(3), omuchiBaeMyio
YpaBHEHHAMHA

. 3 o . :
ei=Yoldd+d (1=1,2,3) (1.1.4)

i=1

win ' = Oz + a, ¢ oproronanbHol MaTpunel (0}).

Ecan mpeo6pasoBanme feiicTByeT B JHHEHHOM IPOCTPAHCTBE W JUHENHO,
T. e. T{(z+y)=Tz+ Ty pmua modeix z u y, u T'(Azx)=>ATz pasa moboro
KOMINIEKCHOTO 4YHCJa A, OHO HA3BIBACTCA JuHelnbim oneparopom. OKasbBa-
eTcs, 910 Kaxkfmoe Bpamierme () Tpexmepmoro mpocrpaHctBa R (3) ompenmeinser
JUHEHHHH omepaTop B THALOEDPTOBOM MPOCTPAHCTBE BOJHOBRIX QYHKINI.
TlpeacraBum cebGe, 4To KBaHTOBag CHCTEMA, HAXOMAIMAsACA B COCTOSIHAM 1,
mopBepraerca Bpamersmio O u unepexomutr B cocTosrme . ITyerh nmpu sTom
TouKka (z, ¥y, z) m Mauablii o0beM dV, comep:kamuil 5Ty TOUKY, IepexofaT B
toury (z’, y’, z') u o6wem dV'=dV. B cmiy H30TPONHOCTH IPOCTPAHCTBA
BEPOATHOCTh HAXOMKFCHUA CACTEMBI B o0beMe dV mo BpamieHHs JOJKHA OBITH
paBHA BEPOATHOCTH HaXosxjeHmA ee B obkeMme dV’ mocme BpaujeHds, T. e.,
BCJIEJICTBHE BePOATHOCTHOTO MCTOJNKOBAaHWMA BojJHoBoH ¢ymrmmm, |¢'(z’, ¥y,
z') | =I¥(z, y, z)!|. pocreiinmit cmoco6 ymoBIETBOPHTH 3TOMy TpeGoBaumio
COCTOHT B TOM, 9TOGBI IIOJIOKHUTD

V(' Yy, 2)=V(z, y, 2). (1.1.5)

Mu npamem (5) 3a ofmmii 3aKoH mpPeoOpa3oBaHMA BOJHOBBIX QYHKIHA mpu
BPaIIenmAX.

Mbl BHIBeJIH 3TOT 3aKOH, IOJAb3YyACh A ONHCAHWA pA3HBIZ COCTOAHUM
KBAHTOBOH cHcTeMH ([0 W TIOCJHe BpAIIEHHsA) OAHOW W TOH ke cHcTeMOH
KoOpAHHAT (I, Y, Z), OT KOTOPHIX 3aBHCAT o0e BoaHOBHIX QyHEKnum {(z, ¥, 3),
V' (z, y, z). Ilpm stom (z’, y’, ") cyTh KOOPAMEATHI APYrod TOYKH B TOM 3Ke
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cucTeMe KoopimHaT. Takas TOYKa 3peHHA Ha 3aKOH Hpeo0pasoBAaHOA Ha3bI-
BaeTCA aKTUSHOU.

BosMoskuna mHaa toura spenua Ha dopmyay (D), mpm KoTopod cumTa-
ercs1, uto Y(z, ¥, z) m ¢’ (z', y’, z') msobpamawr 00Ho u TO e cocTogHUE
KBaHTOBOH CHCTeMBI, HO B DPa3HBIX CHcTeMaX KoopgunHat. Bo Mmorux sompo-
cax (HUBHKH TaKas TOYKA BDPeHWA, Ha3bIBAeMas nAcCCUEHOoLU, DKBHBAJICHTHA
npensinymeii. Ho B Gonee CIOMKHBIX CHTYyaIHAX, KOTJA BEGKTOPBl COCTOSHHA
CHCTEMBl CBA3aHBI He ¢ NPOCTPAHCTBEHHO-BPEMEHHBIM OIINCAHHEM, & ¢ «BHYT-
PeHHHMH CTeleHAME CBOOOMBI», YiKe HENb3s I0Jb30BAThCH COOOParKeHUAMM,
OTHOCAIUMHACSH K «CHCTeMaM OTcuUeTa». TaKk Kak MBI 3aMHTEPECOBAHBI MMEHHO
B TaKHX BOIpOcax, To OymeM BCerga NPUIePKEBATBCA aKTHBHOM TOYKHI 3pe-
HHS, T. €. CIATATD, ITO HPeodPa3YIOTCA COCTOSHHA CHCTEMBEL

Yrober waiitu eup Qyurmmm V' (z, y, 3), 3aMesuM B (D) Touky z’ Ha
Oz, a sarem mopncTabuM B ypasHenue v’ (Oz)=1{(z) BMecto z ee Tpoolpas

O~'z. Tlonyuaem
' V' (z)=9(07'z), (1.1.6)
win, mompoOHee,

Y (2, ¥, 2) = P (on'x + 05'y + o'z,

1.1.7

01T + o{zly + 0532, O30 + 03y + 03_31z). ( )
TIpeoGpasoBame BoaHOBOH (PYHKIME P B BOAHOBYW (pyHKumoO ', 3agaHHOe
dopmynoit (6) mwnmu (7), samaer omeparop I B mpocrpaHcTBe R, 3aBHcAMmA
or Bpamenua 0., Jlerko npoBeputh, uTo omepaTopsl T JAHHEHHEL

CoorsercrBue O — T, obmamaer caegymoimuMu csoitctBamu: (1) ecam
O3;=0;-0,, To To’ = Tol.-Toz; (2) T.=1 (rme 1 osHagaeT eqUHAYIHBIH
omepatop B R); (3) To~ 1= (To)_l. Taxum obpasoM, oneparopsi, usobparkan-
mue B mpocTpaHcTBe N Bpamemus mpoctpaHctBa R (3), BocmpomaBomAT ad-
rebpandeckne COOTHONICHHS MeJKIY BpaIleHWsAME, JTa KOHCTPYKIIUS IIPUBO-
AT K o6IeMy NOHATHIO AUHELH020 npedcTa8AeHUs 2pynnbl, 09eHEL Ba;KHOMY
fas pusmKm.

Ilyers G — rpynma, 3iaeMeHTaM KOTOPOil g TOCTaBieHBI B COOTBETCTBHE
Jneeiinbie omeparopsl T, melicTBylomme B JmHeiHOM npocTpaHCTBe £, TaKMM
oGpa3oM, 9TO Tglg2 = Tngg2 mias Beex gi, go, Te=1m T 1= (T mun
Bcex g. Torma coorBerctBme g — T, HaswiBaerca npedcragaernuem rpyunsl G
8 mpocrpaucree . Yacto Berpedaerca caywail, KOrja pPasHbIM DIEMEHTAM g
COOTBETCTBYIOT pasHble omeparopel Ty Torga mpencrasienme {7, HasbBa-
eTca TounbimM. B aTOM cayuae Memay rpymnmoii G m rpymnmoil IpeAcTaBIIAO-
mux ee omeparopoB {I,} mMeercsa B3aHMHO-ONHOBHAYHOE COOTBETCTBHE, CO-
XpaHAKINee OllePallui0 YMHOMEHHANA, T, €. 9TH IPYINEL u30MOpPHHbL.

Amanornaro ImpefcraBieHnmoo (6) cTpourca mpepcraBieHme Gonblmeit
IPYUllbi — TPYNOLL fBHiKeHus npoctpanctsa M(3). ua pemmenun z’ =
= Ox +a obpatHoe memmenme ectb z=O0"'(z' —a) m Tar ke, Kar (6),
moxyuaerca opMyia TpeACcTaBICHUSA

Y (2) =% (0" (z —a)). (1.1.8)

Jua nogrpymner casuros D(3) rpynmsl JBMKEHMH I1oJyIaeM IIpeficTaBie-
H0e, B KOTOPOM CHBHUry & =z + @ COOTBeTCTBYeT omepaTop
P (z)=v(x —a). (1.1.9)
Mosuno mokasars, uro mpefcrasiaenna (6), (8) TounmL
BoszgeiicTBusi, He yunThHIBaeMble B KBAaHTOBOH TeopHH OJHOHM YaCTHILBL,
MOTYT BHI3BATh MEPEXO0J CHCTEMBl H3 COCTOSIHAsA ¢ B cocTosiHme 1. Beposr-
HOCTH TaKOro mepexona mnpuHEMaeTcsa pasHoit |<@|y>|2. Tlpm onmcaunsx
BHINE KHHEMAaTHUYeCKHX NpeoGpasoBaHMAX 9TA BEPOATHOCTH JOMKHA COXpa-
HATHCA, BBEAY H30TPONHOCTH M ONHOPOMHOCTH ITPOCTPAHCTBA, TaRK 4YTO NI
onepatopos mpeobpasosanmii To mommpo 66Tk |{Top|Top>| = [<@lp>|. TIpo-
cTeHmnil crmocol YMOBIETBOPHTL ATOMY TPefOBAHHIO COCTONT B TOM, 9YTOGHI
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noaomuth {Loq!Top> = (@lp>. 10 NpUBOANT K cHeryOMEMY ompefelennio.
JIumelinoe mpepcraBieHue Trpynnbl { HABHBACTCA YHUTAPHLIM, eCIH JUIA
aboro omeparopa upefictaBieHnsa Iy W A06BIX BEKTOPOB THABOGEPTOBA HPO-
CTPAHCTEA NPEJICTABIEHAA (p, | CIPABENIABO PABEHCTBO

(T Ty = <plp>. (1.1.10)

Jlerro IIpOBEPNTH, 9TO ONHCAHHBIE BBIIIE NPEACTABICHAA YHUTAPHEI.

1.2. Hoayuenme HaGm0MaeMBIX M3 TPYNI CHMMETPHM

Jlo cux mop MHE 3aHUMANNCH KMHEMATHKOH KBAHTOBON CHCTEMEHl, T. €.
OHNFCAHWEM ee¢ BO3MOJKHEIX COCTOAHHN M TPYyNI CHUMMETPHH, CBA3BIBAIOITAX
3T cocroAnnA. IlocTpoeHne AWHAMUKM B DPAfe BaKHEIX CIYyYaeB OCYLIECTB-
JNAeTCA € IOMOIIBI0 (IPHHUHUIA COOTBETCTBHA», IPUMEHAMOrO K cHCTeMaM,
NMEIOIINM (KJIACCHIeCKUil mpefiesi». W3 mpuHiiuiia cOOTBETCTBHA MOJNYYacTCH
Habop Habardaemulr (MInH B cTapOl TEPMUHOIOTHH, «(A3HICCKHX BEIMIHHY )
KBaHTOBON Teopmu. Tak, B KBAHTOBOM TEOPHHM OMHOH 9YacTHHB KIacCHIECKAM
HaOI0aeMBIM X, Y, Z CTABATCA B COOTBETCTBME ONEPATOPhI YMHOMKEHHA
Vp-@yHERTUN Ha 2, Y, Z, a Aw06oit dyuxmun f(x, y, z) — onepaTop YMHOMKEHHsA
Ha o1y ¢ymrguio. Ruaccmaeckum wMmMmymnscam px, Dy, P: CTHB};T%H ?L gOO'l;iBeaT—

T T oy 107
IeiicTBylomme Ha Y-QYHKIUH, a (PYHKIAAM OT Di, Dy, P — COOTBETCTBYIOIINE
¢yHROUE OT STHX OMEepaTOPOB: HAIPHUMeD, RIaccHYecKoil KHHETHUECKOH SHep-

cTBIe oIepaTopsl AudepeRIMPOBARAA 0 KOOPAMHATAM

1 2 2 2
THH 2—m(px+ py + Pz) COOTBETCTBYET Takaa e (YHKIHA OT OIEPaTOpPOB

mMIynsca. M3 KiaccmiecKoro BBHIPAJKEHHsI DHEPrHH 3IeKTPOHAa B KYJIOHOB-
ckoM mode p?/2m — e?/r momy4yaeTcsa KBaHTOBHII raMunbToHuam — (B%/2m) x
X A — €?/r. Eciu raMuibToHMAH yiKe W3BeCTeH, HHTETPHPOBAHWE YpaBHEHNA
Illpegmarepa B HEK BIX CJHy9aAx o0jerdaerca WCIOJIb3OBaHAEM coolpa-
KeHHH CUMMeETPHH, WINN\JKe TakwWe coo6paskeHWsa TO3BONAIOT YCTAHOBHUTH
HEKOTOpPHIE KAaYeCcTBEHHBIE ‘CBOWCTBA JHepreTmueckoro cmekrpa. Hampumep,
mia cdepHdecKH CHMMETPHYHOrO IOTeHNMANIa O0INero BHAA MOMKET OKa3aThCA
HEBO3MOKHEIM BBHIYHCAEHHE COOCTBEHHBIX 3HAYeHHI M COOCTBEHHHIX (YyHKOWIA,
HO, 3HAfg PasMEPHOCTH HEMPUBONAMEIX TMoOANpocTpancTe rpymnsr SO (3),
MOJKHO HAfTH KpPaTHOCTH COOCTBeHHBIX 3HAYEHWI; NMPM HAJNOMKeHHH MAarHHT-
HOTo moJA cepraeckad CAMMETPUA HApYIIaeTcsd, W NMPOMCXOAAT pacllerieHne
9HEPTeTHYeCKNX YpOBHEii B COOTBETCTBHM C Pa3MEePHOCTAMM HENPHBOXHMEBIX
MpeJCTaBJIeHAN TPYOmel cuMMeTpmd. TakuM o0pasoM, B TPaJHIHOHHOM W3-
JOKEeHHH KBAHTOBOH MeXaHMKH TPYINH CHMMETPHH HUMEIT cayicebHoe 3Ha-
9eHNe, KaK CPeICTBO MCCJIENOBAHHA AUHAMHYECKAX YpaBHEHWH, IONydeHHBIX
¢ IIOMOIUBI0 NPUHIMIIA COOTBETCTBHA.

Opmakxo Takofl cmocod mocTpoeHHA HAOMI0JaeMbIX, B TOM dUHCIe TaMHjb-
TOHHAHOB, NMPUMEHAM JHIIF K HEKOTODHIM NPOCTEHIIHM KBaHTOBBIM CHCTE-
MaM. Ye CIIMH DIEKTPOHA He MOMKeT OBITh paccMoTpeH TaKHM oGpasoM,
TAK KaK He mMeeT RJIAcCHIecKoro amajora, Tem Oojiee He IOAMAanTCA TPAK-
TOBKE ¢ HOMOINbI0O HMPWHI{AINIA COOTBETCTBHS KBAHTOBBIE CHCTEMBEI, ¢ KOTOPHIMR
MBI CTAIIKHBAEMCA B TEOPHMH DJIEMEHTAPHBEIX TacTHUI] — TaKWe, KaK (HM30TONH-
YecKHH MYJBTHINIET» WIH (YHUTADHHMA MynbTUmieT» (HAIPAMEp, (HYKIOHY,
COKTEeT» WIm «IeKymiaer»). J[IA mocTpoeHHsA X KBAHTOBOMEXAaHHYECKHX MO-
mexell mpmxoguTcAa HpUOETHYTH K APYTOMY METORY, B KOTOPOM CHaYajia yra-
ABIBAETCA TPYIIa CHMMETPHH CHCTEeMBl, a 3aTeM y:Ke W3 TPYINbl CHMMETPUH
BBHIBOJAITCA ONMCHIBAIOIIAE IOBENCHMNE CHCTeMBbl HAOJIONAaeMBIX, T. €. HEKOTO-
peiii HaGop omepaTopoB, AEHCTBYIOMWX Ha ee BeKTOpsl cocToamma. Ilpm Ta-
KOM TOAXOMe nNepeuuHblM 00BEKTOM CTAHOBUTCA 2pynna CUMMETpUU, a Ha-
6arofaeMble MOSABIAKTCA yAke BO BTOPYIO odepedb, Kak HMPOM3BOJHOE HOHATHE
OT IPYUNE CHMMETpPHH.

B ummTepecyommx Hac caydasgx rpymnmbl CHMMeTPHH IDPEJCTaBIAIOT CO-
Ooil Tak HaswiBaeMsble 2pynnsl Ju, plleMeHTH KOTOPHIX 3aBHCAT OT HEHPEPBHIBHO
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MEHAIOMHAXCA NapaMeTpoB. Tak, manpumep, BpaieHus ounpemensioTcs TPEMA
9UJIEPOBBIMU YTIaMM, CABUTH — BEKTOPOM CJABHIra, T. €. TPEMA ero KOMIIO-
HeHTamu. [lna usukn ocobeHEO Ba)KHBI 0dHOnapameTpuueckue nodzpynnol
TAKAX TPYNI, T. €. MOATPYUIbI, ONMChIBAEMble M3MeHEHHEM OIHOTO IIapaMeTpa.
Hak MBl yBOAEM, 5Tu TOATPYNIBI MOPOMAAIOT HABIIOMAeMbie KBAHTOROH CH-
creMbl Oe3 ofpamienns K NPUHOUNY COOTBETCTBUA, 9TO OTKPHIBAET BO3MOK-
HOCTh TIOCTPOeHNA HAOJIONAeMBIX JJIA CHCTeM, He HMEIOINX KJIACCUIECKOTO
anainora. Ciuefywoinue Jajblle IPUMEPhl HIIIOCTPHPYIOT B HPOCTeHINAX CIy-
gagx 9TOT MeToq.

Hak Geuto ommcaro B 1.1, ma MpocTpamcTBe cocToAHMIT wacTuibl R meii-
cTByer rpynna psm:kenuit M(3). OGosHaunM caBur Ha o, BIOIb OCH %
gepes Dy:

Du(z, y, 2)=(x+a, y, 2). (1.2.1)

Jlerko BUJETHh, YTO IIOCJHE€NO0BATEJIbHOE BBINOJHEHWE CABUTOB Ha Q) U O
OPABOOUT K CABUIY Ha O +CC2, TarK 49TO

Do +a, = Do, D, (1.2.2)

Cneuru D, ofpasyor ofHomapaMeTPHIeCKYH HOATPYIILY TPYIIL ABHKEHHI
M(3). Amamorg9mno cTPOATCA MOATPYNNbL CABHTOB BHOAL OCeH ¥y, 2, WIN
BIOJL JI000H ocH.

PaccmorpnM, fajee, omHONapaMeTpuyYecKyl0 IMOArPYINY BpailleHuH Bo-
Kpyr ocm z. OGosnagus Bpaienne Ha yroi ¢ deped Oy, mMeeM

Ou{z, y, 2)=(rcosa—ysina, rsina+ ycosa, z). (1.2.3)

B sroMm ciaygae Tamme cobmiofaerca ycioBue (2), mMewinee Temepb CIemyo-
muil cMBICA: TOCTeNoBATeNbHbBIe BPAIeHNA Ha YIJIH ¢, O NPHBOOAT K Bpa-
mMeHu0 Ha yroa o+ oo (npuueM yribl, OTIHYANONIHECH HA 271, ONpPeNeaioT
OfHO W TO ke Bpaienue). TouHo Tak e CTPOATCA ONHOMAPAMETPHYECKUE
NOATPYIIBl BpailleHWii BOKPYr oceit x, y, u BooOme BOKpyr Jiofoit ocw.

Ilpencrasaenme rpynunm Asmikenuidl {7y} 3amaer, B 9acTHOCTH, INpeq-
CTaBJIEHUA €€ OfHOMapaMeTpuYecKux MoArpynn. [aa cABATOB MO OCH £ HMe-

em (cp. (1.9))
"Pa(xv ¥, 2)=Tp Y (z, ¥, 2) = Y(z —a, ¥, 2). (1.2.%)

CKopocTh uM3MeHeHHS BeKTOpPa COCTOAHMA Y BIOJL OJHONAPAMETPHIECKONl
TMOATPYNNE W3MepsAeTca NPON3BOAHOH II0 o; «HAYadbHAfg CKOPOCThbY HM3Me-
HeHHA DaBHA

a s Uz
L e (2 Y D lamo = = D@ — & D o = — 2BLD (425

Moy npumnm k omepatopy mmddepenmmpoBaHUA (¢ TOTHOCTHID [0 3HAKA).
B kBamToBO@t MexamuKe ymoOHO paboTarh ¢ IPMUTOGHIMU OIEpATOPaMHU, IIO-
CKONLKY' OHU WMEIOT JelcTBATENbHBIEe COOCTBEHHBIC 3HATYEHMA; ITOOBI HOTY-
unTh w3 omeparopa nuddepernuposannda (5) IPMETOB OIEPATOP, TOCTATOYHO
YMHOMHATL ero Ha [. Hakomenw, 4ToOn DPHiTH K 0OepaTopy AMIOYIbca, HAZO
eme ofecneduTh HYRHAYI0 PasMepPHOCTb, 9TO AOCTHTAeTCA YMHOKeHHeM HaA I.
Mzl opuIuIm K OMepaTopy pr. AHAIOTHIHO IONYIAITCA Py U Ps

1K) Ed L d (1.2.6)

Px=7g Pv=75 P:=75
Jlna spatmenmit BOKPYr ocum 2z Tem ke crocoGoM HaxomuM (cp. (1.7)):

Vo (T, Y, 2) = To V0 (2, ¥, 2) = P (zcosa + ysina, —zsina + ycosa, z).
(1.2.7)

«HavanbHasg» cKopocTh M3MeHEHHA P BEOAb OJHONAPAMETPHIECKO IOArpyI-
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OBl BPameHWil paBHA

d i i
o Yo (T, Y, 2) |g=0 = ddaxp(a:cosa + ysina, —zsina + ycosa, z)|g=o =
(1.2.8)
o (z, ¥, 2) o (z, ¥, 2) 9 9
- AR g g ) ve )

Ywmuoxenne Ha ik nperpamaer (8) B OPMHTOB OIEpPaTop ¢ pasMepHOCTHIC
MoMeHTa. AHAJOIHYHO TOAYIAIOTCH MOMEHTH OTHOCHTENBHO oceit z, y:

13 a 17 3 a a 3 % 0
Lx=7(y5%—25!_/)7 Ly=7(za—x—x7z), Lz=7(x5§—ya—z)- (1.2.9)

Wrak, MBI DONy4YmaN omepaTopsl UMIYIbCAa W MOMEHTA H3 OJHOIApaMer-
pHUeCKHX HOArpynn rpynnsl asmxenuin M (3). B mepeaarmsumercroil KBaHTO-
BOH MeXaHHKe OCHOBHHIME HAGII0[JaeMBIMH ABJAAIOTCA, KPOMe TOTO, 0IEepaTo-
pol KoopamHar. JlJas MX DONydYeHMA HANO PACHIAPATL rPYOOy CHAMMETPHH
M(3) mo rpynmm [anmmes, B KOTOpOil paccMaTpuBalOTCA PABHOMEPHBIE U
TIpAMOJNMHENHBIe ABUMKeEUA cucTeMbl, Mbl He OymeM 9THM 3aHHMATHCA, TakK
Kak ¢ rpyunoii [anumes cBsAizaHbl HEeKOTOpBIE adrefpamieckue TPYIHOCTI.
3aMeTnM TOIBKO, YTO 6Ce OCHOBHHE HabImaeMsle KBAHTOBOH MeXaHHKA
HMET TIPYHIIOBOe «IPOUCXOKIeHHe», a HMEHHO, MOrYT OBITH BEIBEJI€HHI H3
rpyansl cuMMerpud G o chaefyomeMy mpegndcanuio. Urobpl MOAY4HTH
HabawgaeMyio KBAaHTOBOH CHCTEMEBI, HAJ0 B3ATH B ee rpynme cummerpunm G
HEKOTOPYI0 OIHONApaMeTpHYecKylo moarpynny {g.)}, smeMenTsl KoTopoil cBA-
3aHBI COOTHOUICHHEM £o +a, = fa fu,» @ 3aTeM, IOIB3YACh YHHTADHEIM Ipef-

crapneruem (7.} B mpocTpamcTBe cocTosnmil cucTeMsl R, 3ajalomeM cHMMeT-

pHUI0, PaccMOTPeTh OJHONAapaMeTpHUecKyio Tofarpynmy omepaTopoB {7g,}
cooTBeTcTBYOIMUX {g.}. Torga omepatop
’ .0
AP (@, o 2) =V (@ 2) = § e T b (@ 92 D) o (1.2.10)

DPMHUTOB U ABIsgeTcA HabmIofaeMoil faHHOH CHCTEMEL.

Kpome ocHoBHBIX HAOIIOJAaeMBIX, MOJIYYaeMBIX YKA3aHHBIM CIOOCOO0OM u3
rpyInsl CHMMETPHA CHUCTEMBI, B KBAHTOBOH MeXaHUKe pAacCMAaTPHBAIOTCA ele
DOJUHOMBI OT HUX, HANIPEMED, ONEparop KUHeTUYeCKOl aHepauu

1
Hyp = o= (pz+ py+ p2) ¥ (1.2.11)

HJIHN OIIepaTop «nOAHO020 MOMEHTAY
Ly = (L3 + Ly + L) p. S (1.2.12)

Mosao yOeanThCA, YTO € MOMOMIbI0 ITOT0 HPHEMa W3 IPYHNbl CHMMETPHHE
MOJyUaloOTCA BCE OCTAIbHBIe Haba0/JaeMble KBAHTOBOH CHCTEMEL.

Omnepatop (11) obmamaer cieAymiomuM BasKHBIM CBOHCTBOM: OH HepecTa-
HOBOUYEH 0 Bcemu omeparopamu 'y, mpefcTaBIAIOIMEMHA JBUKEHAA TPexMep-
HOTO IIpoCTpaHCTBA, Takme omepaTopsl HasBIBalOTCA oneparopamu Kasumupa
rpynns cammerpun. Urax, H asaserca omeparopom HasmMupa rpynmer M (3).
Amarormuno, omeparop L2, mepecranoBounslii co BceMu omeparopamu T, fAB-
nAerca omeparopoM Hasummpa rpynoum SO(3).

1.3. Tpynnut ® axreGpst Jin

Kax Mu Bmgennm, epynnet Ju w uX ofgHomapaMerpudeckde HOArpyIOEL
HrpaloT BajKHYIO POJbL B KBAaHTOBOH Mexammie. Vayuemme opmomapameTpmde-
CKHX IOATPYNN IPHBOJAT K MOHATHIO a.12e6pvl Ju. Mb mamoskmm 3gech He-
o6xomuMble HaM cBelleRHa o rpymmnax Jlm, aare6pax JIm m o6 mx mpepcras-
JeHOAX 0IepaTopaMu, AefcTByloIuMHA B jJuHeilHOM mpocrpanctBe. IIpm mamno-
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skeHME OGIIHX BOIPOCOB MEI 0y/ieM, KaK IPaBHIO, OIYyCKAaTh JOKa3aTelhCTBA.
Boxee nojipo6no Ha3no/KeHHe MO;KHO maliTm, manpmMep, B [12].

T'pynnei, npefcraBisaioniue HATepec s (uamkm, 06BIYAO0 MOTYT GHITH
3a7aHBl KaK MATPUUKblE 2pynnsl, T. e. TDYNNOL, COCTOAMNE U3 MATPHI, ¢ O0BIK-
HOBeHHEIM MATPUYHEIM YMHO;KeHmeM, HanomMmmM moHATHEe udomopgpusma
rpynin. I'pynnsl G 1 G’ RazkBawTCa USOMOPPHBIMU, eCIE MEKIY HX SIeMEH-
TAMA YCTAHOBJIEHO B3aWMHO OfHO3HAYHOE cOOTBeTcTBHe g = @(g) Takoe, 4TO
3 g3 = gi1g2 caenyer ¢(g3)=9(g1)p(g2). Orcroma BriTexraer, aro ¢ (e)=¢’,
Tfe e, e’ cooTBeTcTBeHHO efmpunsl rpynn G, G', u @10 (g~ )= @ (g)~! maa
BCEX g.

B rarmx ciayuasx, kak rpynma Bpamernumii SO(3), msomoppras maTpumu-
Has TPpynua crpoutes 0e3 TPYAA: KakaoMy spameHmnio O ¢TaBUTCH B COOTBET-
CTBHE ero MaTpuma B (pUKCHpOBaHHOI cucreMe koopamear. He cronw ecre-
CTBeHHO [I0JIy4aeTcsd MarTpHYHOe n3obpaskenme rpymmel ABmkeHmit M (3).
VYenosamea u3o0pamkarTs TOYKY TPeXMEPHOro IpocTpamcTBa (xp, x2, x%)=
.=(z, Y, z) deTHPeXMeDHEIM BeKTOpOM (z1, 22, 2%, 1), a mBEReHHE

z ol +db (i=1,2,3) (1.3.1)

mpeo6pazoBanueM 4YeTHIPEXMEPHBIX BEKTOPOB

ol al at 1
a? x? 2
a3 2 1= 22 | (1.3.2)
o001t L1 1

Jlerxo mposeputh, uto coorHomenne (1) mms Touex z, £’ paBHOCHIBHO COOT-
HomeHn0o (2) MIA A300paKAIOIIUX YETHIPEXMEDHEIX BEKTODOB M YMHOKEHHIO
(B cMBICIE IIOCNIEIOBATEJNBHOIO BBHIMOJHEHHsA) npeobpasoBanuii (1) coorser-
crByer ymHokeHEne Matpuil (2). CaxemoBarenbuo, rpymna M (3) wusomopdua
rpynme Matpui BEga (2).

Heroropas HCKyCCTBEHHOCTR MaTPAYHOrO H300DPAKEHHA CIBHTOB, Kak
H B APYIEX IOJo0HBEIX ¢Iy4afx, HCKYNAETCH 3HAYUTEILHBIM YIIPOINEHHEM Ma-
reMaTuyecKoro onucanug rpynm Jlu. [loaToMy Mel orpammumMmcs MaTpPHAYHBIME
rpynomaMd m ne OyneM paccMarpuBaTh HEKakux apyrax. OrMerum, d9to ejgn-
gunell B TAKOW TPyNNe ABIAETCA eJUHAYHAA MATPULA ¥ BCe MATPHUILEL TPYI-
uel O6paTUMEL H TeéM CAMBIM MMEIOT HEHYJIeBOH Ompe/e/nTelNb.

Hyers G — rpynna matpun N-ro mopsaagka. IIpexmomoskuM, uto Bce Mart-
punmsl rpynmel, 6insKMe K eIUHUYHONH, MOTYT OHITh MapaMeTpH30BaHEl ¢ IIO-

MoI(bl0 7 C¢BOGOAHO MEHAIOMHXCA TUCET (O, ..., On), & <oy <b;
(i=1, ..., n); 310 3HaUNT, 4YTO KaKAOMYy Habopy umeex oy, ..., ¢, B YRazaH-
HBIX HHTEDPBAJax COOTBeTCTBYeT Marpmna rpynmel g(ci, ... &), IpH-

9eM pasHeIM HaGopam COOTBETCTBYIOT PasHbIe MATPHIL! M Bce MaTpumsl G,
HocTaTouHo 6IM3KHe K eTUHUYHOH, HpeJcTaBEMBI B 3ToM Bupe. [lamee, mpep-
IoJIaraeTcd, 4YTO JJIeMEHTH MarTpunel g£(oi, ... On) ABIAKTCA HENPEPLIBHO
suddepernupyeMeMu PYHKIUAMA NapaMeTpos «, ... O, Hanpumep, B Ka-
YecTBe IIAPaMeTPOB MOKHO BHIODAaTh HEKOTOPEIe n W3 N2 3leMeHTOB MaTpH-
usi G. Ilpu yRasaHHBIX YCIOBHAX MOMKHO IIaPAMeTPH30BAThH TaKiKe BCE MarT-
puusl rpynnel G, 6u3KHe K MPOU3BONBHON Marpulle aToﬁ rPyOmel go. I/IMeH-
HO, TaKWe MATPHUIBI MOMKHO Ipe[CTABATL B Buie £ = g'go, e MaTpuna g
6om3Ka K eIMHWYHOW, a 3aTeM UoNOXKuTL g{doy, ... ocn)—g (o1, ..., Q).
T'pynma G, uMermas mapaMeTpW3amui0 ¢ YKa3aHHBIMHA CROICTBAMH, HA3EI-
Baerca 2pynnot Ju.

Pacemorpum B Bmue npmMepa rpynny co0cTBeHHEX Bpamenmit SO(3),
peanu3oBaB ee B (popMe TPYIIEl OPTOTOHAJIBHBEIX MATPHI TPETHETO MOPHAIKA
¢ oupemenureneM +1. IloCKONBKY OpTOTOHANLHOCTL MATPAOBI BHIPAYKAETCH
IeCThI0 YCIOBHAMHU, HAJLOKEHHBIMA HAa AEBATH €€ 3JIeMeHToB (HAOpuMep, yc-
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3
noBUSME 2 olo}, = Gik), 10 MaTpunbl O MOKHO 3a7aTh Kak (YHKOUH TpeX CBO-
=1
6oHO MEHAWIUXCs MATPHYHBIX ieMeHToB. Yacrto 6Gosee ymoOHBIME mHapa-
MeTpaMy OKasHIBAIOTCA TPH DILIepOBHIX yria. ,
dpyraM mpuMepoM sBiaseTcsa rpynoa gemxenmit M (3), peanumsoBamHas
B (opme rpymmer Marpunl (m/) ykasaHHOTO Bhimle BHAa. Takas maTpuma 3a-
JaeTcA OPTOTOHANBHON MaTpuileit (o]i)v 3aBHUCALIEH, KAK MBI BHJEJNH, OT Tpex
napaMeTpoB, U eme TpeMs ynciaamu a!, a? a® Tak wr0 OflIee uMCIO mapaMer-
pos mia M (3) paBHo mecrtd.

Yucsio mapaMeTpPoB n HA3BLIBAETCA pPa3aMepHOCTui0 rpynnbl Jlu. Muose-
crBo G, HasmiBaerca nodepynnoi rpyuns Jlu G, eciu G| ABiAAerca rpynmoi
JIu, cocrosameil us wacru saementoB G. Hampumep, rpynna Bpamenuit SO (3)
m rpynoa cauros D(3) sBasioTcA mogrpynnaMu rpynnet gemkenmit M (3).
PasMeprocTs moarpynnel He Goblne pa3sMePHOCTH BCEeH TIPYUIOBI H MOJKET
ObiTh paBHA €ii JUIIL B TOM CIydyae, KOrga MOATPYIIA COMEPHHHUT BCE DIIEMeH-
TH TPYNNH, 0AM3Kue K efuuune. Tak, rpyona coGcTBeHHbIX Bpameruil SO (3)
ABJIsAeTCA HOATpynmoil rpymmsl Beex Bpamenuit O(3) (¢ ompegeautemem +1
min —1) u obe TPyIIBl MMEIOT ONMHAKOBYIO PasMepHOCTE 3.

Ecan Bce ameMenTsl Beex Marpull rpynnosl G OrpaHHYEHBl MO0 MOZAYIIIO
OJHUM U TeM jKe yucioM, To G HasmBaerca KomnarrTHol rpynnoi Jlm. Moskmo
OOKAa3aTh, YTO B 9TOM cjydYae mu3 060U IociIefoBaTeIbHOCTH MAaTPHUI| TPYIIIEI
MO;KHO BBHIGpPATh MOANOCAEIOBATENbHOCTh, CXONALIYIOCA K MaTpHIle TOU ke
rpynns. I'pynma O(3) KoMmakTHa, Tak KaK [IA OPTOTOHAJBHEIX MATPHI]

3
> (1)) =1 (i=1, 2, 3); rpynna M(3) He KOMIAKTHA, IOCKOJBKY bBie-
i=1

MenTH of Matpun (m}) He orpanmueHsI.

Moprpynma {g,} rpynnst Jlu G masmBaeTcsa odnonapamerpuueckoli, ecin
ee 2JIeMeHTH HAapaMeTPM30BAHBl € IOMOINBIO OJHOTO MapaMerpa o, MpHYeM
CIIOJKEHII0 3HAYEHUI . COOTBETCTBYET YMHOKEHHUE BIEMEHTOB:

Ea, ta, = galgaz- : (1.3.3)

ITapaMeTpusamusa MoskeT GBITH B 3TOM cjydae JU0GO0 B3aUMHO OJHO3HAYHOH,
Kak B ciaydae casuros (2.1), nuGo mepmogmyeckoil, Kak B cilyYae BpALOEHHNH
(2.3); B mociegHeM ciydyae 3HAUEHHMAM IapaMeTpa, pPasTHYAOIUMCA Ha Me-
PHOX, COOTBETCTBYET OJUH M TOT e ajieMeHT. flcHO, YTO ogmomapaMeTpHue-
CKOe HNOArPYIIB KOMMYTATHBHBI, TaK Kak B cmay (3) 8o Ba, = a,La,- Emu-
HEMel OofHOMapaMeTPpUYeCKOW MOArPYHIBI ABJAETCA o, COBIANAIOas C ead-
mnneit Bceil rpymmer 1, OGpaTHBIM 2JIEMEHTOB K g,, OLATH BeaemctBue (3),
ABIACTCA g—q.
Moskno morasats, 4To mus di1000d ofHOIapaMeTpHYECKOA DOATPYNIEI CY-
IMEeCTBYeT NMPOU3BOTHAN
dg
a
) =K 3.4
pr (1.3.4)
(y:Ke He ABIAOINAACH, Kak IIpaBujo, marpuiueil rpymoer G). ITockoabry

Bataa = BrcBay

Eatra " Ea Erqg—1 __Baa T8y
Aa = "Aq &= T aq Ew

uMeeM IpHU BCex o g;= Kgy, otkyma BBUIy go = 1
go = €%, (1.3.5)

Kax Msr yBuguM, 0iis GU3HUeCKNX NPHMEHEHHWIT yqolHee paccMaTpPHBATHL BMe-
cro K marpuny A = iK; torma (D) mpummMaer BH[

o = e~04, (1.36)
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Marpuna A HaswsiBaercsa ceHeparTopom (mnm obpasyiowell) opHOIAapaMeTpU-
yecKoil moarpymmsl {ga). i

Jns  ofHomapameTpHuecKoH HOATPYOIbl BpaIeRU BOKPYr OCH 2 C
MaTpHuiaMu

Tcosae —sino 07
go =] Sina cosa 0 (1.3.7)
0 0 1_
(cM. (2.3)) renepaTopoM ABIAETCA MaTPUIA
“0 —i 07
A=]i 0 0 . (1.3.8)
0 0 0_
Jlns moArpynnel CABHTOB BIOJB OCH I ¢ MATPHIIaMHA
- o=
\,O 0
Lo = ks 0. (139)
00011 _
(em. (2.1)) remepaTopoM ABIsAETCH
- P
0 0 )
4= o | (1.3.10)
_ 00010 _

PaccMorpuM MHOMecTBO & reHepaTOpOB BCEBO3MOMKHEIX OJHONIApaMeTpHYe-
ckux moarpynno rpynmel Jlu G. Torga, Kak MOMKHO 0Ka3aTh, CyMMa JIBYX Ta-
Eux reseparopos A+ Ay ects cHOBA reHepaTop HEKOTOPO#l ofHOmapaMeTpu-
yeckoii moarpyunsl rpyunst G. Hampumep, ecaim G ects rpymnmna BpaiieHui
SO(3) m ecam Opars B KaYeCTBE HapaMeTpa BpamjeHH{ BOKPYr oCH HpPOM3-
BOJIbHOE KpaTHoe yria I0BOpOTa, To mias reseparopos A, A, BpameHuil Bo-
Kpyr oceit lj, Iy cymma A; + Ag ecTb TakKe reHepaTtop BpalleHHIl BOKPYr He-
roropo# ocu [. Teneparopoi rpynnst SO(3) upegcrasasiiotr cololi, manogobue
(8), amTmcuMMeTpHYecKHe MATPHIB ¢ YHCTO MHEMBIMEH diaementamn. Hax
HeTpyaHo YOeAMTBCA, KAKIBIA TAKOH reHepaTop 3ajaeT BEKTOp YIVIOBOIl cKo-
POCTH BpalffeHHsi BOKPYI COOTBETCTBYIONIEHi OCH, a CJIOKEHIe TreHepaTopoB
BEIpAKaeT OOBIMHOE KUHEMAaTHYeCKOe NMPABHIO CIOKEHMS BPAIIeHHI.

Ecau A — reuepaTop omHomapaMerpuuecKoil mojarpynusl rpynnst Ju G
¥ A — [eHCTBATE.ThHOE YHCJIO, TO, KAK MOKHO [0Ka3aTh, A4 ecTb cCHOBA reme-
parop HexoTopoil ogmomapamerpmueckoil mogrpynnst G. as rpymmer SO(3)
YMHOKEHHIO HA A COOTBETCTBYET, B YKAa3aHHON KUHEMATHYECKOH MOJeNdH, yM-
HOJKeHme Ha A BeKTOpa YrioBOH CKOPOCTH,

Jamee, qius mByx reHepatopoB A, Ag rpymust Jlu G wommyrarop, pas-
IeJIeHHBIA HA i, OKA3bIBaeTCA CHOBA reHEpPATOPOM TOI Ke TPYMIbI, YTO MOMK-
HO 3amucaTh B BHJE ,

[4, As] =i4s. (1.3.11)

Onyckas omsare ofllee M0KA3aTeIbCTBO, OTPAHHYAMCA TpuMepoM. Ecam A,
As — reneparopsl SO(3), To B yKa3aHHOI BhIllle KHHEMATH4eCKOH HHTepIpe-
TanUd BEKTOpP YIJOBOH CKOpOCTH, m3o0paskamomiuil 4s, sBIAAETCA BEKTOPHBEIM
TpoN3BeJleHHEeM BEKTOPOB YIWOBOW CKOPOCTH, €OOTBeTcTBymoImux A, As. He-
TPYAHO TakKe mPOBEDHTb, 4T0 Misa rpynnsl M (3) ciomenwe, yMHOMKeHHe HA
HeliCTBHTEJBHEIE YHMCJIA W KOMMYTHpOBaHHE (¢ [elleHHEM Ha i) IeHeparopos
IPYNNEl HPUBOJAUT ONATH K FeHEPAaTOPAM TOW jKe TrPYHIEL,
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TaxmM o0pasoM, MHOMKeCTBO BceX TeHEPAaTOPOB OXHOMAPAMETPHIECKAX
moarpynn rpyunel Jlm G oxasnBaercA ajirefpamdeckoil cHCTeMOH ¢ TpeMmdA
oNepanuAMA: CIOMKCHWEM, YMHOMKeHHEM HA [eilcTBHTEeNbHBbIE IACIA B KOM-
MyTHPOBAHHEM € JiejleHHeM Ha i*). Ora ajarebGpamyeckas CHCTeMa BAa3BIBACTCA
aneebpoii Ju rpynner Jlu G u oGosmavaercs gepes &, Kar MosHO moxasars,
omepanuu B anrebpe Jlm o0xagalor ciefqyloluMa cBoiicTBaMu:

CIOKeHHe KOMMYTATABHO:

A+ A=Ay + Ag; (1.3.12)
KOMMYTHPOBaHHE NUCTPUOYTHBHO:
[MA; + pds, As]= A4y, As]+ n[ds A4s]; (1.3.13)
KOMMYTHPOBAHNE aHTHKOMMYTATHBHO: 1
[A1, A2]= —[A42, Ai]; (1.3.14)

KpOMe TOTO, [/Isi KOMMYTaTODPOB BBITIOJNHAETCS TOMAecTBO SIkoGu:
[4y, [Ag, A3]]+[As, [4s, Ai]]+[4s, [41, A2]]=0.  (1.3.15)

B caywae rpynmer SO(3) 5Tm €BoitcTBA MOMKHO HINIOCTPUPOBATE C IIO-
MOINbI0 YKAa3aHHON BhHINIe KUHEMATHYECKOH WHTEPIpPeTalldH TeHepaTopOB; MpH
sToM (12)— (15) mpeBpamaloTca B M3BeCTHBIE CBOMCTBA OHepamuil maj BeK-
TOpAMHM TPEXMEPHOTO NPOCTPAHCTBA — CIOKEHHSA, YMHOKEHHSA Ha 4YHCIA M
BEKTOPHOTO POU3BEIeHHS,

Momuo norasars, uto aaredpa Jlu n-mepuoit rpynne Jlo mMeer Gasiuc
n3 n Matpun 4;, Yepea KOTOPHE BCe MATPUIIBI BRIPDAKAIOTCA B BHe JHHEIHEIX
KoMOuHATWI ¢ delicTsuTeabHblMu KodPumeHTaMA:

A= 2 Aid;. (1.3.16)
i=1

IlosToMy p[as BHIYMCIEHHA II00BIX KOMMYTATODOB [OCTATOYHO 3HATL KOMMY-
tatopnl GasucHbix Martpun [A;, Ao]; B caMom pene, ecaim A, B — marpmimt
n n

i=1

anreOpsl JIu ¢ pasioeHHsAMHU A= M4, B= 2 pd; 1 [A4, B] =
=1

n
= > Mp;jl4; 4;]. Tlockoasry xoMmyratops [A;, A;] mepexopar mocie fme-
i,j=1
IeHUA HA | B MaTpHILl aare6pn Jlu, pasaaramomuecs mo Gaszucy {4}, To mMe-
I0TCA NEePecTaAn060UHbIE COOTHOULEHUS

[4;, 451 = X chAs (1.3.17)
r=1

¢ YHCTO MHUMBIMU Kod(pdnnmentamn Cih:i, AMEHYEeMBIMH CTPYKTYPHUIMU nO-
cToannbMy adreOpsr Jln, DTm mocToAHHBIE 3aBUCAT OoT BRIGopa Oasmca {4},
KOTOPHIT LpOM3BOANTCA OOBIYHO TAKUM 00pazoM, dTo0BI NEPeCTAHOBOYHEHIE
cooTHOmIeHnns ObIuM BO3MO:KHO mpouie. HampuwMep, B anre6pe Jlm rpymmm
ppamennit SO(3) Momuo BHOpaTh B KadecTBe $asmca TeHepaTophl BPamieHMit
BOKPYT OCeil Z, ¥, 7, MOJIyYaeMble TaK sKe, Kak (8):

“0 0 0~ 0 0 i 0 —i 07
A, =1 0 0 —i |, 4,={ 0 0 0| 4,=| i 0 0 | (1.3.18)
' 0 0_ _—i0 O_ 0 0 0_

Torfa mepecTaHOBOYHbIE COOTHOIIEGHAS IPHHEMAIOT BH]
[A1, Ag] = ids, [As, As]=id., [A4s, A]=iAs. (1.3.19)

*) B MareMaTH4ecKOfl JmTEpATYpe B KayecTBe reHepaTopoe Oepyrca MaTpumsl K,
ana xoroperx [K;, K;] ecTh onATh reHepaTop B TOM JKe cMBICTe. MOTHBMpPOBK2 YMHOMKe-
HUA Ha { OPEBOJHTCA HHKe.
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Bce mMaTpuns rpynust G MoryT OHITH 3aHCAHBL B BHJIE
g = e'4, (1.3.20)

rie A — marpuna amnreGpsr Jlm @. B wactmOCTH, AMA OfHONApAMETPHYECKHX
moxrpynn (20) ceopures k (6) ¢ samenoit 4 ma —alA.
Yacro paccmaTpuBaoT Hapamy ¢ airebpoir mm & ee xomnaercryrno obo-

aouky &, coCTOAMYI0 W3 BCEBO3MOMKHEIX INMHEHHEIX KoMOmEammit Marpdm aj-
rebps @ ¢ Komnaercnvwmy kosdpdunuentamn. Hampmmep, ansa rpyomer SO (3)

B anre6py & Bxomar marpumm A+ = A, +id,, A_=A; — iflz. 3amernM, 9TO

ecim mofcTasuTh B opmyny (20) Bmectro A marpmny m3 ©, to monydemmasa
MaTpuIa g y:ke He ofasaTenbHO BXOAUT B rpyooy G.

Ilepefinem Temeps & npedcrasaenusm 2pynn Ju. IoBopar, uro 3ajaH 20-
Momopgusm rpynusl G B Tpynnmy G, ecam KajKAoMy dJIeMeHTYy g rpynnst G
HOCTaBJIeH B COOTBeTcTBHE djieMeHT g = ¢(g) rpymnmer G’ rtakum obpasoM,
9TO JJIA JI00BIX ABYX JIEMEHTOB £, o Tpynmel G 6ymeT @ (g1g2) = ¢ (1) ¢ (g2)
m @(e)=ce’, rne e —ennuuna G u ¢’ — emguruna G'. Tlockoabky egmHUIA
TmepexXofHT OpH roMoMopmaMe B eUHUNY, TO 00pATHHIN DIEMEHT EPeXOJHT
B oGparmsrii, T. e. ¢(g~')= @(g) ' masa awboro snementa g rpymuer G. Ilpo-
cTeitmmit mpumMmep roMoMopduaMa — 3TO COOTBETCTBHE €, COIMOCTABIAIONEe
MaTpEnaM HeKoTopolf Tpymmel G ux oupejeaurenu. Ilockoasry det |gige! =
= det 1g.| det |gs!, To ¢ ecTs romomopdmam rpynms G B rpynmy KOMIUIEKC-
HEIX 4YHCeJ, He PaBHHIX HYN0, ¢ o0biuEEIM yMHOMeHHmeM. Eciam ¢ esaumno
00nosnauno oroGpamaer G Ha ecro rpymumy G’, To roMmomopdusm ABIAETCA
U30MOpPHUIMOM.

Ilyers remepr £ — KoMmiaeKCHoe JIHHEHHOE NMPOCTPAHCTBO, T. €. MHOJKe-
CTBO ¢ OIePANUAMHE CJIOMKEHHUs A YMHOMKEHAS HA KOMIJIEKCHBIE 4MCiIa, ¢ 00BId-
HEME anreGpamdeckmMu cBoitcrBamu. Ilyers G — rpymma, G’ — rpymnma Bcex
o0paTHMBIX NHHEHHEIX ONepaTopoB, AeficTBynomux Ha & (T. e. omepaTopos,
nMeromux obparmeiit). Torga awo6oit romomopdusam ¢ rpynnsr G B8 rpynny G’
HA3HIBAGTCA AUHelHbIM npedcTasaenuem G B npoctparctBe £. ITo aTomy ompe-
Jelenui0 KayKIOMY 3JeMeHTy g Trpynmsi- G COOTBETCTBYeT NHHEHWHEIN omepa-
top Ty = @ (g), meficTByrommit 8 mpocTpancTBe &, mpmdYeM Jiiid M060T0 IPOU3-
BeJleHHUA g3 = g£182 MOJUKHO ObITh ¢ (g3) = @ (g1)p(g2), T. e.

Tg =T Tg, (1.3.21)

HanmomumM, 9To mpomsBefeHwe omepaTopoB 03HA4aeT pPe3yaAbTarT HX MOCIe-
J0BATENbHOTO BHIIOJHEHHA, OpHIeM BHadazie [AeficTByeT Opasslii MHOKHETEIH
Ts, a 3atem nesuii 7. Tax kax mpu roMmomopduaMe eanauma rpymnsr G mepe-
XOfIAT B eIWHWYHEIH omeparop rpymms G', To T. =1, u amaxornamo T 1=

=(Tg)™", 1. e. oOpaTHEIi sIeMenT mepexomuT B ofparmbiii omeparop. Ecam
¢ — B3aMMHO O(HO3HATHOEe OTOOpasKeHme, Ipe/ICTABIEHNE HA3BIBACTCSA TOUHDIM,
TIpumepamn mpepcrapieHuil ABaAwTea npeacrasienms rpynn SO(3) n M(3),
nocrpoerusie B 1.1,

TIpencrapmenne {7,} rpynnet G ma3wsiBaeTcA YHUTAPHBIM, eCIIA MPOCTPAH-
cTBO mpexcrasiennd R ruiasbeproBo W Bce omeparTopu Iz — YHHTapHbE oIle-
paropsl B R, T. e. omeparopsl, COXPaHAIINAE CKAJIAPHLEIE NPOM3BEIeHUSA:

(T T > = <qlpd. (1.3.22)

Ouswngeckuit cMeica yeaoBua (22) CoCTOMT B TOM, UTO IpeodpasoBaHUA BEK-
TOPOB COCTOSHHSM, OCYIECTBIAEMEE ONePATOPAMA IpeJCTABICHWUA, He H3Me-
HAIOT BepoATHOCTeH mepexoma ¢ — P. Herpyamo mokasars, 4To mpejcranie-
mne {7} u, Tem Gomee, mpencrasienua {To}, {75} ymurapumu.
IIpegcraBnenne rpynus Jlu G B amaeiinom mpocTpaHcTBe £ comocraBif-
eT OJHONApaMeTPUUYECKUM MOArpymIam stoii rpynmer {g.} cewmeiicTsa omepa-
1opoB {7Tg,), 3aBucAmux ot Toro e mapaMerpa o. IIpn oroM B cmiy

(3), (21)

Teq sa, = Teq Teq, (1.3.23)
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Tak uro omepartopst |Tg,} ofpasylorT ofHomapaMeTPHYECKYI0 HOATPYIIIY

rpynost {7}, cocrosameil U3 Bcex MPeACTABIAIIIAX omepaTopoB. bymem mn-
cars jun kparkocT: T, BMecto Tg . Torpa ms (23) momywaercs omepartop,
ananormynsiii (4):

drT,,

—_ = Tg, (1.3.24)

do {g=0

a TawKe coOTHOIEHHE, aHAToTHIHOe (6):

To—=e T4 (1.3.25)
rie T4 = iTx — nmmefiHpIil omepaTop B &, UMeHYeMbIl reHepaTOpPOM OFHOMA-
pameTpudeckoil moarpyunsr omepatopos {7,}. IlocTaBEM B cOOTBeTCTBHE TeHe-
paropam 4 opgHomapamerpmueckmx mojrpyunn rpymnst Jlm G remepatopor T4
OJHOMApaMeTPHIECKUX IIOJrPYIN OIEPATOPOB B HPOCTPAHCTBE L, TOCTPOCHHEIE
yrasauuelM o6pasom. Jto coorBercTBue ¢(A)= T, HassiBaerca npedcras.ae-
nuen aszebper Ju @ B upoctpascrse L. MokHo [0KazaTs, WTO IpeficTaBIe-
uue axrebper JIu coxpauser ee omepanum, T. €.

ecan Ay = A, + A,, 10 TA3=TA1+ TAZ;
ectn A, = A4, 1o Ta,= XTAI; (1.3.26)
ecan [A4,, A4;] = id,, 10 [TA1’ TA2] = z'TAa.

Orciona cnegyeT, 4T0 A HPEACTABIAIINX OOEPATOPOB CIPABEIIHBEL
Te e IePECTAHOBOUHbIE COOTHONIEHHs, 4YTo U Aia Marpuy aixredpsr Jlm
(r. e. 3 (17) mano zamennts A; Ha T4,):

n

[Ta; Taj] = h}:_}1 5T ay- (1.3.27)

IlepecTanoBoYHEIE COOTHOLIEHH JI€KAT B OCHOBE BA)KHOTO METOJA MO-
cTpoenns mpefacTaBieHdit rpyund Jiu. Ilycrs G — rpyuna Jlu, 8 — ee anrebpa
JIu, {A,} — meroropuiit 6asne @ ¢ mepecraHoBOUHBIMEI cooTHOImeHUAMU (17).
Yrobsr mocTporTs HpeacTaBiaeHne rpynosl G B JuHEeHHOM HmpocTpaHcTBe £, Ha-
Jo Haiiti B € nuHeiiHBIe omepaTopsl I 4; € TEMW ke IePeCTAHOBOYHBIMU CO-

n

3
OTHONIEHAAMM, T. €. TaKHe, 4TO [TAz., TA].] DY ¢i;Ta,, c TeMu me Koagh-
h—1

¢uruenramu, Kaxne Bxoiaar B (17); rorga coorBercTBHE

n
¢ (Z AiAi) 2 MT 4, (1.3.28)
i=1 i=1
sapmaer upejctapiaenne anredpsr Jim @ B mpocrpamcte &, T. e. yHoBIEeTBOPSET
yeaouam (26). laxee, nis kaskmoit MaTpuilsl ¢ rpynnsl G MOYKHO MOCTPOHTH
tarkylo marpuiy A us anredpm Jim @, grobor ¢ m A OwblaM CBS3aHBL COOTHO-
menuem (20). Ecam orpammumTecs MaTpumamu g, GIM3KHMH K € WHUYHOIM,
u marpunamMn A, GIH3KUMU K HyXeBoii, To coorBercrBue (20) B3amMHO Of(HO-
spayno. Torga MoKHO TOCTaBHTBE B COOTBETCTBHE ManImaM g, OamskmM
K eJMHNYIHON, OUepPaTOPH

Ty—e 4, (1.3.29)

Mopmyna (29) sanaer «aoxaavHoe npedcrasaenue» rpynusl JIm G B mpo:
cTpaderse &, T. e. moJy4eHHble omeparopel Iy yioBIeTBOPsioT yciaosuio (21),
ecJI MATPHIBL g1, g2, &3 AOCTATOUHO OMM3KH K eaumHWYHOH. [lna GoasimmHCTBA
(pU3MYECKUX HPUIOMKEHUN IIOKAJIbHBIE IPEJCTABICHUS YiKe JOCTATOYHBI, HO
AN BasRHeWmux Tpymi JIu omMcamHBIN METOJ JOCTaBIMET jarke HpejcTaBie-
HHe «B LEJIOM», T BCeX MATpuUi g. ;
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IperMyiecTBo 3Toro MeTofla COCTOUT B TOM, WTO IO OIpejleJIeHNI0 IIpef-
cTaBIeHNsa Tpebyercs ykasaTh omepatopsl Ty misi OecKOHEYHOro MHOKECTBA
6cexr MATPHUIL, g W IPOBEPHTHL cooTHomenua (21) 1A BCeBO3MOKHBIX TPOEK
g1, g2, g3, MeKJy TeM Kak ONMCAHHBIA MeTop Tpebyer JWIIb MOCTPOEHUA R
omepatopoB T4, (rae n — pa3MepHOCTs rpynmbi () W IpOBepKH AJA HHX
nmepecTaHOBOYHBIX cooTHOImenuit (27). B aTom m 3ardouaercs riaBHas IleH-
HOCTD aarebp Jlu.

Kax npasuio, B ¢usuke Hajo 3HaTh JIHINL omepatopel [ 4;, Hrpamomiue
POiL ocHOBHBIX HaOMI0JlaeMbIX KBAHTOBOW CHCTEMbBI, B IHIIb B Gojlee pefKUX
ciyuasix TpebyoTcs sBHBle (HOPMYJIB [IA NPEeACTABIAIOINX OHEPaTopoB
rpynnsl G. TloaToMy B pfAje ClydaeB OrpaHHYABAIOTCA 3alaHHEM OIepPaTOpPOB
TA1 N MpOBePKOi mMepecTaHOBOYHBIX COOTHOIIEHWH, YeM OIpefeliseTca Impef-

cTaBiIeHMe ag2ebper Jlu, a B OTHOINEHUN NpeACTaBICHHSA 2pynnel Jlu m0BOIB-
CTBYIOTCH KOHCTATALHEH, 9T0 OHO CYIHIECTBYeT M eJMHCTBEHHO.

Ecau R ects runsGeproBo mpocTpancTso u npeficrasiernne {7,} yaurapso,
To omepatopel I, B (25) yHHTapHBI, OTKyZa Jerko ciaegyeT, YTO OHEPaTOPHI
T4 apMuT06bl. ITO W COCTABIAET MOTHBUPOBKY mepexona or K k A = iK nor
Tk ® T4o=iTk: onepatopsl Tx OKa3BIBAIOTCA AHTHOPMHUTOBBIMH, T. €. UMETOT
YHCTO MHAMBIE COOCTBEHHBIE 3HAYEHNS, a TOCKOJBKY Mbl XOTHM IOJYYATH
H3 rpyIn cuMMeTpun HabldmoJaeMble, ¢ NeficTBUTEIbHBIMA COOCTBEHHBIMH 3HAa-
geHHAMH, To 3aMensieM T x Ha 3pMUTOBH omepatops I'4. B 1.2 Mu1 nmpnMennin
TOABKO 4UTO OMHCAHHYI0 MPOIeAypPy K OfHOHApaMeTPHYeCKUM HOATPYIIaM
¢lBUTOB W BpAllleHHi, 4To NMpHBeJo, mocJe YMHOMKeHHs Ha 7, K omepaTopaM
AMIOYJIBCOB W MOMEHTOB, 3aMeTHM, 4YTOo B ODOUX CJAy4afgX MHOMKHTEIb —i
BKJI0OYeH yKe B omeparop 7 .

YKazanHbrle 3aKOHOMEDHOCTH UMelOT oOIMUil XapakTep I MOryT GBITH (hop-
MyJINPOBAaHEl B BHje 00WIero OpUHOUIA: 04 Kamdoll KEAHTOB0U CUCTEMDbL,
umeroweil epynny cummerpuu G, ynurapnoe npedcragienue 3ITOU epynnuvl 8§
RPOCTPAHCTEEe COCTOAHULL cucTembl, 3adaroweli cummeTputo, onpedeaseT Ha-
barodaemble cucTembl: a MUMEHHO, HAOA00aeMbIMU — ABAAIOTCA  ONEPATOPDL,
npedcrasasrowue arzebpy Ju @ epynnvl cummerpuu.

Hax moxaseiBaroT mpruMepsl omeparopoB KuHeTHUecKoil sHeprum H m mou-
HOrO MoMenTa L2, monyueHHBE TAKAM CII0CO6OM OIepaTophl He HCUepILIBAIOT
BceX HAOII0JaeMBIX, YIACTBYIONIAX B ONHCAHMHM KBaHTOBHx cucreM. Ho owa-
3BIBAETCA, UTO H Bce Apyrme HabawjaeMele MOryT OBITh BBIPAJKEHHE 4depes
«OCHOBHBIE», IpefcTaBaAoInne reHeparopsl anrebpst Jlu, [laa sroro mpume-
HAETCA Clefyolias mpomeaypa.

CocTaBIAKTCH BCEBO3MOMKHBIE MOJMHOMBEI (C KOMIUIEKCHBIMEH KO3(HEn-
HueHTaMU) oT Marpur aireGps! JIn. Beipamkas takoil monumoM depes Gasue-
HEIE MATPHIIE, AMeeM

M = Eai]-mhAiAj SR Ah- (1330)

Taxume moaumoMbl MOryT GBITH 3aHICAHBI Pa3JUYHBIM 00pasoM B CHIY Iepe-
CTaHOBOUHBIX cooTHomeHuit (17); mampumep, gua rpymosr SO (3) monmmom
A1A2 B cury (19) paBer Aq4; + ids. Ioaumomu (30) MoKHO CRIAgBIBATEH,
YMHOKATh HA KOMIUIEKCHBIE 9HCJIa W YMHOMKATh OPYr Ha apyra, ¢ cobamo-
AeHMeM OOBIUHBIX airefpanuecKnx 3aKOHOB NUCTPUOYTHBHOCTH W aCCOIMATIB-
HOCTH, HO He KOMMYTAaTHBHOCTH, IIOCKOJBKY V)K€ MOJMHOMEI IICPBOH CTeIEeHH
A, Be KomMyTHpYyloT Mexnay coGoil. ITonyuennas TakuM o6pa3oM accOMMATHB-
Has ajdre0pa NOJHHOMOB HAa3BIBAETCH YHUGepCaabHOlU obeprvléaroueli a.aze6-
poti anre6pn JIu @; Gynem ofosmauaTs ee wepesd &°. Otmernm, uro B amrebpe
Jlu BMecTo omepammm YMHOMKEHHs BBOJUTCA ONEDANMA KOMMYTHDOBAHMUA
(c mociemylolmuM fejNeHMeM Ha i), NPUBOAAMIAA K MaTpumaM ajireOpsr Jlm,
B TO BpeMsA Kak oOBIYHAA ONEpalisi MATPHYHOTO YMHOMKEHMA BBIBOMHT 3a
npeftensl anre6psr Jlm. 9to BuaHo Ha npuMepe SO (3), MOCKOIBKY HpPOH3Be-
ieHue MAaTPUL ¢ YUCTO MHMMBIMHA 3JIeMeHTAMH, BXOJAINAME B airedpy Jlm
3T0H TPYUOBI, HMeeT NeHCTBHTEILHbIE JJIeMeHTHI. AlreGpamueckme cBoHCTBa
KOMMYTHPOBAHAA COBEPIIEHHO OTIHYHEl OT CBOMCTB MATPHYHOTO YMHOKEHUS:
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accoUHAaTHBHOCTL 3aMeHnsaerca TokpectsoM fAwobum (15). Mempngy TeMm B ymu-
BepcalbHO#l ofepTrIBaOIMIell anrefpe omepamuAa YMHOMKEHHA €CTh OOBIYHOE
MaTpuYHOe YMHOMKEeHNe, KOTOPoe, eCTeCTBEHHO, aCCOMUATHRHO.

B rampom mpegceraniennn rpynust Jlu G GazmcHeIM MaTpumam A; asnre-
6pot JIu @ coorBercrByior omeparopsl I 4;- MOMHO mOCTaBHTL B COOTBET-

crBue moqmHoMaM (30) moamHOMEL :
TM == Zaij...hTAiTAj e TAh (1331)

¢ TeMu Ke KO03(pPUImEeHTaMu, IpudYeM 3TO COOTBETCTBHE HE 3ABUCHT OT CIIO-
cofa HX 3alllcH, IOCKOJBKY mpeobpasoBanmio nosmEoMa (30) ¢ IOMOIIBIO
mepecTaHOBOYHEIX CoOTHomeHUi (17) COOTBeTCTBYeT Takoe Ke mpeoOpasoBa-
uie mosmuoMma (31) ¢ moMolnpio mepectaHOBOYHBIX cooTHoureHui (27). Tem
caMBIM 3ajlaeTcd IIpejCTaBIeHNEe YHHUBepcalbHOll obepThiBaiomeil airedpo &°
B TOM Ke IPOCTPAHCTBE, Te olpejeseHo IpeacTapledue rpynnsl (.
Hexoropeie u3 omeparopos, npegcrasiasomnx &°, orassiBaiorcs spMuaTto-
BBIME; TOTJa OHH CUHTAIOTCA HAONIOJAEMBIMH pacCMaTpEBaeMod KBAHTOBOH
cucteMsl. Hampumep, us mpefcraBieHus rpynnel gsmxkenunit M (3) B mpo-
C¢TpaHCTBe BOJHOBhiX (yHKOuiE R HOAy4aoTCA ONEPATOPHl KHHETHYECKOH
3HEpPrun
1
Im

H=—(p + p2 + p2) (1.3.32)

" TOJIOTro MOMEHTa
L*=L2+ L3+ L2 (1x3.33)

OcoGernro Baskmnl moamuoMsl u3 &°, mepecTaunoBouHBIe CO BCeMH 3JIe-
meHTamu rpynnosl Jlu G; oHm HaswmBawoTcA daemenrTamu Kasumupa sroit rpym-
obi. MOKHO [0Ka3aTh, 4YTo HMOAHHOM M TepecTaHOBOYEH CO BCEMH SJIEMEHTa-
Mu G B TOM O TOJBKO TOM CIIy4ae, KOrja OH HepecTaHOBOYEH CO BCEMH dile-
Mentamu ee aareépu Jlu @, 1. e. vorma [M, A]=0 (i=1, 2, ..., n). Ipo-
BePKa 9THX COOTHOLIEHHMH CBOJUTCA K HOBTOPHOMY IpHMEHEHHI0 LepecTa-
HOBOUHEBIX cooTHomeHmH (17) B cmay umpaBuia

[AB, C]=[A4, C]B+ A[B, C]. (1.3.34)

Ecan M — snement Kasumupa rpynnom G, To u3 cpaBuenus (27) ¢ (17)
BHJHO, 9TO WpejcTaBiagmon(uii ero omepatop Iy MEPECTAHOBOYEH CO BCEMH
oneparopamu T4, mpeacraBasomumu aiaredpy Jlu @, Torma, max MomHO
goxasaTh, Iy mepecTaHOBOUEH H €O BceMu omeparopamu Iy, mpepncTaBIIsIIONIH-
mu rpynny Jlu G. B raxom cayuae 7. masmBaerca oneparopom Kasumupa
npencrasiaenns {I';}. Oneparop H B (32) sBiaserca omeparopom Hasmmmpa
npejcTaBieHusa rpynnsl apukennil M (3) B mpocTpaHCTBE BOJIHOBHIX (hyHKI[HIL
R. Omeparop L? B (33) mBaserca omeparopoM HasmMupa moArpymnner Bpaiie-
Huit SO(3) B ToM sKe mpejcTaBleHHN, HO He Bcell rpynner M (3), Tak Kak
L? me mepecranoBouen ¢ omeparopamu cxsura 7'p.

1.4. KeanrtoBbie umeina,
fa3uchl M HENPHBOAMMbBIE NPECTaBIACHHAS

Hiaaccuduranua cocTosumil KBaHTOBOM CHCTEMBI OCHOBBIBAETCH, HPEKIL
BCEro, Ha COEKTPe olepaTopa 9HEPTHH, KOTOPHIH ABJIAETCH OOBIYHO OTHHM H3
omeparopoB HasuMupa rpynmel cEMMeETPHHM CHCTeMBI. Tak, Ajgsa cBoGOJHOI
yacruisl 0e3 yiera cnmHA omeparop dHepruu (3.32), ABIAAUIMiICA omepaTo-
pom Hasumupa rpyoosr pgeusxenuit M (3), uMeeT HeNpepeIBHBIN CIEKTP, HO
He wMeeT COOCTBEHHBIX 3HAUeHHU (T. €. He HMeeT HPHHAJIEKAIIAX TAIbbep-
TOBY HpOCTpaHcTBY codcTBeHHbIx (yHKOmit). HempepriBHBI CIeKTp c¢BaAzalH
¢ BONpPOCAMH KBAHTOBOWH MEXAHUKH, He OTHOCAIIEMEUCA K HUHTepecyoIeMy
Hac mpenMety. [da mocTpoemus HYKHEIX HAM aHAJOTHE OrpaBdYEMCA CBA-
3aHHBIMH COCTOAHUAMHI YACTHI[H, COOTBETCTBYIOINMMH OTPULATENbHHIM 3HA-
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yeEnAM sHeprum, o0pasyoIIdM NUCKPETHHII cmexkrp. B manpmefimem 6ymem
OOHHMATH HOJ FHIL0EPTOBEIM HPOCTPAHCTBOM R IPOCTPAHCTBO C8A3AHHBIT CO-
CTOAHMIT, MOPORICHHOe BEKTOPAMHU COCTOAHHA ¢ OTPHLATENLHBIMH 3HAYEHAA-
mm sHeprmu. IlosroMy omeparop KmEeTmuecKodl smepram (3.32) m rpymma
ABHKeHUU, MOCHYKHBINAA HAM 1A HOJAYYeHHA OINEePaTOPoB HMOYJbLCA, HE
6yayT Temeps HTPaTh POJNE B HameM m3iokeHnn. CocpeoToynM BHAMAHWe HA
rpynne spameruit SO (3), 1 paccMOTPEM 0IePaTOp SHEPTHH MEKTPOHA B KYy-
JOHOBCKOM HIOJIE ApA

e Ze*
Hyp = — 5= Ap — ==, (1.4.1)

rie m — Macca 2JeKTpPOHA, ¢ — 3apAf 9JeKTpona, Zle| — sapanm anpa, r —
paccrosgHue or Axpa A0 slekrpoHa. IlockonsKy omepatop A m omepatop yM-
HOjKeHHA Ha 1/r KOMMYTHDPYIOT ¢ BpalleHHAMHA BOKDYT Afpa, (1) sBasgerca
omeparopoM Hasmmupa rpyoom SO(3)*.

B rmnp6epToBOM IPOCTPAHCTBE COCTOAHHI dJIeKTpoHa R BoigenseTcs Oa-
3mc, cocroamuil m3 co0CTBeHHBIX BeKTOpPoB omeparopa »Heprmm (1). Cob-
CTBEHHEIE 3HAYEHHA ITOTO OMEPATOPA BHIPOMKACHEl, 4 HMEHHO, Ka)KIOMy co00-
CTBEHHOMY 3HAYCHMUIO

2me4

En=—22?n—12 (n=1,2 ... (1.4.2)
OpHHAIIeKUT cOOCTBEHHOE MOAPOCTPAHCTBO PAa3MEPHOCTH h2, KOTOpPoe MBI
obosnaunm R,. Bribop Oasnca B »TOM DOJOPOCTPAHCTBE NeNec006PA3HO MPOHA-
BOJUTEL TAKAM 00pasoM, uToGbl coOCTBeHHBIE BEKTOPHI Ho OhIIN OJHOBPEMEHHO
COOCTBEHHHIME BEKTOPAMH HEKOTOPOro Habopa HaAOIIOKaeMbIX, [EepecTaHoBOd-
mux ¢ Ho n gpyr ¢ gpyrom. OGuiuno B KadecTBe Takdx walniogaeMuix Gepyr
onepatop moimoro moMenta L2 (3.33), Taxme spnaonmitcs omepatopom Ha-
smMupa rpynnsl SO(3), u ogme u3 omeparopos MoMmenra, nanpuMep L,. Torma
cobcrBenHse (QYHKOUH OJHOBDeMeHHO Tpex omepatopoB Ho, L% L, ¢ cob-
CTBEHHRIMH 3HAYEHUAMA cooTBercTBeHHo E,, I(I+ 1), m, Moryr GwTH 3amm-
CAHBI B BH[E

Ynim (T, §s 3) = [ () Y™ (9, @), (1.4.3)

rae f»(r) saBucsaT g4IUIb OT pagayca r, a ym (0, ¢) —cdepuvecrue pymrmm,
sapucAmue oT cdepuyecknx roopaunar., Ymcaa n, I, m, ciay:Kampe IIA HY-
Mepanuu BeKTOPOB 0asfca, HA3BIBAIOTCA KEAHTOGBIMU YUCAAMU CHCTEME
(B maEHOM ClIydYae — 3JMEKTPOHA B KYJOHOBOM moje). Umciio n, HasbBaeMoe
4TVIABHBIM KBAHTOBHIM YMCJIOMY», HPHHAMAET Meldble sHavenma n =1, 2, ...
qucio [ («a3EMyTalhbHOe KBAHTOBOE WHCJIO») MpHHUMAaeT NPH 3aTaHHOM N
sravennn 0, 1, ..., n— 1; aucn0 m («MarEUTHOe KBAHTOBOe UHCIO») IPHHE-
MaeTr npH 3ajaEBBIX 7, | 3Eavenua —I, —l+1, ..., I —1, I Kak mu sugnm,
9TH KBAHTOBbIe YHCIA BO3HNKAIOT U3 rpynnsl cuMmerpuu SO (3).

Bes cmerema coferBenEnx ¢yunxumit (3), obpasyiomux Hasuc mpocTpan-
crBa R, maraagao maobpaskaeTcda KiIeTKaMmu Talia, 1, 3aHYMepOBAHHBIMU TeMH
e mapaMerpaMu n, [, m. Jlio6as BoTHOBas YHKINA OHO3HATHO PA3NaraeTcs
B pAf oo cofcTBeHHBIM (YHKIUAM omepaTopa sueprum (1):

Y= 2 Cumrim- (1.4.4)
n,d,m
3aMeTuM, 4T0 QYHKUUH Y.m OPTOTOHAIBLHEL APYT APYTY KAK COOCTBEHHBIE
¢yuxnun ogHoro m3 omeparopoB Ho, L2 L, npmmapiekamime pa3HBEIM €OO-
CTBeHHBIM 3HAUeHUAM; UpH HajJIeKalleil HODMHDOBKe COMHOmKUTedelli B (3)
OHH, KPpOMe TOT0, HOPMHEPOBAHBI.

BBeneM Temepsr moHATHe MHBAPHAETHOrO MOATNpOCTpaHcTBA. 11ycTh 3aja-

HO OpefcTaBleHme rpynnosl G B anHefiHOoM mpocTpaHcTBe £, cofeprKamleM INOJ-

*) Crporo roBopd, AJAA ere HOCTPOeHHs HymHa Ipynoa [afmmes, Tak Kayk oHeparto-
PH KOODJAHHAT H TeM caMLIM oLIepaTop yMHOXeHHA Ha 1/r Ee moamyuaetca m3 SO(3).
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TaGauua 1

n=1 n=2 n=3 n =4
I1=0 ' l m=20
11’4,1,—1{ m=—1
=1 m=10
m=1
o T m= -2
o o m=—A1
=2 ;,2; - m=10
- m=1
- o m=2
o m= —3
o m= —2
o m= —{
1=3 o m =0
o m=1
o m=2
o m=3

npocrparcTBo &;. Ecam npumeneuwe omepartopos npexactasierus {T,} & Bek-
TOpaM IOAUPOCTPAHCTBA € DEepPeBOJUT HX OIIThH B BEKTOPHI TOTO JKe IOAIpPO-
cTpancTBa, To £; HA3LIBAETCA UHEAPUAHTHLIM ROONDPOCTPAHCTEOM TIpeficTaBiie-
mus. llpuMepoM Moryr caymxuth cobcrBeHHBIE mommpocTpaHcTBa M. omeparo-
pa sseprun Ho. Ilockonbky omeparopsr Bpamtenuii T mepecramoBouns ¢ Ho,
mMeeM:

ectn Hop = Enp, 10 Ho(To)= To(Hop)= To(Enp) = EaTo¥, (1.4.5)

rak uro Iy mepeBogut coberBeHHBIN BeKTOp Ho B cOOCTBEHIIBIH BEKTOP CTeM
sKe cobcTBenHEIM sHavenmeM E,. Hammoe uusapmantHoe moampocrpancrBo R,
n3obpaskaerca BepTUKAIbHEIM croabimom Tada. 1. Basue R, cocraBasor Bek-
TOPBl Yuim ¢ HamHBIM N. Ilockonbky coGcrBenHple BEKTODH € pasHLMu F,
OPTOTOHAJBHHEL APYT APYTrY, HoHmpocrpadcTBa R, OPTOrOHAIBHEL.
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Bregem caenyiomee onpeneiaenne. IIpoctpanctBo & HaspiBaeTca 0prozo-
HAALHOL cYyMMOL TMOAUPOCTPAaECTB &), eciin KaK/HI BeKTOp ¢ mpocrpaHcTBa ©

oo
OIHO3HATHO pa3jaraercai B CYMMYy ¢ = Y ¢ OpPTOrOHAJBHEIX CJIAaraeMlx,
=1

npuuem @, npuragnekat &, BymeM 3anuceHBaTh Takoe Pa3NoMKeHHe B BUTE

&= @ . (1.4.6)
k=1
B atnx o003HaYeHHAX HMeeM
R= o R,. (1.4.7)
n=1

B rta6a. 1 mogupoctpancTBa R, m306pakaroTCA BEPTUKAJIBHBIMH CTOJOIAMH.
Husapuantrocts R, o3mavaer, uT0 omepatopsl o, NPUMEHEHHBIE K OJTHOMY
H3 0a3HCHBIX BEKTOPOB TAKOI0 CTONOIA, He BBIBOJAT €ro 3a HpejeJbl TOrO e
croabma, T. e. IePeBOIAT B JUHEHHYIO KOMOMHAIMIO BEKTOPOB C TeM Ke N.

O6osHauny Tenepsb gepes3 M, MOAMPOCTPAHCTBO BCeX COOCTBEHHBIX (DYHK-
nuit omepatopor Hy, L?, mpmHajIe;Kaliux COOTBETCTBEHHO COOCTBEHHBIM 3HA-
wenmam E,, [(I+ 1). Ilockoasky Ho m L? mepecTanoBoYHEI ¢ ONepATOpaMH
ppammennsa T'p, paccy’kaeHue, anamoTuunoe (D), MOKAa3BIBAeT, 4To Kaxjgoe <M.
ecTh MHBAPHaHTHOe noanpocrpaunctso rpymnsl SO (3). Ilogobuo (7) mmeerca
OPTOTOHANBHOE PasiosKeHHe

R=@ R (1.4.8)
n,l

Basuc R, cocraBasor GyHKIUA (um © JAHHEIME 72, [, B rta6a. 1 mogmpo-
crparctBa M, m300pasKaioTCA BEPTUKAJBHBIME mpsaMoyrolpHuKamu. WaBapm-
aaTHOCTH M, 03HAWaer, uro omeparopu To, IpAMeHeHHbIE K oJHOMYy H3 (a-
3HCHEIX BEKTOPOB TaKOTO NPAMOYIOJbHHKA, He BHIBOJAT €ro 3a HPefiedsl TOro
jKe IPAMOYTOJBHEKA, T, €. IEPeBOJAT B JIUHEHHYI0 KOMOWHAIMIO BEKTOPOB C
treMu ke n, [. Tem campim npm n > 1 Kakjoe MHBapHAHTHOE IIOJIPOCTPAH-
¢TBO0 R, copmepskuT MeHBIIMEe WHBAPHAHTHEIE Noampoctpancrsa R,, dro Ha-
rasagao  m3obpaxkaercAa pasbumenmeMm cTonOmoB Tabm. 1 Ha BepPTUKANBHBIC
OpAMOYTOJIbHAKE, [[1a Kammoro n mMeeM, TakuM o00pa3oM, OPTOroHATLHOE
pasnoskenue

n—1
Ro= @ Ry (1.4.9)
=0

C pmpyroit cropons!, nycTs © — WHBAPHAHTHOE IOANPOCTPAHCTBO TPYIIIBI
S0(3), nexamee B mopnpocrpancree R, [loxasxem, uro & mcuepmEIBaeT Bee
R., rax yro B R, yKe He CONEPIKHTCA MEHBIIAX HHBAPHAHTHBIX MONOpPO-
crpanctB. HauneMm ¢ roro, uro mafineM B npoctpancree & o0mumit coGcTBeHHBIN
BEKTOpP KOMMYTHDYIOIIHX 3DMHTOBBIX omnepartopos Ho, L% L, Tak Kak aror
BEKTop JeAT B f,, To cooTBercTByloumne cobcrBennsle 3Havyenusa Ho, L2
paBusr E, mw [(I-+1), a cobGcrBennoe zmauemme L, — HekoTOpOMY mq, Tie
—l < mo <. Caenoparensno, nopnpocrparcrso & CcONEPKUT BEKTOD Ynim,
Bygem npumenars Ynim, OHMEPATOPHI L,=Li+il,, L_ =1L, —ilL,, upen-
craBasiomue matpunmt 7 (4, + i4,), (4, —iA,) wommaekcHON 050MOUKM
anrebpor JIn rpynner SO (3). Ilockoasry omeparopw L., L, moaydaiworcsa mpe-
HmeNbHBIM NepexofoM u3 omeparopos T, (cM. (3.24)), a mogupocTpaHcTBo &
WHBAapHaHTHO, oneparopsl L., L, me BHMBomsaT 3a mpefean ©. To e BepHO T
AJIA HX KOMIJeKCHEIX JHHeHHBIX KOoMOMHAIUH, MOCKOAbKY & — KoMIJIekcHOe
nuneitnoe mpocrpanctBo. Ho, kak musBecTHO, L WVum = 0YPuymi1, (07 0)
opa m <! u L-Yum = TPnm-1, (17 0) npu m > — | (0TKyHa W DPOHCXOIUT
Ha3BaHWe «IIOBBIINAOIKNY ¥ «HOHMKawIIUy omepartopsr ana L., L_). Ilo-
3TOMy HmocaefoBaTedbHOoe IpuMeHenme L,, L_ ® BerTOpY Vnim, IPHBOJAT KO
86ceM Pnim, U BCE OHH, IO YKA3AaHHOMY BHIIIE CBOWCTBY omepaTopoB L., L_,
npunanneskar ©. JlnneiiHple KOMOWHAOWH STHX BEKTOPOB HCUEPIEIBAIOT BCE
mognpocrpanctBo Ry, uTo um TpefoBasocs okazaTe. Mitak, IOAIPOCTPAHCTBO
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.. He CONep’KUT MeHBIIEr0 HHBAPHAHTHOTO mMoAmpoctpaHcTea. B tabia. 1 Bep-
THKAJIbHBIe HPAMOYTOJBHHKN H300paKa0T HHBADHAHTHBEIE HOANPOCTPAHCTBA,
yiKe He pa3ioKAMBle Ha MeHbIHE,

9T0 OPUBOJAT K cleAyomieMy ompeaelenuio. llycTs mano mpefdcraBie-
gue {7} rpynom Jlu G B ammeitmom mpoctpamcrBe L, m Ly — mHBapHaHTHOE
HOAIPOCTPAHCTBO 3TOr0 HpemcTaBieHusa. Kcan L, ne COMEPIKUT MEHBIUIETO
WHBAPHAHTHOI0 TOAIPOCTPAHCTBA TOro jKe IpejcTaBlenHsa, To L; Ha3mBaer-
¢ Henpueodumelm nodnpocrpancreom mupepcraBienus {T,}. Hampumep, Bce
R., — HempmBoguMBle HmoAmpocTpaHcTBa mpefcTasienna {710} rpymom SO(3).
ITogmpocrpanctBa R, mpu n > 1 mpuBoguMsbl, Ho R = Ry HempusoznMo (cp.
rabm:. 1).

Omepatopm HasuMupa mosBoJgsiOT pasinyaTh HEMPHBOJUMBIE IOAIIPO-
CTpPAHCTBa, B 4éM M COCTOAT X TrilaBHOe 3uadeHme, MoyKHO HROKa3aTh, 4TO
ecitu M — omepatop Kasummupa npepceraienus {7} u [; — HempuBoguMoe
mOJIIPOCTPAHCTBO 3TOr0 IpejcTaBieHus, 1o Li; — co0cTBeHHOe IOANPOCTpPaH-
ctBo mas M, 1. e. WA Bcex BeKTOPOB v, mpuHamie:xamux L, Gymer My =
= Ap, rme A me saBmcuT ot . Eciam e L OpUBOIIMO, TO IpPH HEKOTOPBIX
OPeNIoIoKeHHAX, 00BIYHO BHLITOJHEHHBIX B HHTEPECYOINNX HAC HPUIOMKEHI-
AX, cymecTByer Tako# omepaTop Hasmmupa M, urto L, pacmajaercs B CyMMY
TOAIpoCTPaHCTBA ¢ Pa3HLIME coGcTBeHRLIME 3Hauenmamu M. Haupumep, xasx-
moe R, ects cobcTBemHOE HmMOANpocTpaBeTBO omeparopa Hasummpa Hy rpynoer
SO(3) ¢ coGerBennniM 3mauenneM E, mo apyroil omeparop Kasmmupa L?
TOIl JKe Ipymmbl mMeeT coGCTBEHHBIE HoAIpocTpaHcTBa R, ¢ pasEbIME CcOO-
cTBeHHLIME 3madenmamu [([+ 1) @ TeM caMblM pa3iamiaeT HENPHUBOJUMBIE
HOIPOCTPAHCTBA BHYTPH IPHABOIHMBIX.

Ilaa snexTpoHa B KYJIOHOBOM IOJIe SHEPreTHYeCKHE YPOBHH «BBIPOKIE-
HBEI», YTO CBA3aHO C TPYIIOil CAMMETPUH CHCTeMBI (COCTOANIEH I3 DJIEKTPOHA 1
3aJlaHHOr0 KYJIOHOBa Ioda aapa). B camoMm mexe, xkak Bugso u3 (), HpuMene-
Hle OHepaTopoB BPANEHHA K JAHHOMY coDCTBeHHOMY BeRTopy omeparopa Ho
mpuBOAUT K apyruM coOcTBeHHBIM BexTopam [y ¢ TeM iKe COOCTBeHHBIM
3HAYEHHAEM, TAK 9T0 OOIYIAlTCH COGCTBEHHBle MOANPOCTPAHCTBA Olepa-
TOpPA HEPTUH, PAa3MePHOCTH KOTOPHIX 3aBHCHT OT TPYNOE CHMMETDUH: HEIpH-~
BOoJuMEIe mogopoctpadcTBa rpynmsi SO(3), T. e. Bee R,y doascnvl 6vire ¢o06-
CTBeHHHIMH mogupocTpancrBaMu Ho. Ho B neficTBHTENBLHOCTH €CTh emie Tak
Ha3BIBAEMOE «CJAYIailHOe» BHIPOKeHNe, HEOOBACHAMOE ¢ IOMOMLIO T'PYIHEL
SO(3): cobcrBennnie 3HAaweHAA Hy cOBOAJAIOT AJs BCEX HOAIPOCTPAHCTB Ry
¢ ogenM u TeM ke n, Haxk MBI yBUguM, 9T0O ABJEeHHe CBA3AHO C TeM, UTO
rpyaoa SO(3) He ucuepuniBaeT Bceill cmMMerpmlm ramuiasrormana Hy. Ho
cHaYaia MPOCHeIAM, KaK MOMKET YMEHBULUTLCS ere CHMMETPHA.

Paccmorpum BosMymeHme raMuiabTOHmana Hy, CcBA3aHHOE € y4eTOM
«9KPAHUPYOIIEro» MeHCTBHSA [ADPYIHX 9SITEKTPOHOB AaTOMa Ha BLIEIACHHBIM
BIEKTPOH Ipu Z > 1%, 3170 OpUBOANT K BO3HMKHOBEHHIO qo0aBowHOro cde-
pHUYECKH CAMMETPHYHOrO moTeHIuata H, KOTOpHIl MOMKHO CIUTATH MAJBIM IO
cpasrenmio ¢ Hy, Omepatop Ho+ H, ocraetcs WHBAPDHAHTHEIM OTHOCHTEILHO
rpyanosr SO (3), HO Tepser TY GOABIIYI0 CHMMETDPHIO, 0 KOTOPOil TONBKO UYTO
Obira peus (M KOTOpas CBA3AHA CO COeNM(HUICCKAM BHUAOM KYJIOROBA HOJA).
ITogopocrpamcTBa R, ocramTes HEOPUBOMHMEBIME MOJNPOCTPAHCTBAMHE TPYI-
ot SO(3), Ho DpPHHAJJNEKAT TemePh PasJNYHBIM COOCTBEHHBIM 3HAYEHHAM
H, + 1, 3aBucamaM He TOIBKO 0T 7, HO H OT /. TeM caMHM BHIpOKIEHHOCTE
sHepreTHdecKAX YPOBHEH yMeHBINAercsd.

Hanpmeiiimee yMeHbINeEAE CHMMETDPHA OPOUCXOAUT IPH HAJOKEHHUM CJa-
Goro MarHATHOrQ MOXfA, 9TO HOPHBORAT K IOSBJIEHHIO B BHIPAKCHNH 3HEPTHH
eme ofHOro caaraeMoro Hsy, Manoro no cpaBrenuio ¢ H,. MaMmuawTormar mpu-
HOMAeT BUJ

H=Hy+ H,+ H,. (1.4.10)

IToT OIIepaTop Yyie IIepeCTaHOBOYEH HE CO BCEMH BpaANIeHHAMH, a TOJBKO

*) B T1akoil npuOAMKEEHOI TPAKTOBKE HE NDMAMMAETCA BO BEMMAHHe HEDa3IHdH-
MOCTh 3JIEKTDPOHOB.
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¢ omepaTopaMm BpauleHuWil BOKDYT OCH, OO KOTOPOH HANPaBIeHO MATHUTHOE
mnolle ¥ KOTOPYIO MBI IpPHEMEM 3a 0¢h 2. Taxume BpameHHA MOKHO OTOKJIeCTBUTH
¢ Bpamermamm miaockoctn xy. Omm ofpasyror moarpyummy rpymmer SO(3),
obosrauaemyio uepes SO (2). Ipomssenem penyrmuio npencrasmenus {7}
rpynner SO(3) ma moprpymmy SO(2), T. e. GyZeM paccMaTpHBAThL TONBKO OIE-
patopsr To, COOTBeTCTBYIOUIEe BpailieHUsM 3Toi moarpynmbl. Torga, Kak MEI
cefiac yBHAEM, HeIpHBoIMMEIe moampocTpamcTsa N, rpymmer SO(3) mpm
n > 1 craHoBATCA RPUOIUMBIMUL To OTHOWmEHHI K moarpymme SO(2). B ca-
MoM fesie, JM000H BEKTOD Ynm SBIAETCH COOCTBEHHHM BEKTOPOM miA L, m,
clIefoBaTenabHo, L, MepeBOUT Bce KPaTHbIE P~ B KPATHBIE TOTO ke BEKTOpA.
Ho L. — remeparop Bpamenuil Borpyr ocu z. Ilostomy odnomeprnoe momgmpo-
CTPaHCTBO KPATHBIX BEKTOPA ,;m MHBAPMAHTHO OTHOCHTENBHO rpynnst SO(2),
cocroamteii u3 srmx Bpamenuii, Mrag, upu pegyrnun ma mogrpymmy SO (2)
npocrpancTBo R, pacmajaerca B CyMMY OJHOMEDHEIX WMHBADUAHTHBEIX IIOf-
HPOCTPAHCTB 3TOH IOATPYNNB, BBUIY OIHOMEDHOCTH MOANPOCTPAHCTB TaKas
CUMMeTPHA YyiKe He BbI3bIBaeT BBIPOKICHHA HHEPreTHISCKUX YPOBHEH, Takr
uyro omeparop sHeprum (10) mMeer mpocTeie coOCTBeHHbIE 3HAYSHUS.

Temeph HOCMOTPEM, 4TO NPOUCXOAUT TPH Y6EAUHEHUU CHMMETDHH.
B 1935 r. B. A. ®ox morasan B muonepckoil pabore [17], mammoro omepe-
nuBIIell pasBurHe QUIMKKM CHMMETPHH, YTO B MPOCTPAHCTBE BOJIHOBHIX (hyHK-
qait ${z, ¥, ) MOMKHO ONPEeJHTH, MPEJCTABJIEHHe IPYNNEl BPAIMEHHH YeThI-
pexMepHOro eBKiIupoBa mpocrpascTBa SO (4)*, omepaTopsl KOTOpOro mepe-
CTAHOBOYHH ¢ KyJOHOBHIM ramuiabrTonumamoM Ho. 9ITo mpefcraBienume Oyaer
nocrpoero B ria. 3. I'pynna SO(4) m sABIsAeTcsa 1MOMHONH IPYNIoOf CHMMeTDHH
KynounoBa ramunsronnaHa Ho. Ilogmpoctpancrsa R, oxaspBaroTCA HENPUBOJAR-
MeiMa fug rpynosl SO(4). B rata, 1 omeparopu SO(4) coeguusaoT MeRmy
co00#l pasHEIe HPAMOYTONBHUKH OJHOTO W TOro ke croibma. Kcam orpamu-
YATHCA BPAUIEHUAMY YeTHIPEXMEPHOro mnpocrpaucTBa R (4), coxpamsmoimuMmn
KOOp/AHHATy z* T. e. TakuMu, 9To x *==z% To moixyuaeTcs ToOArpyuma, ocy-
mecTBAAINIAA BpaieHnA B TPexMepHOH miockoctd z* = 0, KOTOPYIO MOIKHO
orosmpectBurs ¢ SO(3). Penyrnmsa mpencrasiennsa Qoka Ha 3Ty HOArpynmy
okaspiBaerca mpepacraBienmeMm SO (3), sBefennbiM B 1.1. Ilpm rakoit pemyx-
OUE CUMMETPHA CHCTeMbl YMEHBIMAETCH U CBONUTCS K CUMMETDPHA TaMUJIb-
ToumaHa Hy+ H,.

Haromen, B 1965 r. . A, Manruw u B, . Mamsro [8] moxasarnm, uro
npenctapienne Qora MOKHO PacIINPUThL JO MpejCTaBjieHHA TaK Ha3bIBaeMOik
korGopMHuoil rpynnsl SO(4,2), comepsameii rpynny SO(4). IIpu osrom me-
OPUBOJMIMEIM OKa3bIBaeTcs yyKe Bce mpocTpanctso K. B rabx. 1 omepatopn
TaKOro HpefcTaBJIeHns COeAMHAIOT Bee KieTkn (nlm). Omucamme sToro mpej-
CTaBIeHHA, CIYKallero B Hamel padore OOA APYTEX [elell, COTePATCA Tak-
#e B ri. 3. ITo orHommenmio K rpyune SO(4,2) yske KyJIOHOB TaMHIBTOHH-
ar Ho mmeer mapymerryo cuMMerpuio. IlocienoBarensnoe Hapyuenue cum-
METPUU TPW YMEHBIIEHHNI TCPYUNEl OOUCHIBAETCA CIEAYIOUmeH IeHo9KoH
moJrpynm:

S0 (4,2)> 80(4)> SO(3)> SO(2). (14110

'masa 2

TIPHHIHUIIBI KIACCHPURARNN YACTIIJ

2.1. Ilouatne cnmnaa

Ilpm Bo3HHKHOBeHWM HOBHIX (IM3MYECKAX TEOPHH BAMKHYIO POJdp HTPaloT
4HAJOTAN ¢ H3BECTHBIMH NOHATHAME, [[JIf CcAMMETDHH af[pOHOB W CBA3AHHON
€ HEI0 TeOPUH CUMMeTDUHW aTOMOB, H3JaraeMoil B »Toif pafore, OCHOBHOE 3HA-
9eHAe WMeeT aHAJOTHA ¢ HOHATHEM CRUHA.

*) 910 mpocrpanctBo R(4) ¢ werpmueckoii dopmoii «F + x5 + 23 + z3, mHe caemyer
CMEIUBATE C 1Cegd0egkAudO6bLM TPOCTPABCTROM MHHKOBCKOTO, METPHKA KOTOPOTO 3HA-
komepevenHa, OHO He MMeeT OTHOUTIEHHA K TEOPHH OTHOCHTEJBHOCTH.
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ComH sBIsAETCA «GHYTpPeHHell cTenenvlo c6o600uiy, He WMMelomedl Kiac-
cnueckoro amajora. Jlas onucanus coOCTBEHHOr0 MATHHTHOTO MOMEHTA DIIEKT-
pora Ilaymu mpepgmomua B 1926 r. maoOpaKaTh COCTOAHMA 3IeKTPOHA 06yx-
KOMNONEHTHBIMI BOIHOBEIME QYHKIAAMA

P, (.’II, Y, Z)
a [% (@, y, z)]' 2.1.1)

BexTopsl COCTOAHNA ' CKIANBIBAIOTCA W YMHOMKAIOTCA HA KOMILIEKCHBIE YHC-
Ia 110 KOMIIOHEHTaM, T. e.

(pl(x7 y’Z)+¢1(‘Z‘7 ysz)] _':}“p](x7 Y, Z)
P2 (2, ¥, 2) + 0y (2, ¥, 2) M (2, 9, 2)

U AJA HUX BBOAUTCH CHAJAPHOE TPOHW3BEeHUE

olyy = [ (oTv, + olw,) av. (2-1.3)

Bexrop ¢ maseiBaeTca HOPMUPOSAHHbLM, eCIU Pplp> = 1. Jlaa mopmupoBan-
HBIX BEKTODOB ¢, \{ BEPOATHOCTL IEPEX0fa M3 COCTOAHHA (p B COCTOAHIE
BBEIpayKaeTCs (bopMynoﬁ |<@lp>]% Ecau cocrosume dIeKTPOHA 8aJaHO . ABYX-
KOMIOHEHTHOI BOJHOBOM (yHKUMed Y, TO BEPOATHOCTh HAXOMKICHWA IJTEKT-
poHa B obiactu D Bripaykaercs B BHIE

(e + 1w, P av. (2.1.4)
D

cp+1p=[ ] (2.1.2)

Taknm 00pa3oM, COCTOSHAE JTEKTPOHA € yueToM CIWHA ONNCHIBaeTcA (B He-
PEeJATHBHCTCKOH TEOPWH) [BYXKOMIIOHEHTHBIMH BOJIHOBBIMH (DYHKUHAMI,
ofpaayrounmMu IIIL0EPTOBO  IPOCTPAHCTRO. OGosznauuM 3TO TPOCTPAHCTBO
gepea R,

Rawx Ms1 Bumenu, B wBantoBoil Mopmenn lllpegmurepa (6es yuera cmnmua)
BaKHYIO POJIBb urpaer rpynna Bpameruit SO(3). EcTecTBeHHO IpeAnoao/KuUTh,
970 3Ta rpymnma AeHCTBYeT W B HPOCTPAHCTBE BOJHOBBIX (PYHKOUIl €O CIIHHOM
(1). Yrobbr maiiTu cOOTBeTCTByIOlIee IpefcTaBieHUHEe, OylHeM PYKOBOJICTBO-
BaThCHA AHAJNOrHedl MeXAy NBYXKOMIOHeHTHRIMH (PyHrumaAMu (1) u Bexrop-
HBIMA TIOJIAAMH, TAKMMH KaK 0ole cKopoctedl v(z, ¥y, z) WM CHIOBoe IOJe
F(z, y, 2).

IIpu Bpamerrm O BeKTOPHOTO TOJg V BOKPYr Hauala KOOPAHHAT TOTKA
z =(z, y, z) nepexomur B 2’ =(z’, y’, z’), a Bexrop moxna v(z, y, z) B ToUKe
(z, ¥, z)— B Berrop v'(z', y', z’), KOMIOOHEHTH KOTOPOTO IOJYYalOTCA W3
KOMHOHeHT v:(z, ¥, z) (i=1, 2, 3) no gopMyram

3
vilz'yy',2) = E 0iV; (Z, Y 7). ‘ (2.1.5)
7=1
Fcnp paccMaTpuBaTh ABYXKOMIOHEHTHYIO BoJHOBYI0 (ymkmuio (1) Kak

aHAJOr BEKTODHOTrO IIOJA, TO €CTeCTBEHHO WCKATh 3aKOH ee IIpeodpa3oBaHUs
npu Bpamennn O B Bufe, aHaJoruaHoM (5):

2
Yola' g ) = X vorbe (@ Y, ), (2.1.6)

rae u = (Us) — MATpPHNIA BTOPOTO mOpAfKa, cooreercreyioman O. 3aMenss
I1a KparkoceTu (z, y, z) wepes z u (z’, y’, z') uepes z’, umeem

2
Yo (2') = Elum\m (). (2.4.7)
T=
IoncraBns BMecto z Toury O~'z, momyuaem Buj BONHOBOH QymHKOUE ) :

Vo () = gluoer(O‘lx)- (2.1.8)
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Ilpegmomosum, uro Kasmomy Bpaiiennio O MOCTABIEHO B COOTBETCTBHE Ipe-
oOpasosanne puga (8) m TeM caMbIM MAaTpPHI@ BTOPOro HOPAMKA U = Uo. Tor-
Ja TpH HocaeqoBaTelbHOM BHIoXHeHuw BpaueHnit Oy O, moiyuaeM mo
mpasuiay (8)

¥r () = ‘33 p (077'2), Vo (2) = z uSp: (07 'x). (2.1.9)

-1 ’ —
3amernus B mepBoM pasencrse (9) z ma 07 x u mojcTaBUB (01 ) Bo
BTOpOE, HMEeM

2
Py (1) = Z ul) Z uBp, (07707 'z) = p§1 w®u®)q, Py ((0,0,) 1 2). (2.1.10)

C apyroi ctoponsl, spamenuio 0,0y D03 HO COOTBETCTBOBATH NpeodpasoBanme
suzma (8) ¢ marpumeit u, comocrasiennoin O,0;. EcrecTsenso cuynrtars 310
npeodpasopamne cosunagaomuM ¢ (10), uro TpuBOAUT K ClIeIyIOUIEMY YCIO-
BUIO UL IBYMEPHBIX MATPHI| Lo: Up,0,= Up U0,  Jlallee, eCTECTBEHHO CUNTATH,
4TO TOMIECTBEHHOMY BPAIIEHHI0 € COOTBETCTBYET TOMKICCTBeHHOe Ipeodpaso-
BaHue BONHOBBIX DYHKIUH, YTO OCyIeCcTBIACTCA HpH U, = 1. Bee atu coobpa-
JKeHHMA MOJKHO BHIPAasuTh CjefAyioluM obpasoM: ecianm coorBercTBHe O — Ug
sagaer npencranieHme rpynubl SO(3) AByMepHBIMH MaTpumaMu, To (opMy-
aa (8) ¢ u = u, ompemelser NpeAcTaBIeHHe TOH e TPYIOsl B IPOCTPAaH-
cte R2.
Ecnu, xpome Toro, morpeGoBarb, 4TOOBI [PEICTABICHHE B HMPOCTPAHCTBE
R? GBl0 yHUTAPHBIM, T. €. COXPAHAIO BEPOATHOCTH HEPEXOT0B, TO HAJ0 B3ATH
B KauecTBe U, yYHUTAPHEIE MATPHUILI, T. €. MATPHIEL, YOOBIETBOPAIONIKE YCIO-
2

SR
BHIO Ugiigp = O1p.  Torma, mockonsry o6bem dV coxpaHsercs mpu Bpa-

g=1
NieHHH, uMeeM

'2" * 7
CRRY =S (EI(PIU(Q}P?}MV =
> Ugrr (O’Ix)) ( D ugpWp (O*Ix)) dv =
p=1
- j 3 (2 it ) 02 (0725) 4, (07) ¥ =
= 521 ¥z (2) Yo (2) AV = {p| ). (2.1.11)

Taxum obpasoM, 4yToOw HalTH 3aKOH mpeoOpasoBaHUA IBYXKOMIIOHEHT-
HBIX BOJNHOBBEIX (DYHKIUI, Haj0 HOCTPOMTH YHMUTAPHOE IIPEJICTABJEHIle TPYIIILL
SO (3) marpunaMu BTOporo mopsaka. MaTpHIs BTOPOro mOPA/KA 3a7aloT JH-
HelIBle oNMepaTophl B JBYMEPHOM KoMiuiekcHoM mpocrpanctse C(2), cocrom-

zl\!:

IeM U3 BEKTOPOB 2 = (Z

2
= 2l Uiz (0 =1, 2). (2.1.12)
T=1
Beenem B C(2) cransapuoe mpousBefenne mo opMyie
(0] @Y = 2 2070, (2.1.13)
T=1

Torga YHATaPHOCTh MATPULBL ¥ YKBHBANEHTHA YHUTAPHOCTH COOTBETCTBYIOMIE-
ro AHHEHHOrO omeparopa, T. €. COXpaHeHHIo CKaJsapHoro mpomaseneHmsa (13).
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Jlaa DOCTpoeHUA JBYMEDHOr0 YHHETAPHOTO INpeACTABJIeHAS TPYIITEL
SO (3) BocmoasayeMca MeTomoM, manoxennsiM B 1.3. AxreGpa Jlu aToit rpyn-
oer mMeer Gasue (1.3.18) ¢ mepecranoBounsiMu cooTHOmenuAME (1.3.19). Co-
mocTaBuM Kaskjoii w3 Martpun (18) mmmeliEm# omepartop B C(2), mam, 4To
TO 3Ke, MATPUIY BTOPOTO MOPALKA, ¢ TEMH K¢ NMEePeCcTAHOBOUHKIMH COOTHOIIe-

1
HUAMH. B KadecTBe TaKUX MAaTPHUI] MOJKHO B3ATh Tp = 5 Ok (=1, 2, 3), rme

o, — Marpunsr Ilaymm:

01 (0 —i 1 0 ’
01=(1 ())’ ozzki O)’ 03:(0 _1). (2.1.14)
Hax merxo mposepurs,
[T1, To]=its, [T2, T3]=1iT1, [73, T1]=iTo. (2.1.15)

Auarebpy Jlu rpynmer SO(3) npu 5ToM OpefCTAaBIAIT NUHEHHbIE KOMOMHAINR
MaTpHI[ T, ¢ BeIMeCTBeHHHIME Ko3(dUIOmenTaMm, T. €. SPMUTOBEI MATPHUIIH C
HyJeBRIM ciexoM, a rpymmy SO(3) cormacuo (1.3.20) — yHuTapHBE MATPUIBI
¢ ompegeantenem 1 (mamoMmuM, uto JiaA niob6oil mMarpumu K mmeeMm det e® =
= ¢%¥)  Jlanbme Oymer mokasamo, 4To TMOCTPOEHHOE mpejcTaBienne {uo} He-
npusoguMo. Corzacuo (1.3.20) ommomapaMeTpm4ecKoll IOArpyNIe BpameHui
BOKDPYI' OCH Z COOTBETCTBYET LOIrPyIOa MATPHIL

Ug = ¢ e_ia03’/2., (2.1.16)

U aHAQJTOTNYHO CTPOATCH MPEJCTABIEHHS BPAMIEHHA BOKPYT OCed Z, Y.
Bepuemca temeps ® 3akoHy mpeofpa3oBaHmMsA IBYXKOMIOHEHTHBIX BOJHO-
o 2
Bhix Gynxnmit (8). OGosmaunm uwepes {To] mpencrasnerme SO(3) ¢ Toan-
KO 4T0 IIOCTPOEHHBIMH MATPHUAMI Uo. Torma nas moprpynusl spaienmit {Og)
BOKDPYT OCH 2 MOJydYaeM OJHONAPAMETPHYECKYH NOATPYUHY ONEepaTopoB

14
{T%a}, IepeBOJAMAX BeKTOp P mpocrpancTtBa f2 B BekTOop Vg € KoMIO-

HeHTaMH
(o)1 = €72, (x cos a + ysina, — zsin o + ycos o, z), (21.17)
($o)e = €%, (zcos o + ysin o, — zsin o + ycosa, z). o

Hafigem maGawogaeMylo manieii cumcTeMsl (3IeKTPOHA € Y4YeToM cIWHA), CO-
OTBETCTBYIONTYIO BTOI nonr}ynne (cp. (1.3.25)):

K/ P, 1 0¥,
l'(%(Till?) lomo = —1 (za_ag_ y 50:2) [%J + % {0 — 1”1}:J' (21.18)

14

VYmuomkan obe qa‘c'rg‘ Ha [, mojyvyaeM 3PMHTOB OHmEpaTop Ha IPOCTPAHCTBE

COCTOSHHAN CHCTEMBI
h

a a

IlepBoe cmaraemoe B (19) ects omepatop opburansHOro Momenta L,
TaKkoil e, KaK B 0JHOKOMHOHeHTHOU Teopmm Illpenmurepa; om mpEMeHAETCA
OT[eJBbHO K Kaskmoii kommomente. BTopoe ciraraeMoe ecTh OOEpaTop COHHOBO-
ro MoMeHnTa 3JeKTpoHa, 0003HawaeMHH# depes S,. To MATPHYHBIX OlepaTop,
mpeoOpasyomuit KOMOOHeHTH P-DYHKIUA, Ho He AeHCTBYIOMHAN Ha WX mepe-
MeHHBIC. AHAJIOrHYHO IoJdydatoTcaA GopMmyasl mansa Ji., J, cofepskamme omepa-
TOPEl COIMHOBOTO MoMeHTa S, S, Omeparops! J., J,, J, HasuBaloTea omeparo-
paMu noAH020 MOMeHTa dIeKTpoHa. HaGiiomaeMele Ha ONIBITE 3HAYEHHS IIPO-
eKOUA MOMEHTA 3JMeKTPOHA SABJIAIOTCH COOCTBEHHHIME 3HAYCHUSAME STHX OIE-
patopoB. FEcim MoxuHO TUpeHefpeus CHEHOM, J, CBOAATCH K IPOCKIAAM
opburampHoro MoMenTta L, kKax B teopum Illpenmarepa. IlpuBenennsiit BeiBojg
oIepaTopoB IIOJHOTO MOMEHTa, HOAYePKEUBAIOMEI WX rpynmoBoe IPOHCX0K-
nenme, 6nn30x ¥ BuBoxy Ilaymm B [9].
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OnepaTop NpPOeKOUE CIMHOBOTO MOMEHTA 5, MMeeT COOCTBeHHbIe 3HAYe-
mua — #/2, h/2, coorBeTcTByIOmMAe cOoGCTBeHHLIM 3HaueHnAM —1, 1 MaTpune
03; NpHHAIJIEAaMue IM COOCTBeHHbIe (YHKIAN HMEIOT BUJ

0 Cp
LP}’ .0]. (2.1.20)

Takue ke cOOCTBEeHHble 3HAYEHUSA HMEIOT OMepaTopsl S, S;; HETPYAHO HAlTH
mpuHagIeKamme uM cobcrBenabie yEKOuE. Marpumel 0, BHIOpaHBI TakuM
ofpaszoM, uTofm MaTpHIla O3, COOTBETCTBYIONIAasg BpPam[eHNAM BOKPYT OCH Z,
aMeJa [UaroHaJBHEIN BHJ. OTO YIOPONAET pellleHNe 3ajad ¢ BHEUIHHM II0-
JeM, HaNpaBlIeHHe KOTOPOTO IPUHAMAETCH 3a OCh Z, KaK, HAaIpuMep, IpH pac-
emorpennn »pdertoB 3eemana u Ilrapka. ,

Jlerko mpoBeputhb, uto omepatop S? = S3 -+ Sy 4+ S2  mepecramoBouen
¢ omepaTtopaMH CIOHHOBOro MomeHTa Si, S, S; IpemcraBiAoniuMu aarebpy
JIu rpynner SO(3) B mpoctpancrBe C(2), u, clefoBaTelIbHO, ABISETCA OIe-
paropom Hasummpa srtoro mpeacraBienus, C(2) sABaseTca cOOCTBEHHEIM HPO-
CTPAaHCTBOM oIepaTopa 2 ¢ cobcrBenEmM 3HadenmeM (1/2) (1/2 + 1) h* =
= (3/4) #*. OrtMermmM, 4To 3T0 Beipaskenme mMeeT Buy [(/+ 1), mamomMmmaio-
muil coGCTBEHHBIE 3HAYEHUA OmepaTopa opduTaibHOro MoMmenta L2, mo ¢ mo-
aymensiMm [ = 1/2. HamGosabiiee 3HaueHHEe MPOEKIWH CIMHOBOTO MOMEHTA,
JeleHHOe HA F, HAa3HIBAGTCA CRUMOM DIEKTPOHA; CIMH 3IeKTPoHa pasem 1/2.

Ilayaun pacupocTpasWI CBOIO TEOPHIO DIEKTPOHA HA YACTHUIEL € JIOOHLIM
connoM. Ecaun BMecTo JBYXKOMIOHEHTHBIX BOJTHOBBIX (DYHKOUIN B3ATH (DYHE-
mau ¢ d KOMIIOHEHTaMH, riae d — T1000e HeOTPHLATeIbHOE YUCI0, TO MOMKHO
HOBTOPHUTh TPEJHAYINNE IIOCTPOCHHA, 3aMEHHB MATPHIBI T, MaTPHIAMH S
(=1, 2, 3) mopanka d ¢ TeMnm jke IePECTAHOBOUHHMH COOTHOIIEHUIMH.
ITpu sToM moxyuaerca mpeAcraBienue rpynusl SO (3) B IpocTpaHCTBe d-KOM-
TMOHEHTHBIX BOJHOBRIX (pyurnmil, amazormunoe (8). Iloxbaysach moBwiImai-
IMEM U HOHMKAIOMUM OHePaToOpaMd S, = Sy - iSg, S_ = §| — iSy, MOKHO JOKa-
3aTh HeIpHBoAEMocThL HpeacraBiesdsa SO(3) B mnpocrpamctee C(d) Toumo
TaK ke, Kak 910 ObL10 cnemano B 1.4 jmia mpocrpamersa R,. llpu atoMm cob-
CTBEHHBIC 3HAYEHHSA OIEPATOPOB cOHHA S, B eIWHHUIAX R, paBHH —s,
—s+1, ..., s—1, s rHe s ceA3aHo ¢ d coorTHOmeHHeM d = 25+ 1; Tem ca-
MBIM § — TeJoe Wid Hmodymeidoe umerxo, T, e, s =0, 1/2, 1, 3/2, .... Yneao s
HA3BIBAETCA CRUHOM TACTANH, ONNCHBaeMON d-KOMIOHEHTHOH BONHOBON (hYyHK-
nmeit, 3mawenne omeparopa Hasmmmpa S%=S>+ S, 4+ S2 wma mpocrpan-
ctee C(d) pasmo s(s -+ 1)h2

3aMeTuM, 4YTO CIOCO6 TMOCTPOCHHA NPEeACTABICHH, HCIONIL3YIOMMHA al-
redpy Jlit, ofecmeynBaer uX CYIIECTBOBAHAE JINIIL JIOKAJIBHO, T. €. B OKPeCT-
HocTu eqwuHnel rpyunnst SO(3) (cp. 1.3). MoxkHo morasath, YTo B HpOCTpaH-
CTBaX HEYETHOH pasMepPHOCTH, COOTBETCTBYIONIMM IENHIM S, IpPEJCTABICHHE
CyImlecTByeT Ha Beeil TpymIle, a B NMPOCTPAHCTBAX YETHOH pPasMEpPHOCTH Hpej-
CTaBIEHUE CYIIECTBYET IHIIb JIOKAJIbHO. B mocienHeM ciydae MOMKHO IIO-
CTPOUTL «JABY3HAUHOE» MPEJCTABIEHNE, COMOCTABIAIONICe KAKIOMY Bpalme-
HUIO Tapy MaTpHUI] HopafAKa d, pa3iauyaioniuXcsa TOJNLKO 3HAKOM.

2.2. N3otonmuecknii cuvu

B 1934 r. Feitzenbepr npuMeHnsI OOHATHE CIOMHA K APYrod CHUTyalum —
R OINcaHmio MPOTOHA U HeHTpoHa, B rTeopum suerrpoma llaynm pasmmumnie
COMHOBHIE COCTOAHUA DICKTPOHAa HPUMUCHIBAIOTCA ONHOU W Toll ke wacTHIe,
MOCKOTBKY 9JNEKTPOH BO BCEX CIOHHOBHIX COCTOAHHAX MMEET OJHY H Ty iKe
Maccy, OfMH W TOT JKe 3apAj, W BCe HTH COCTOAHAA NOJUYAHAITCA OJHOMY
YpaBHEEHMIO ABHKeHHsA. lIpoTon m HeliTpoH mMeT o4YeHL GIM3KHe, HO Hepas-
mete  Macenl  (coorBercTBeHHO 938,3 m 939,50 MsB) wm pasubie zapAgs
(+1 u 0). Ilo amazorwd co CIMHOBBIMA COCTOSHUAMH JJEKTPOHA, Ieiizenbepr
OPeIOSKIA CYHTATHL 9TH JABE UYACTHNH pPAa3iHYHBIME COCTOAHHAMH OJHOH m
TOH jKe KBAHTOBOM cmcTeMbl. Ilpm oToM «pacmenienmey Mace ofbAcCHAETCH
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00 AHAJOTHH ¢ pACILieNIEHHOM JHEePreTHIECKHX YpPOBHEH 3JEKTpPOHA B Mar-
HUTHOM IIOJIe, a 3apsj| UrpaeT poib, aHAJOTHYHYI0 COIUHOBOMY MoMeHTy. [lmsa
KBAHTOBOH CHCTEMBI, PACCMATPUBAEMOIl B 3TOM HOCTPOGHHH, BBOJHUTCA HamMe-
HOBAHHE (HYKIOH).

B oramume oT 3JeKTpPOHA, HYKJOH HEe HMeeT B 3TOH TeOpHHM JAMHAMHYE-
CKOTO ONMCAaHWA B KJIACCHICCKOM CMEICTE, T. €. Y HEro mHeT YPABHEHHA JBHIKe-
muA. IlpegMerom ee ABAAIOTCA TOABKO CRUHO8ble COCTOAHUA CHCTEMBI, a HE
ee MPOCTPAHCTBEHHO-BpeMeHHoe moBejgenue. I103T0MY «BOJHOBBIE (QYHKIIHI»
He OyAyT Teumeph 3aBUCETh OT KOOPAMHAT M BpeMenu. Taxam TouKa 3peHHs
B HEKOTOPOM CMbICJe IIPOTHBONMOJNOKHA NPRHATOM Hamu B 1.1, Te MBI Kak
pas mpeHeOperan couHOM, Teldepbh MBI XOTHM IOCTPOUTb KEANTOGYIO METAHU-
kY cnuna. lpuMenenne Takoro TepMina OyJeT olpaBJaHO, KOTJZa MBI 00HAPY-
JKIM B 3TOM CJIyvae BCe XapaKTePHbe HpII3HAKH KBAHTOBOMEXAaHHYECKOIO
ONMCANNA: I'MAbOEPTOBO LPOCTPAHCTBO BEKTODOB COCTOAHLS, IIpEICTABJIEHUE
rpynnbel CHMMETPHII B 3TOM HPOCTPAHCTBE, HOCTPOCHHE HADJIOAeMBIX 13
aireopsl JIm pTOM TpYNNBl M ee YHEBEPCAJILHON o0epThIBAOIIeli ajre0pHI.
I'pyinnosas Touka 3pemus Ha KBAHTOBYI0 MeXaHHKY, W3JdosKemmas B pasg. 1,
He IpejiiojaraeT, 4To KBAaHTOBasd TEOpUs OMHCHIBAET JABW;KEHHE CHCTEMBI B
OPOCTPalCTBe H BPEMEHH. IIOCKONBKY B OCHOBE TAKOW TEODHN JIe;KHT TPYIIIa
CHMMETPHH, To Pa3HbIe TPYNIbLL HOPOKJAIOT Ppa3Hbie KBAHTOBBLIE TEOPHH,
TaK 9TO HET CMBICJIA TOBOPHTh 0 KBAHTOBOH TeopHn BooOIIe, 0e3 yKazaHIis
ee rpynmel caMMerpun. «HepeasTuBucTcras» KBaHTOBAA TeOpHS COOTBET-
crByer rpymue lanires, «pedsarusmcrckasy— rpynnoe JlopeHna, m kak pas
3TH TPYIINbl CBA3AHBI ¢ NPOCTPAHCTBEHHO-BPEMEHHBIM omucanueM. [Ipyrue sie
TPYNIBl CHMMETPHI, K KOTOPBIM HAC IIPHBEJIO paccMoTpeHHe CIIMHA, He_o0fA-
3aTEJLHO CBf3AHEL C BpeMeHEM WM _TDOCTPAHCTBOM, a MOIYT, HANpPUMep, OMH-
CHIBATH BO3MOJKHBIE BHYTDCHHHe CTemeHH cBoOOAsl cructeMbl. MenHo Takme
IPYIInl CHMMETPHI Hac HHTEPecyIoT. 3aMeTHM, 4YTO COOTBEeTCTBYIOIIME HM
KBAHTOBbIE TEOPUM He ABJIAIOTCA HU PETATHBHCTCKHMI, HH HepeJsATHBUHCTCKH-
MHU: UX MOKHO OblIo Obl Ha3BaTh «apPelNATHBUCTCKHMHY», NMOCKONbKY OHI HE
cBfizanbl HE ¢ rpynnoi Jlopenma, an ¢ rpynnoii IMagnmes.

Ilpocrefiimas M3 KBAHTOBBIX TEOPHIl — 3TO TEOPHA HBYXKOMIIOHSHTHOrO
cnuna. Ee BeKTOpPH COCTOAHUH CYTh BEKTOPHI ABYMEPHOTO KOMILIEKCHOTO TH-
HeHHOTO IIPOCTPAHCTBA € JBYMS KOMILICKCHBIMH KOMOOHGHTAMH Z), Z, KOTO-
peie Mbl OyIeM 3alMCBIBATH B BHAE CTOJOIOB

-]
z = . (2.2.1)
z,)

Takue BexTophl HaazbiBaloTcsa crukopamu. Clefyer 3aMeTHTh, 4TO IOHATHE
«BEKTOpAa» TPAKTyeTcs HHOT/A B Y3KOM CMBICIe: B 3TOM CMBICIE BEKTOPAMH
HA3LIBAIOT JHINL BEKTOPH TPEXMEPHOTO eBKINJ0BA IPOCTPAHCTBA H YeThHIpeX-
MepHOro npocTpancTBa MHHKOBCKOro. OTH HpPOCTPAHCTBA BEIECTBEHHBI,
U BeKTOPHI B HAX HMEIOT BelecTBeHHBIe KOMIOHEHTHI. B INMPOKOM cMbIce
TOBOPAT 0 BeKTOpax AeiicTBUTEIBHOTO HJHM KOMIUIEKCHOTO LPOCTPAHCTBA JIO-
Goit (maske GeckoHEe4HOII) pasMepHOCTH. B 5ToM INMHDOKOM CMbICie CIIHHOPBI
CYTh BEKTODHI JABYMEDHOI'O KOMILTEKCHOTO Tpoctpancta C(2), BBeJleHHOTO B
2.1. Tax xar B C(2) umeercs ckanspuoe npomaseenne (1.13), C(2) apasaer-
cs1 ruab0epToBHIM TpocTpaHcTBOM. IlouepKHEM, YTO THILOEPTOBBIM IPOCTPAH-
CTBOM HA3BIBAETCA JI000€ KOMILTEKCHOe TIPOCTPAHCTRO €O CKAJIAPHBIM IIPOH3-
BefeHneM, KoHeuHolt mau GeckomeuHoil pasmepuocti. IIpoctpancrso R us 1.1,
cocToAmee U3 BOJHOBBIX (PYyHKIHH, GeCKOHEYHOMEPHO, TaK KaK ero BeKTOPHI
AMeIoT GecKOHEYHbIil 6asuc (Hampnumep, Pnm). IIpocTpancrao C(2) pBymepHo:
ero 6asmc COCTABIAIOT, HANPHMEP, HOPMHDOBAHHEIC OPTOTOHAJBHBIE BEKTODEI

1 0
elz[o], e2={1]. (2.2.2)

Hrax, MBI TOCTPOWIN JjA HHTepecylulell HAC KBAHTOBOM CHCTEMBI —
«06YTKOMNONENTHO20 cnuHa»— TMpocTpaHcTBo coctosimmii C(2). B wauectse
TPYNIB CHMMeTPUH Bo3bMeM (B oTamume oT rpynmst SO (3), urpasmeii rias-
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HYI0O pods B r1. 1) rpynmy yHHTAPHBIX MATPHI[ BTOPOTO HOPSAKA ¢ OIpeje-
aureseM 1, obosmavaemyio SU (2). HanoMunm, uro mMarpuma u = (i) Haak-
BaeTCA YHUTAPHOU, ecln ee KOMINEKCHBIE DIEMEHTHI yIOBIETBOPSIIOT OJHOMY
U3 PaBHOCHIBHBIX YCJOBHUII

2 2

E u:;fum = Gop» 3 utguw = 8op» (2.2.3)

T=1 T=1 .
03HAUAIONNX, uTo TpeolpaszoBamme cumHopoB (1.12) coxpamsmer craIsapHOe
npoussegenue (1.13). Onpepesxurens Taxoil MaTpuIlbl 10 MOAyJd0 pasen 1,
u TpeboBanme, urobpl om Obla paBeH 1, ycTpaHseT HeCyU[CCTBEHHbIE B [all-
HOM clydae (azoBble MHOKHTEH.

Ilockomsry wammmas marpmuia rpynnet SU(2) sagaer omeparop, npeofpa-
3ylouuii BeKTopnl npoctpancTBa C(2) mo mpaBmay (1.12), tem cambiM ompe-
Jeneno mpejcrasienne rpynnst SU (2) B mpoctpancrse € (2), xoropoe (B du-
3MYECKON JMTeparype) WHOTAa HaspiBaeTcsa «QyHIaMeHTATbHBIMY. Jlerko
TIPOBEPHUTH, UTO 9TO MPEACTaBIeHHe HempuBoammo, T. e. B € (2) me cymccTBy-
er Meupiiero (0JHOMEPIOr0) HHBAPUAHTHOTO IOANPOCTPAHCTBA, 13 cuiay
(1.13), dynramenTantpHOe IOpeJicTaBleHHe YHHTAPHO.

Corsaacuo olmgeil KouIleNIinu, omucaHHOH B 1.2, U3 IPYyNOB CHMMeTPHH
SU(2) A0/sKHBI TMOJYYHTBCS OCHOBIBIe HaliogaeMbic Haniell KBaHTOBOIl cI-
CTCMbI -— OIEPATOPLI, HPEACTABIAIONNE MATPUILL  aire0pbl Jlu  Tpynmsl
SU(2). PaceMoTpum B 9T0il Ipymiie 0 HOIAPAMETPUTECKYIO IOAPYIIY

Uy — ¢ Ve T, (2.2.4)
3ameruM, uTto B 2.1 oTa TmoAarpynma Oblia TpEACTABIEHIIEM MMOATPYNIL Bpa-
IeHUH BOKPYT OCH 2, Telleph Ke, KOTJa OCHOBHON TpyImoil CHMMETPUH sIB-
asercs SU(2), (4) uaobpaskaer moprpyuny rpynmel JIm @, B TO e BPCMA,
o cBOHCTBY (DYHIAMEHTANBIOTO IIPECTABISHIs, IOATPYIOY €€ IPe;ICTABII-
mux omeparopos B mpoctpamceTBe C(2). CooTBercTByOINMIT olieparop airel-
pet JIu (ep. (1.3.25)) samaerca Marpurmeil T3. AHAJTOCHYHO CTPOATCS OHO-
mapaMerpuuecKkue HOATPYNIEL ¢ remeparopaMu T, Te. llepecranoBounsie co-
otwourenns mif 1, (K= 1, 2, 3) mam yke usBectunr (cM. (1.15)). Ocraercs
A0KA3aTh, ITO JHIEHHO HE3aBHCHUMBIE MATPUIL T, Tz, T3 COCTABAAT 0asic
anreopnt Jlu. /[@a 9TOr0 HAM0 JIHINB NMPOBEPHTH, ITO Pa3MePIOCTH CPYIITIBI
SU(2) paBua 3, 1. e., UTO YHHTapHBle MAaTPHUIEI ¢ ompejeTnTenemM 1 saBucsar
or Tpex cBo0OIHO MEHMIOIIUXCH MapaMeTpoB.

Wrar, ocuopmele mabiiofaeMele Mallleil KBAHTOBOI  CHCTEMBL — T,
(=1, 2, 3). CoGcrBenubie 3Ha4enua T3 Jerko HalTH, TaK KaK BeKTOPsl (2)
SIBISIIOTCSL COOCTBEHHBIME JIJIA Ts; 9TH 3Haueuns pasuel 1/2, —1/2. Taxue xe
co0cTBeNHbIe 3HAYEHHS HMEIOT Ty, To; B TO BpeMs KaK MaTpuija o3 BhOpaHa
B 0cOo0EHHO NPOCTOM BIJE, JJs1 Gy, Oy COOCTBEHUbIE BEKTOPHI HAXOMATCH MOCIC
HEKOTOPbIX BBIYHCIEHUIL.

Posp raMuspToHHaHa Hrpaer QA «ABYXKOMIOHEHTHOTO CIIHA» OMepPaTop

.- 2
Hasumupa d¢yngamenrtanbuoro upepcrasienns SU(2), pasmeni 7 = 11 4

+12 4 15 C(2) saBusAercsi cOGCTBEHHBIM IIPOCTPAHCTBOM 3TOr0 OLeparTopa,
¢ cobersennbiM smauenueMm (1/2) (1 + 1/2)= 3/4. Idror omeparop, mepecra-
HOBOUHBIA ¢ TPYHOOH CHMMETDHH CHCTEMEI, B CJIyHae «BIOOIHE CHMMETPHY-
II0H» CHCTEMBI MOYKHO CUHTATH, MOCJE YMHOMKEHHs Ha HEKOTOPYI0 HOCTOSH-
nymo, onepaTopoM sieprun. Takoil BHOTHe CHMMETPHTHOR CHCTEMOW I SIBISM-
CTCsI SIEKTPOHHBIA cmHi. Tak Kak Macca TPOMOPIUOHAJNbBHA JHeprunm, KIs
TAKOW CHCTEMBI MOKHO OTOKJIECTBUTL TAMHJIBTOHHWAH ¢ OOEPATOPOM MACCHL.
Hapo uMerp B BuAy, 9YTo B HepeJNATHBHOCTCKOI KBAITOBOI MeXaHHKe TI0[
DHeprueil MONNMAeTCA JIHINL HeGoIblmas Ho0aBKa & «JHEPIUH IOKOA», CBS-
3amHAsg ¢ ABAMKEHUEM UACTHI(BI; eclH He YITHTHIBAETCA MPOCTPAHCTBEHHO-Bpe-
MeHHOH aCHeKT YacTHIbI, HTa Jo0aBKa HECYU[eCTBEHHA M HHEPruIo Haj0 CUh-
TaTh dHepriell mokos mc?. Takav o0pa3oM, MBI OPIXOAUM K IOHATHIO oNepa-
TOpa Macchl W K OTOMKACCTBIEHUIO TAMIUIBTOHHAHA € 3THM OIIEPaToOPOM.
B cayuae srexrponnoro cHHHA omepaTrop Macchl cAeAyeT CUHTATh KPaTHBIM
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omepartopy I{asumupa t°, BelecTBhe Yero BCeM CIHHOBBIM COCTOSIHHEM DJIeK:-
poHa IIPUITHCHIBAETCS, B COTJIACHM € OIBITOM, OJHA H Ta jKe Macca.

TIpuMennM Temeph TOT jKe MaTeMaTHYECKHil ammapar K OMHCAHHIO CO-
CTOAHHH «HYRJIOHA», PACCMaTpHBas JBA «BBIJEJEHHBIX» COCTOSHHA 3TOH cm-
CTeMBl — «IIPOTOHHOE» U «HefTPOHHOE» — KAaK aHAJOTH COCTOSHHI 3JIeKTpoira
¢ OIpejeleHHBIM 3HAuUeHWeM lUpoeknuu cuuma (S:;= == 7%/2). Yrobwm oran-
YUTH HTOT HOBBIH BHJ CIIMHA OT 3JEKTPOHHOTO, erc HA3BIBAIOT USOTORUYECKUM
cnuHom *¥) uwiad, Kopoue, usocnumnonm. Bo maderanme cMerienms MATPHIOH T, B
ciIydae maocnuHa obosmavatorcs 7',. HaluiogaeMbie maocnuHa He fiepecTamHo-
BOYHBI, I TOJLKO OJlHA M3 HUX MOMKET HMeTh ONpejleleHHoe 3HAYeHHe; BhIOe-
peM u3 atux paBHoupaBHeix HabmaopaeMmbix T's. CoOcrBenmbie 3uawenus 713
paBupl 1/2 m —1/2, ¢ mpuHaj#emAMUMA UM COOCTBOHHBIMH BEKTODAMH e,
¢2 (2). ByneM cuuraTh €; BEKTOPOM NIPOTOHHOTO COCTOSHHs, a €2 — BEKTODOM
HefITPOEOTO COCTOAHHMA HyKJoHa (9TO YCJAOBHOE COTJAllleHHe, TaK Kax ola
BexTopa paBHompaBubl), Torma sapsjg wacTHObl () MOKHO BBHIPAsHTL dYepes

snavenue 7';:
Q="Ts+1/2 (2.2.5)

TIpu Bceil mpocToTe BTOM CBSI3H TAaKOil HONXOJ K BIEKTPHIECKOMY 3apsARy Obl
neobbluen g TpPaJUIAOHHON KBAHTOBOH MeXaHHUKH, rje 3apsj BCETHA BbI-
CTYIAJ B KAYeCcTBe IOCTOSHHON YHCJIOBOH XAPAKTEDHCTHKN YacTHIHL (Tax e,
Kag M Macca), HO He paccMaTpuBaJicsd Kak HAOIIOflaeMas, T. €. KaK DPMHTOB
omepaTop, AeHCTBYIOMHI Ha BeKTOPH COCTOSHHA cHcTeMsl. Dripaskenne (D)
cBA3BIBaeT 3apAj ¢ onepatopoM 7'z, BXOIAINUM B anre6py Jlu ¢ mepecTamoBot-
HBIME COOTHOHICHHAMI, XapaKTepHbIMN 1iiss MoMeHTOB, TaxkuMm ofpasoM, 3apam
OKagbplBaeTesa 1Aab/I0IaeMoll, AHAJOTMYHON IIPOEKIHAM MOMeHTa. TaKas Touka
3penna BecbMa IUIONOTBODHA M, KAaK Mbl YBH/HM, BejeT K MaJeKo HIYIIM
o0o0IEeHIAM.

B oraumume oT 2IeKTPOHHOro CMHHA, W3OTOMUUYECKHN CIIMH CBA3AH ¢ pac-
IMeILIeHneM Macchl U, CIe0BATeNbHO, ¢ Hapyutenuem cummerpult. Ilockoianry
1nabop KOMMYTHPYIOIUX OCHOBHBIX HAGJII0laeMBIX B HAIEM CJIydae CBOJUTCH
K opuoMmy m3 omeparopos 7, mampumep 7T's, TO AIS 1I0CTPOEHHA BO3Myillen-
HOTO TaMIUVIBTOHMAHA B HAIleM pacmopameHun uMmeerca r1oisko I3 Ilo ama-
JOTHH C 2Heprueil 3JIeKTPOHA, BO3HHKAWINEH NPH HAJOMEHHH MATHHTHOTO
noiisi (cp. omepatop He B 1.4), MOMXHO TPENNOIOMKHTL, UTO BO3MYIIATONIIIIL
YJIeH olepaTopa Maccel kparesn I's. BBuAy cooTmomenus (D) MOMKHO B3ATh
ollepaTop Macchl B BHE

M =aT?+ 30, (2.2.6)

Tae &, p — WICHOBble MHOMUTeNH; CBOOOAUBLI wiCH 3fech orlpackiBaeTcs,
HOCKOJMBKY <«HepaculelsieHHas» Macca Hywiona of? meuasecTHa m, cliieloBa-
Te;ILHO, HEII3BECTHO, OT Yero OTCUMTHIBATE Boamyincmne maccol. llockomnky
7? ecrs oneparop asumupa rpymnsr SU(2), npumapTeKamui YHIBePCab-
ROIi oGepreiBalomteil agrebpe ee aiaredprr Jlm, a T3 — omeparop amre6per Jli
TO# ke Tpynmel, BepaskeHne (6) mMOCTpOEHO B COOTBeTCTBIM ¢ 00INell cxeMoit
u3 1.3 B TeM caMBIM Macca WACTUIBI, KAaK W €€ 3apajf, CTAHOBUTCI HA(IIO-
JaeMoil wBaHTOBOW Teopuu. HeiiTpom ® IpoToH wHz0GpaMkawTca BeKRTcpa-
MH COCTOAHHA HYKIOHA, coGCTCeHHBIMH pias  onepatopa M, 1. e. pac-
CMATPUBAIOTCA KaK COCTOSIHIA HYKIOHA C ONUPETe/]CHHBIM 3HAUCHHEM MACCH.
Tar kak pacxokjeHme MeRJy MacCaMy HPOTOHA M HEeHTPOHA HEBeJIHKO, TO
BTOpoe ciaraeMoe (GOpMyJIbl (6) MOMKHO CYHTATH MAJBIM TO CPABHEOHUIO
¢ TepBBIM, KaK 9TO TPEJINOJNAraeTCA B KOHIECNIHH (HAPYIIEHHON CHMMeTPIL).

Hapsapy ¢ cemeiicreom ABYX HYyKJIOHOB, paccMorpenunv I'efisenSeprom,
CYWECTBYIOT W JIpyrHe ceMelicTBA YAaCTHI[ C OUeHL OJM3KUMH MaccaMW, T. e.
€ PAasHOCTAMY MAacC, MaJbIMII II0 CPABHEHHUIO C MAcCOf: TPH Z-YaCTHIBI -,
20 2+ ¢ sapagamu —1, 0, 1, vetsipe A-wactuumi A-, A% A*, A** ¢ sapsa-

;(aMH —1,0,1, 2 u 1. g. ITu ceMeiicTBA HABHIBAIOTCA H3OTONMUECKUMH MYIh~

*) TepMun He mMeeT nUIero OGIEro ¢ H30TOOAMH DJIEMCHTOB.
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THILIeTaM7 ([y6jeT W3 ABYX YACTHII, TPUIUIET 13 TPeX, KBAJPYILIET U3 YeThI-
pex u T. [.); OHH BECbMa BAaKHBI ;A RKJIACCHUPUKALNUN TACTUIL. EcrectBenno
OTMHCaTh WX ¢ TOMOIIBIO IpefcTapiennii rpymuasl SU(2) pasnudusbix pasmep-
mocTeil, 1OXOOHO CIMHOBRIM COCTOSHUSM 4HacTHI[ J1000r0 CIHHA, 0 KOTOPBIX
rosopunoch B komime 2.1. Tax, Tpu Z-4acTuUEl CYHTAIOTCA COCTOSHIAMH
KBANTOBOM CHCTeMBI «S» € TpeXMepHBIM IIpocTpaHcTBOM cocrosmuit C(3),
IJie OIpeieleHO HelpuBOfuMoe mpejcTapienue rpymns SU(2), n 1. 1. Bo
BCeX TAKHX IIPOCTPAHCTBAX JiefiCTBYIOT OIepaTopHl, MPeJCTABIAIONINEe ad-
re6py Jlu oroit rpyunsl, KOTOpsie MBI OyJeM, JJisl IPOCTOTHI, 00031HaYaTh TAK
ke, Kak Marpunsl aareGpet Ju, 1. e. T, T2, T5. Kar u B caydae 00 BIYIIOTO
CIMHA, NPOeKIIs HaocHHHAa T3 MpuHEMAeT (Ienble H TIONYLENble) 3HAYCHHA
-7, —T-+1, ..., T'—1, T, papEOyRaneHdble APyr OT [PYra; IOCKOJIBKY 3a-
PAJIHL 9ACTHI] M30TOIIMYECKOT0 MYJbTHHJIETA TAK/AEe PaBHOYZANEII, ecTeCcT el
HO MCKaTh cBA3bL Mexay Tz u Q. OraspiBaercs, 9TO

Q="Ts+n/2, (2.2.7)

e n — Ielnoe uichdo (MONGHHUTENbIOe HIM OTPULATENLHOE), 3aBUCAILEe OT
MyapruIuiera. Umeno wactun Myabtamiera pasuo 27 +1; T HasmBaercs
HM30CHAHOM BCeX 3THMX wUacTil. Buipaskas co0cTBeHHOe 3Ha4YeHNE oIeparopa
Kasumupa T2 =T} + 73+ 73 ma nenpmsogmMom upoctpanctse C (27 +1)
qepes T, momyuaem I'(7 + 1), Touno Tak ke, Kak [/ ONEPATOpA IIOJHOTO
Momernta monyuaetca [(I-+1). IlompasyMeBas 3aMmeHy oIepaTopa ero cod-
cTBeHnbiM auavenmeM, sacro mumyt 7 (7 -+ 1) Bmecto 72, OrassiBaercs, 4TO
paciienjieHMe MAace B TIpeJielax J30TOINMYECKOro MyJbTHINIETA MOKHO IIPH-
fIU3HTEILHO ONMCATH OMEPATOPOM

M=ol (T + 1)+ p+yQ+5802 (2.2.8)

e koadPumMentTsl ¢, P, Y, 0 3aBHCAT OT MYJLTHIIETA.

Ilo amajorunm ¢ oOBYHOH KBAHTOBOIl MeXaHHKOi, pacHlellleHIle Macce
B I30TOIIMYEeCKHX MYJLTUILIETaX MOMHO PACCMATPHBATh KaK pea3y/bTaT Ile-
KOTOpPOTO «B3amMofeiicTBusa». Be3 «BO3MyIIaw0Iero» dWJIeHA MBI HMelId ObI
OJHHAKOBBEIE Macchl BO BCEX COCTOSIMAX, TMOJ00HO BBHIPOKIEHHOMY YDOBHIO
DIICPTMH 3IeKTPOHA B cdepudeckn cuMmMerpuunoM mnose. llpn BrIiouenunn
MATHHUTHOTO MOJIA, CO3J[aBA€MOr0o BHEINTHHMH HCTOUHHKAMY, IPONCXOJUT B3an-
MofeiicTBHe MeMIy STHM I10JeM U JeKTPOHOM, NpUIeM BHELIHee IIoJe IIPax-
THYECKH He MeHseTcsd, a 3HepreTUdYecKue yPOBHH ATOMHOTO 3JIeKTpoHA pac-
menaaioress. Towaro Tak ke, BBeJeHIE BO3MYIHAIONIET0 JIEHA B MACCOBYIO
(GOpMYJTY MOKHO PACCMATPHBATEL KAKR BRJIOUEHHE HEKOTOPOTO B3amMOIcCi-
CTBUI, HAPYIUAIONET0 CHMMETPHIO «HYKAOHA», Paznudime COCTOHT B TOM, 1UTO
(HYKJTOH» B COCTOSTHUM HEHAPYIIEHHO! CHMMCTPMH B IPHGOJie HE CYIIECTBYET.
Bepuo, 4To n 2eKTpOH B CTPOro Ky:TOHOBCKOM MOJe TaKIKe SBISeTcA miea-
nmusanued, Tak Kak Jajke IPOTOH B KAaTeCTBe fpa OKAa3bIBaeTCHA 0olee CIIOK-
HbIM O0LEKTOM, UeM TOUYEUHHII HCTOYHHE 1oJA. Ho cymecTByeT J0oCTaTouHOe
TpUOMIBKCHIEE K KYJOHOBCKOM CHMMCTPHM, YTOOBI ONUCAHNME HAPYIICHHS ITOH
CUMMeTpIH BBITJIANEN0 KAK BO3MYIIEHHE pPEaIsHOro COCTOSHUA CHCTEMBEL.
B cayuae cummerpun «HyrRioHa» o peambHocru Tounoit SU (2)-cuMmMerpun
TOBODHTHL He IPHUXOAMTcA. [lanee, sfech HeT B3auMojieiicTBHA ¢ BHemHeHd cH-
cTeMoii: HaJ0 ceGe MPEICTABHTL, YTO «HYKJIOH» B3aHMOJEilCTBYET caM C CO-
foil, Tepes cosjaBaeMoe HM 3Ke II0Je, HAMOJAOJME TOro, KAK 2JIEKTPOH B Ba-
KyyMe «obpacTtaeT mMaccoii» B pesyinTarte «caMmopeciictsuay. Takoe oGodmenne
NOHATUH CHMMETPHUYHOTO COCTOAHHA CIHCTEMBI I B3anMOJeACTBHA XapaKTepio
JJIA COBPeMeHHOI KBAHTOBOI (hH3ITKI.

o o0BMuBIX clcTeM, IS KOTOPBIX NPEJCTABJIAET HHTEpec IPOCTPAaH-
CTBEHIIO-BpeMEHHOE MOBeJeHNe, IIPOCTPAHCTBO COCTOAHMII COCTONT 113 P-PyHK-
umil u, cJlejoBaTeILHO, GECKOHEYHOMCPHO. B ¢cilydae H30TONIUEGCKUX MYJbTH-
LJIeTOB, KOTAa WHTEPeCcYOTCs BHYTPEHHHIMH CTeNeHAMI CBOOOIBI 1ACTHII,
TPOCTPAHCTBO COCTOSIHMI ORA3BIBACTCH KOHEYHOMEPHBIM TIIBOEPTOBBIM TIPO-
CTPAancTBOM. B ocTainLuoM, Kak yse ObLIO CKasdaHO, 37eCh IIPHCYTCTBYIOT Bee
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OCHOBHBIE UEPTHI KBAHTOBOH{ TeopHIl: NpefCTaBlieHHe TPYNIBL CHMMETPHN B
IPOCTPAHCTBE BEKTOPOB COCTOSHWSM, IIOCTPOEHHE HAONIOfaeMBIX 113 ajnredpb
Jlu sroit TpynmBI M raMMIbTOHHAHA H3 ee omeparopoB Hasmmmpa.

HexoTopbie OCIOKHEHHUST CBHA3aHBL C (IPHHOUIIOM CYIePOO3UIUNY.
B o0rpraBoli pOpMYyIMPOBKE OH TNIACHT: eciu P, P2 ABIAKTCA BEKTOPAMH CO-
CTOSIHMS KBAHTOBOH CHCTEMBI, TO BCe HX HCHYyJEeBble JNHeHHbEe KOMOMHAIIH
oy + B Tamske SIBIAIOTCST BERTOPAMIL, U300pa/KalON(MMI BO3MOMKHEIE CO-
cTOAHUA TOH Ke cmcTeMbl. Hak ysKe OTMedeHO, B IIPOCTHIX CJAydasx, KOTJRa
BCe BEKTOPHI IMJb0EDPTOBA MPOCTPAHCTBA H300PaskaloT BO3MOKHEIE COCTOAHUSA,
3TO TMOIPOCTY 03MaYaeT JMHEHHOCTh MPOCTPaHCTBA. BHIBAlOT, 0OJHAKO, cIydaH,
KOTZa ;KeJarTelbHO COXPaHHTh THJIBOEPTOBO NMPOCTPAHCTBO B KAUeCTBe cpeji-
CTBA OMHCAHHA CHCTEMBI, HO YK€ HE BCE BEKTOPHI HTOT0 MPOCTPAHCTBA MOKHO
cUUTaTh W300pPAKAIUME  (PU3NUYECKH BO3MOMKHBIE COCTOAHHA CHCTEMBIL
Bnepsrie Tamas cuTyanns BCTpeTHJIACH B KBAHTOBOH 3JIEKTPOJHHAMUKe, T/
OPUXOUTCH pPACCMATPHBATL CHCTEMBI U3 HEKOTOPOro (mepeMeHHOTO) dYHCJIa
5JeKTPOHOB T IMO3UTPOHOB, Amnmapar KBaHTOBOH Teopunm Tpedyer, uTo0Bl CO-
CTOSIHIE TAKOM CHCTEMBI B33/aBajiOCh BEKTOPOM COOTBETCTBYIOIIEro ruib0ep-
TOBa mOpocTpaHcTBa (Tak maseBaeMmoro npocrpaHcrBa @Poxa). Ho ecom, Ha-
IpuMep, Y_ — COCTOSIHHE ¢ EJHHCTBEHHBIM DIEKTPOHOM, a Y, — COCTOSHIE
¢ eIUHCTBEHHBIM UO3UTPOHOM, TO Cynepro3nnus o, + Py_ mo ofmumM mpuu-
OUIIaM KBAHTOBOH TEOPHH JOKHA MCTOJKOBBIBATHCSI KAK COCTOAHIE, B KOTO-
POM YaCTHIA ¢ BEPOATHOCTBIO |ct|? mBIsSETCA HICKTPOHOM H ¢ BEpPOATHOCTHIO
{p12 — moanrpomoM. TakoMy cOCTOAHMI0 HeJb3s NPHINCATH pealibHOE CyLIe-
CTBOBaHUE., JTO NMPHBOJUT K HEODXOAMMOCTH OrPAHMYUTH MPUMEHEHNEe (IPHH-
OUIa CYNepHo3uIUN»: COXpaHss TuiAb0epTOBO MPOCTPAHCTBO B KavecTBe Ma-
TeMATHYECKOTO AaMNllapaTa, NPHAAT (PU3UIYECKHN CMBICT JHUIB TeM ero
BEKTOPaM, KOTOpble [IPHHAJIEKAT HEKOTOPHIM ero mMOANpOCTPAaHCTBAM, HAIIPH-
Mep, IMOJIPOCTPAHCTBAM C ONpefeleHHbBIM BHAYEHHEM 3apaja. B 3ToM 3aKII0-
yaeTcsl BBICKa3a®HEII Burmepom «mpuumun cymeporbopa». B mompocax xmac-
cuPUKAIN YACTHI YKA3AHHBLA NPUHITHII JEHCTBYeT 0COOEHHO CHJBHO: ecii,
manpHMep, e; u300paskaeT MpPOTOHHOE COCTOAHNE HYKIOHA, a €2 — HeliTpoH-
HOe, TO IIPH HEeHYJNEeBHIX o, § JuHeiuble RoMOuHAINUH o¢, + fe; me maobpasKa-
10T pealbHBIX PU3NICECKUX COCTOAHINA HYKJIOHA, TAK KaK UACTHI[A CYNIECTBYeET
JUMb B BHAe TPOTOHA Mian HeilrpoHa. Ho Taxue BeKTOpH Heu3Ge;KHBI IIpH
ONHCAHWH HYKJIOHA, TAK KAK IpeJCTaBIeHHe ero IPYINbl CHMMETPUH CTPOUTCS
B auHeliHom mpocTpancTBe. (DU3uvecKn peanbHBl JIUIh COCTOSHHA HYRJIOHA,
m3o0paskaeMble BEKTOPAMH e, e;. BhIpaskeHmHAsT 3/jech TOYKAa 3PEHAs HA
«OPUHINI CYHEpPHO3NIIH» CYIecTBeHHA I NOHAMAHHA JajbHelimero.

2.3. Tpynna SU(3)

B 1961 r. Texn-Mann [23] u Heeman [29] (B mHesasmcumeix paforax)
NpeAJOMINIE  KJIaCCHQUKANMNIO aJpoOHOB, O00BEAUAAIONIYI0 H30TONIIYECKHE
MYJIBTHILIETH B Gojlee KPYIHble ceMeiicrsa. Msr mamosum 3gech meio sToro
IIOCTPOEHNST B caMbIX OOLIHX depTax, B BHUJe IOATOTOBKH K CJeylomfeit
Kaaccupuramuu aromoB. (llogpodHoe m3noKeHNe TEOPHME YHHATAPHOH CHM-
METpHII, IIPe/IloJaraloniee JIHIIh 3HAKOMCTBO ¢ dJeMEeHTaMHU KBAHTOBOH Mexa-
HUKH, M., Hanpumep, B [12]).

Pacmenienme mace B mpejesax I30TOMNUTECKNX MYJILTHILIOTOB, KAK MBI
BUIEJH, pAaccMaTPUBAETCA OO AHAJNOIHMH ¢ DACIOEINICHHEM BHHEPreTHYecKAX
YpOBHEH Ipu HAPYNIEHNH CHUMMETPHM TaMUJIBTOHHAHA, T. €. IPU «BRIIOUE-
HUP» HeKoTOporo BaamMojeiicTBus. Moskno mpefctaButh cebe, uTO TaKie
{cMMMeTpHYHBIE» CICTEMEI, KaK (HYKIOH», «Z» W T. [, B CBOO OYepesnb,
ABIATOTCS Pe3yJIbTaTOM HAPYNIEHAs §olee BHICOKON CUMMETPHH HeKOTOPOil
THIIOTETHTICCKON CHCTEMBI BCJEJCTBHE ee BHYTPEHHEr0 «B3aHMOMIENiCTBIAN.
Tar Kak cpejHIe MacCH H30TONMHUYECKIX MYJIBTHIJIETOB BechbMa JAJleKH JpYT
OT Jpyra, 2TO BaalMojielicTBHe JOHKHO OBITH 3HAYUTENLIIO CHILHEE TOTO,
KOTOPOE BHI3BIBAET DACIICNIIeHHe MacC B IPefelaX H30TOMUUECKHX MYJBLTH-
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nietoB. Mosuao mpepncTasuth cefe, YTO JI0 «BRIYEHUSI» TaKoTo «DHoiee
CHIBLHOTO» BzauMofeilicTBus cucteMa obiagasna OoJdbIIeil TPYHOOl CHMMeET-
pum, KOTOpas IPU HADYIIeHHH CHMMETPHH CY3KAeTCS JI0 CBOEHl NOArpyIiIbi
SU(2). llpn BEI0UeHHH cJeAyloniero, «0olee caaboro» B3auMoAeicTBUA TPO-
HCXONAT OKOHYaTeIbHOE pacilielllieHHe MAacC H30TOIHYECKHX MYJIbTHIIIETOB
H& MAaCCHl OT/EIbHBIX, pPeaJhbHO CYIIGCTBYIOIMUX dactul. Bce ceMeiictBo ua-
CTHI[, OIICEIBAEMOE € IIOMOINBIO «0OJIbINe» IPYIOOBl CUMMETDPHH, 00beIiHs-
eTCA TeM CaMBIM HEKOTOPHIM «POACTBOM»: OTH UACTHI(BI PACCMATPHBAIOTCH
KaK COCTOAHNSA OJHOM KBaHTOBOH cucreMsl. llpm »Tom vacTHuBI, TIpHHATTIE-
JRAIIe pasiNdHBIM H30TONHYECKUM MYJIbTHILIETaM, [OJMMKHLI CUHTATHCA He
CTONL 0JM3K0 POACTBEHHBIME, KaK YACTHIBI OJHOTO I TOTO jKe M30TOMMYe-
CKOr0 MYJBTHOJIETA, IOCKOJBKY A PACIIEeIIeHNsT HCXOTHON CHCTEMBI Ha
M30TOIMYCCKIE MYJIbTHINETH Tpebyercsa OGolee cHIbHOE B3amMojelicTBHeE.
Taxum 00pazoM moJNyUaeTCA «HEPAPXHUECKAT» KIACCHPURANUA MACTHI,

B xavectBe Goabiiell rpynnsl cuMMerpudm OBIIA IpeJI0MKeHA TPYNIA
SU (3), cocTosiimaa M3 yHUTAPHBIX YHUMOAYISAPHEIX MATPHI] TPETHETO HOPA-
Ka, T. €. W3 MaTpuI] ¥ =(Us) € KOMIVIEKCHBIMH BJICMEHTAME Uy, YIOBIETBO-

3

3 4
PAIIMEMIT YCIOBHIO 2 Ugplizp = 8gr(0, T=1, 2, 3) (WIN paBHOCIIBHOMY yC-
p=1

3
- &

JOBHIO Upollpr = Opr (0, T=1, 2, 3)) nm umeomux ompegemnteasr 1. Kamx-
p=1

Jiasg Takad MATPHIA 3ajiaeT HpeofpPasoBaHie TPEXMEPHOTO KOMILIEKCHOTO IIpo-
crpanctsa C(3) mo dopmyie

3
Zg= D Ugize (0=1,2,3), (2.3.1)

=1

cOoXpaHgIoee CRaJAPHOE IIPpOU3BEJ/ieHue
3
<zlw> = E szc (2.3.2)
o=1

(en. (1.12), (1.13)).

Haitgem aareGpy Jlu rpymmemr SU(3). Cormacmo (1.3.29) marpumsr u
NoJKHEL OBITH cBA3anbl ¢ MaTpuramu airebpot Jlu A coormomienuem u = e™,
Yro6er w Oblim yumrapusl, A JOMKHBI OBITH 3PMUTOBBIMM; uTOOBI U OBLAM
VEMMOAYJAPHBI, T. €, HMelu onpefenutens 1, A [OKHBI MMeTh HYJIEBOX
caen. OxraseiBaercd, UTO MATPUIOBL A TAKOr0 Poja BHPAIKAITCA B BUgE JH-
HEeHHHIX KOMOHHAOUI ¢ AefiCTBUTENBHBIMU KOD(PQUIMEHTAMHI BOCBMU MAaTpPHIT,
obpasytomux Gasuc axredpst JIum. Tem campim rpynma SU(3) umeer pasmep-
Hocth 8. B rauecrBe Gasnca ofbruno Gepyr Marpunmsl [emn-Mamma A,, koto-
phie MOKHO IIOCTPONTL caefylommnm ofpasoM. Ompefienm cHauada [eBATH

o . o 1 9
matpun Oxy6o Al, cBA3amEBIX OJHON :mHeiiHOIr BaBucHMocThI0  Ap + A +
+ A} =0:

23 ¢ 0 0107 001
A= 0—13 0| 4 =]ooo0]|, 4a1={000}{,
' 0 0 —4/3 000 000.

(0007 [—143 0 0 000
AA=1100] 4= 0 23 0 ,A2=1001] (2.3.3)

[0 0 0] . 0 0 — /3] 000/

00 0] 7000 —1/3 0 0]
Al=t000]|, A2=|000], 4= 0 —13 0

|10 0 010 0 0 2/3.

Bee am MaTPI/II.[’BIk nMeIoT HyJ'IOBOﬁ cliey, HO JHINb TPU M3 HUX IPMUTOBEI:
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1 42 4 .
Ay A3 A}, Jlns monyuenus SPMHETOBHIX MATPHI, IPHMEHSETCH WHABECTHEIR
npueM: ecmu A — mwban Marpuma (uaum  omeparop), 10 A+ AT u
(1/i) (A — A*) — apmuToBbl. TaruM oOpasoM m3 Marpunm Oxy0o moldyualorcs

MaTpHIIH Fenn—Manna Mi
M= A4 AL dy = (M M), D= A — A, A=A+ A, (234)

2 1 : 1
hy = — (Al_ag) Ao = A3+ A3, Ay = < (M) — 43), hg=— 1—/E_Ag.
(2.3.5)

Mo;KH0 IIPOBEPUTH, YTO A, JIMHEHHO HE3aBHCHMEI II BCe BPMHTOBHL MaTPUIBL
¢ HYIeBBRIM CJIe/IOM BHIPAKAIOTCA KAaK JUHeHHbIe Homonﬂamm An C BellecT-
BeHHEIMU K03 PUIHEeHTaMU (Hostb(bnunenr B As BBIOpaH JAJA YIPOUICHHA
mepecTaHOBOUHBIX COOTHOIIEHWIT MATPHUI, A,, KOTOPhIe MBI He BHINHCHIBAEM).
IlepecranoBounsie cooTHoureHna aaA matpun, OkyOo Ipoute, 4eM AJIA Mar-
pun Tean-Mamua. Kax neTko mposepurs,

[4, A}] = 854 —8id} (i, ),k 1=1,2,3). (2.3.6)

W3 (6) moaydaloTcsA TepecTaHOBOYHBIC COOTHOMENNA A A, Olparho, ¢ mo-
Moibio (D) U yCTI0BHA AT+ A2+ A3 =0 Moxwo soipasuts A uepes A,
¢ KOMINTEKCHHIMH Koa(d@uIumenTaMi, oTKyja BIRHO, 4T0 A IpHHALIE:KAT
KOMITeRCHOH JHmHelHol ofoiouke agreOpsr Jlm,

Haa mocrpoenusa mpejcrasiennil rpyunst SU(3) MokHO mocTynaTh cle-
Jyloutum oOpasoM. B mpocrpaHcTBe, THe CTPOUTCA INpeicTaBIenue, BBOTHTCH
CRAIApIOe IPOU3BCAGHHE; 3aTeM B HeM HAXOAAT 9 IPMUTOBRIX ONEPaTOpOB
T ; ¢ mepecTagoBoUAbBIME cooTHOMEeHIAME (0), YIOBICTBOPAIOUINX YCIOBHIO

~*1
T ++7T ,+ TA3 = 0. Cocrapasss nuz T R auHeiinee KOMOHHAIIN ¢ TeMm
2 3 i
e road@uimenTaMu, Kax B (J), mojlydaeM ONepaTOpHl, HMeIOIIle, 0YeBILIHO,
Te jKe IepeCcTAHOBOYHBIE COOTHOINeHHs, uTo 1 Marpuusl 'ein-Manna A, Co-
rJlacHO Metofy, omucamnomMy B 1.3, atnM 3agaerca upexncraBieunne TpyI-
oer SU(3).

Eim;lemm teneps B rpynne SU(3) moarpynmy MaTpuil, AJA KOTOPHIX

mpeoOpasoBauua (1) coXpausfiOT KOOPIWHATY Z3. TaKme MATPHIIBI IIMEIOT BHJ

Uy U, O
Uy, Uy O (2.3.7)
0 0 1

M, KaK Jerko BHJIeTh, HEPEMHOKAIOTCS HAK COOTBETCTBYIOIINE YHUTAPHBIE
MaTpHIBI BTOPOTO NMOPAAKA. TeMm caMbiM oI 06pa3yioT IMOATpyIny, HsoMopd-
nyio SU(2), roropyo Mel Gymem oBGosmawars mpocro SU(2). Wrax, mmeem
eHOYKy TPy ,

SU(3)> SU(2). (2.3.8)

V KOTOpOil MaKcrMalbHas clicTeMa KOM-
MYTIPYIOLINX OCHOBHAIX HAOMIOJIAeMBIX CBOMUTCA K eJUHCTBEHHOH MaTpUIe
(mampumep, 7'3), rpymna SU(3) uMmeer dée Taxmx HaGI0O[AEeMBX, B KaU4eCTBe
KOTOPHIX MOMHO B3ATh, HanpmMep, A] m Aj. Oru mepecTaHOBOYHBI JPYT ©
ApYToM (m ¢ mx JuHeliHOH KomOumammeit A§=—A1—A3) HO HE ¢ OCTAJLHBI-
mMu Al. B yunmsepcaiabmoit ofepreaionieil ajgrefpe MOMHO HCKATH PYTIe
Ha0II0aeMble TDPyIIIEL CHMMETPHI, HalpIMep, OLIepaTop Rasumupa SU(3);
HO JJiA OUHCAHUsA IIpejicTaBleHuil mac Oyner HHTepecoBaTh omepartop Haam-
MIUpa TOATpyHIBL SU(2). dra moxarpynia j0JKHA HTPATH POJBL B IIOCTPOCHMIIT
HA0MI0laeMbIX, TIOCKOIBKY HPH pejykuui npeicrapaenna na SU(2) mur pac-
CUHTHIBAEM TOJNYYHTH onicanne usocnuaa. Ilogaaredpa Jlu, coorrercTnyomasn

B orawune or rpymmer SU(2), y
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i 1
mogrpyune SU(2), Hopompaercsi MaTpHUIAMH 7(14% + A%), 0T (Ai — A;)1

A -% A3, koTophle 1O MX BHAY eCTECTBEHHO oGoszuaunts Ty, To, T3 Ux

IepecTaHOBOUHEIE COOTHOINEGHIL COBLAJAIOT C (2.1.15). Oneparop Kasumupa
noarpymnst SU(2) umeer Bug 17 = 724+ 75+ 73

IIycers 3aamo HenmpuBOAIMOE YHATADHOE HPEACTABJICHHEe TPYIIb SU(3)
B rmasdeproBoM mpoctpamcTBe . Torfga S5pMUTOBRIM MaTpHIAM A}, AS ee
asrefpsl JII cOOTBETCTBYIOT HPEACTABIAIONINE MX IPMHTOBH ONEPATOPHL B %,
a WMeHHO TA1 u T 5, xortopeie mbr Oynem 0003HAYATE, [JIsi LPOCTOTRL, TEMI

1 3

ae Gyxsamn A4i, A3. Jlerxo nposepuTh, 4ro Marpuima 72 mepecTaHOBOYHA €
A} A3, caepoBaTenpno, IpefcTaBIAIONINI ee omepaTop B § TakKe mepecrTa-
HHOBOUEH ¢ OlepaTOpPaMM, IIpPeJICTaB/IAIOL{IMI Ai, A} (cp. (1.3.34)). Byaem
0G03HAUATL DTOT olleparTop Takme uepes I'2. MOHO J0KasaTh, UTO COOCTBEH-
nBle 3HAUCHHA TPeX KOMMYTIPYIONIX OLEepaTopoB (A}, A3, T?) cocraBisioT
B3AMMHO OMIO3HAUIVIO HYMEpaIlilo HEKOTOPOro OPTOHOPMHpPOBANHOro Gasmca
B mpocTpaHcTBe §. Hak Mbl yBujuM, pror O0asHc MMeeT BaykHOe (H3HICCKOe
smavenune, CoGcrsenunie snavcnua I? pasmemr (7I'+1)7; B KadecTBe KBaHTO-
BRIX uuiceis Gepyres (A} 3 .T), rie Ap, A3 osmaualor coGcTBeHHEIE 3HAUE-
HIIL COOTBETCTBYIONNIX omeparopoB, a 7 YKassiBaeT COOCTBEHHOE 3HATEHIIE
oneparopa 772

B oTanulle oT o0BYHBIX KBANTOBBIX urrced, Taxnx kak (/, L2, L.), Ha-
Gop (A}, A3, T) me cojepsknT COGCTBEHHOTO JHAWEIHMA ONEPATOPA DHEPIHIT
(B mamex cayuae -— Maccel). JTOT (PaKT HMeeT ABoAKoe smauenme. Bo-mep-
BBIX, MOKHO IOUBITATLCHA KAACCU(DHIHPOBATH COCTOSHIIS CHCTCMBI, OLHCBHIBAC-
Moil HeroTopnM Ipegerasicuuem SU(3), 110 KBAHTOBBIX YIC/IaM BTHX C€O-
cTOsAHIi, Ge3 IPIBIeTeHHsA Macchl, IPUJAB KBAHTOBBIM YlicTaM (QHI3ITICCKHIT
CMBICJ; BO-BTOPBIY, €CJIH omeparTop Maccel M rmepecraHOBOUeH ¢ AL AR u T2
TO cOGCTBEHIBIC BEKTOPHI DTHX TPEX OMEpPaToOpoB OYyAYT TaKiKe COOCTBEIHBIMIL

BextTopamu M u TeMm camMbiM cofcTBenusbie 3uHaveHHS M TOJKHBI BRIpasKaThesd

1 ¢
uepes wBamroBele wicaa Ay, A, T. Ecan me M amns npulaimsienHo mepe-

CTAHOBOUEH € YKA3AHIBIMH TpPEMsA OlepaTopaMi, TO BBIICJCHHBIC KBAHTOBBI-
M MHCIAMU COCTOSTHISL MOMKHO CUHTATHh OPUOIMKEHUAMI K COCTOSHHAM
¢ ompejieeHI0 Maccoil, 3aMeTHM, UYTO B Cliyuyae aToMa BOAOPOJA MOMKHO
VBHAETH TY K€ 3aKOHOMCPIIOCTh, CJIH pacilnputsh rpynmny cummerpiun SO (3)
no rpynnet Moxa SO(4); Torga «riaBroe KBAHTOBOE UHCIO» 7 CTaHOBUTCS
0JUIIM H3 KBaHTOBRIX uncea rpyoobl SO(4), cBA3ZaHHBIM C ee OOEpPATOPOM
Raamvipa, a sueprus seipaskaeTca wepes uero mo gopmyre (1.4.2).

IMponaniocTpripyeM onmcanubiil 110;1X0; Ha IpIMepe JBYX ceMeificTn 3mae-
MCHTAPHBIX UYACTIIII,

2.4, Oxrer u geKynaeT GApHOHOB

JiIcMenTapHele UACTUIBL AeNATCA IO IIX Macce Ila JeTrKie YacTHI[Bl —
aentonut (DIEKTPOI, MIOOH, PA3JINUYHKIE THIE HETPHHO W MX aHTHIACTHI[HI)
i1 TaKedne — adpoHul; OCODHAKOM CTONT (POTOH, He UTPHYHCIICMBINH HEI
K TedM, oo K JpyraMm. Kpome paaimuuil B Macce, MeXIy STUMA TPyIImaMmil
YaCcTHI] HMeIOTcA 11 [pyrre pAasNuynAa — [0 XapakTepy B3amMo;eHCTBHH,
B KOTOpBle oHH BerTymatoT. llopiepraeM, uT0 «0osee CHIBIBICY H «(0Jdee cia-
Onley B3ATMOJEliCcTBLsA, 0 KOTOPBIX GBI peyb BBINE, 03HAYAIOT «CaMOJCii-
CTBUA» B THUIOTETHUYCCKONH CHUMMETPHUHOI cHcTeyMe, HTpUBOJALHE K 00paso-
BAHUIO YACTHI[, H He HMEIT HHUero 00IIer0 ¢ TeM, UTO Ha3bIBAIOT CHALHBIMI
I caabbIMH B3aUMOCHCTBIAMK IIPH OIMCAHI PEAKIH{l MCIKAY dYacTHIAMU,
ATPOsBL MENATCS HA YACTUILI € IEAbIM CIHEOM — ME3OLHl H UACTHITH ¢ IO-
AYTEIBIM CITHIIOM — (apHoOHHI.
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Tpynoa SU(3); onuceiBaer cBOiicTBA CHMMETDHUII AiDOHOB U He WMeEeT
oTHomeHHsa K JenrtoHam u ¢orony. Haskmoe ceMelicTBO ajgpoOHOB, ONMCHIBAC-
MOe LieKOTOPHIM HENPHBOANMBIM YHHTADHBIM IpeJCTaBlIeHueM JToil IpyIIanl,
COCTONT TOJNBLKO M3 0apHOmOB MJIN TOJLKO 113 Me30HOB. KcrecrBenno mpej-
[0.IaraTh, YTO TACTHIEI TAKOTO CeMelcTBa, CBABAHHBIE Me#uly c00OH HeKo-
TOPBIM POJICTBOM B CHIIy OO0Be[MHAIONIEr0 HX INPeNCTABIeHNsI, TO/LKHBI 00-
Jajarh U ApyruMu o0IMHMH yepTaMu. Bo BpeMs cosjaHud TeopuH yHONTapHOI
CHMMETPHU OCOGEHHO BBIAEJSJIOCH BOCEMDL manbosee H3YUeHHBIX OapHOHOB,
KOTOpHIe Bce MMeJH OJMHAKOBEINA (00BIumbIi) cmuH 1/2 ¥ OIMHAKOBYIO BHYT-
peHHIoOn YeTHOCTh +. B nx umeao sxomumu mporon P um meiitpor N, ¢ odenb
OIM3KMMHI MAcCAMH, COCTABJIAIOMINMH H30TOOHYecKHil gydser; gBe E-YacTHILLL
E- u BY (umjexc cBepXy yKasbBaeT 3apsaj, u3MepseMbIi afconioTioll BeTm-
YMHOIT 3apANa 3JeKTPOHA), TaKike ¢ OUeHb OJIH3RHMI MaccaMil I TOKe pac-
cMaTpuBaeMble Kak wH3oTonmiecknil ayOimer; Tpm Z-vactuiel 2, 20 m X7,
COCTABIAIOIAE W3OTOHMYCCKUI TPHILIET, W HAROmeIl, A-JacTHra ¢ HYJeBBIM
3apsAfoM M He OJH3Kasd IO Macce HM K KakoH JApyroil wacruie (Takywo da-
CTHUIYy CBA3BIBAIOT C OfHOMEpPHBIM TpejcraBienneM rpyunet SU(2) u maser-
BAKOT (H30TOOHIECKHM CHHIJIETOM) ).

Clefys TpUBeICHHHIM BBIIle SBPUCTHUECKIM COOODaKEHIIAM, MOKIIO
6LLIO MOMBITATRCSA ONMCATE 3TU BOCEMb OAPHOHOB KAK COCTOSHHA € OLpeje-
JIeHHBIM 3HaUeHUeM MAacchl HEKOTOPOIl KBAmTOBOH crcTeMnl («ORTeTa»), HpO-
CTPAHCTBO COCTOAHHI KOTODPOI JOIKHO OBITH HPOCTPAIICTBOM BOCLMUMEDHOIO
HenlpuBouMoro mnpejcrasienns rpynunt SU(3). Jlazee, mpm ymempmenun
CHMMeTPHH, T. €. MPHU pefyKHWH mpejcTasideHid mo moirpynme SU(2), ato
IPOCTPAHCTBO JIOJKHO OBLIO paclafaTbCsd B CYMMY HENPHBOAMMBIX IpO-
ctpancTs rpynmsl SU(2), pasMepHOCTH KOTOPBIX HOJIKHBI OBLIH COOTBETCTBO-
RAaTh YHCTY YACTHI[ B M30TOMMYECKNX MyJibTUIIeTax, T. e. 2, 2, 3 u 1. Taxoe
mpefcTaBienne JAeHCTBUTENBHO OOHAPYIKUIOCH, IPHYEM TIOJNYUHIN eCTeCTBEH-
HOe ONHCAHME 3apABl U, B HEKOTOPOM CMBICIe, Macchl vacTuil. OT BOCHLMEpKH
YACTHI[ IMPOMCXOAUT ajleropuieckoe HA3BAHHE «BOCHMEPHUHBIN HYTLY, aH-
noe SU(3)-cuMMeTpuu e¢ mepBOOTKPEHIBATEISAMHE *).

KHak 6pul0 OoTMeYEHO, AJIA IIOCTPOEHHA IPEACTABICHUA JeBATH MATPIIL
OxyGo A! mpencrasasiores omepaTopaMn B BOCHMHMEDHOM IIPOCTPaHCTBE,
0003HAUAEMBIMH TaK K€, KaK MaTpPUIBI, ¢ TEMH JKe IepeCTAHOBOUHBIMII CO-
orromennamu (3.6) um ¢ TeM e coormomenmem Aj + A3 + A3 = 0. Mt me
MOJKEM OCTAHABJIUBATHCA 3716Ch Ha airefpanmdecKux MeTOJaX, HO3BOISIONIIIX
HaiiTH Takue OMEPATOPH, W IIPUBOAAM JIHIh WHTIEPCCYIOIINe HAC CBoiicTBa
upefcrasienus. IIpn m06om BrIGope Gasmca B BOCBMIMEDHOM TIpe;ICTaBIeHII
C (8) omepartopnl A} m3o0paskaroTcs MaTpHIaMu. LcTecTBeHHO BHIIEIHNTH Ga-
3WC M3 COOCTBEHHBIX BEKTOPOB OJIOBPeMEHHO TPeX KOMMYTHPYOIOUX ouepa-
Topos 4i, A3, T?. OxasbiBaeTcs, 4TO IIPH DTOM GA3NCHBIE BERTODH OIpPeNEIsi-

10Tcs HaGopamm kBamtoBeix umcen (A}, A3, T) ¢ TowHOCTHIO 7O (Ha3OBLIX
MHOKHTeJell U 00pasyior (MOCKOJBLKY NPUHAIEKAT PAZHBIM COOCTBOHHEIM
3HAUEOHHAM XOTH OBl OJHOTO H3 TpPeX OMepaTopoB) OPTOHOPMHPOBAHHYIO
cucremy. B ra6a. 2 maGophl KBaHTOBHIX Uuceld, BCTPeualol(ecas B paceMart-
puBacMoM BOCLMHMEDHOM TIpeACTABIEHHH, PACIOJNOMKEHbl B IEKOTOPOM TIO-
pAfKe, KOTOPHII ceiivac Oymer 00nhACHeM.

Ecim coefImHuTh BEKTOPHI ¢ OUHAKOBRIME sHauvenmavmu Ay, 7, 10 momy-
yaercsA gYeTwipe gacTH Oasmca; ma Talj. 2 OHM OTTPAHHYEHBl TOPM30HTAIBHLI-
Mu amEuAMO. B mepBoii wactm coScTBenmble smaveHns A; paBHBl 3apajgaM
qactur, 5, E% Bo BTOpoili — 3apamam -, 20, Z*; B Tperneit — aapamgy A;
B 4eTnepToil — 3apsapgam N, P. OfoznauuM cOOCTBeHHEIE BEGKTOPEI, COOTBET-
CTBYIOINEe BBHINUCAHHHIM B Talia. 2 HaGopaM KBAHTOBHIX WUIceld, 1O HOPAAKY
CBCPXY BHH3 Yepes €, €y, €3, €4, €5, €5, €7, €3. TOTla MOKIIO IIPEAIOI0KHUTD,

*) Jro ma3BaHMe B3aMMCTBOBAHO W3 wmATuickofl ¢uiocodmm, rac o3HauaeT «mpa-
BWIDHBIIL MyTHh» B COBCEM JIPYTOM CMEICIE.
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Tabanma 2

YacTtuna 1]\;1%&%% A} Ag T
== 1320,8 —1 1 1/2
=0 1314,3 0 1 1/2
- 11971 —1 0 1
0 11924 0 0 1
hIhg 11894 1 0 1
A 1115,4 0 0 0
N 939,5 0 —1 1/2
P 938,3 1 —1 1/2

YTO BEKTOPHI €, €2 IOPOKAAIOT JIByMEPHOE HEIPHBOJAHMOE IIPOCTPAHCTBO HOJ-
rpyunsr SU(2) npu pefyknuu Ha oTy moirpyunny npejcrasienns SU(3). 91o
HOATBEeP;K/laeTCsl, I 3HAUEHNE M30CIUHA A JBYMEPHOTO IIpeJCTaBIeHHA PaB-
uo 1/2, uro m yxaszamo B mpaBoMm crondre Tabiunipl. TOUHO Tak Ke, BEKTOPHL
€3, €4, €5 TIOPOKMAIOT TPEeXMePHOe HeIpHBONMOe IPOCTPAHCTBO, € — OJ[HO-
MepHOe U e7, €g— ele OJHO JByMepHOe HeIpPHBO;IMOe IIPOCTPAHCTBO TPyH-
ner SU(2). Taxum obpaszoMm, npu peayknun Ha moarpynmy SU(2) mpencras-
aemne rpymnm SU(3) pacnajaercs Ha HEIPHBOUMEIE TIpeficTaBICHHS B I1I07T-
mpocTpaHCTBaX, Kotopsie Mbl obosmaumMm C(2), C(3), C(1), C(2)’, n C(8)
pasjaraeTcs B OPTOTOHANBHYIO CYMMY 9THX HOJIPOCTPAHCTE:

C(8)=C(2)®C(3)®C(1)®C(2)". (2.4.1)

Teneps MosxHO jaTh (U3IMecKOe HCTOMKOBAHIE KBANTOBEIM THCIAM

(A4}, 4}, T) B paccmarpmsaeMoM BochbMHMepmoM TpefcTaBienmi. Pazmose-
nme no mofrpymie SU(2) B TOUHOCTH COOTBETCTBYET M30TONITUCCKHM MyJBTH-
IeraM, BXOJAIIAM B OKTeT OGapHOHOB: [OBAa [BYMEPHBIX MO IPOCTPAHCTBA
cooTBeTcTBYIOT Aybmeram 2 u N, TpexMepHoe — TPHILIETYy 2, OJHOMEpHOE —
cuHErIery A. HBaHToBoe wumeno I 3amaeT pasMepHOCTh IIOAIPOCTPAHCTBA
2T +1 n TeM caMBIM YMCJIO YACTHI[ COOTBETCTBYIONICTO MYyJibTuitera. Mao-
cnuH vacTunbl I ABIAgeTCs «KOMIEKTUBHON» XapaKTepHCTHROM: YTO0H HANTH
ero SKCIePUMEHTANBHO, HeA0CTaTouno HAGM0aTh AAHHYIO TACTUILY, a HAJ0
3HATh UHCJIO0 YaCTHI[ ¢ OJIM3KUMHM MaccaMl, COCTaBIAIONIAX BMECTe € Helo
uzorounvecknii Mynwsrumner. Maocnur T pasgamuaer JHINE MyJIBTHILIETHI
¢ Da3HEIM UHcJoM uactum. [Ina pasiamieHMA MyJBTHILIETOR € OJHIAKOBBHIM

3
WHCTOM 9YACTHI CIY:KHT KBaHToBoe umeio A Marpuua A3 mepecramoBoana
¢ marpunamn nzocnmna I, (em. 2.3), a moroMy siBiasiercss mapsapy ¢ T2 ome-

patopom Kasummpa moxrpynmer SU(2). Kax supmo na taba. 2,— A3 pasmo
YIBOGHHOMY cpejHeMy apHU(METHYeCKOMY BapSJ0B YaCTHUI, BXOAAIINX B H30-
TOOWYeCKUH MyJbTanieT, V3 OmEITa M3BECTHO, YTO 3TO MHCJIO, HA3HIBAEMOE
eunepsapadom BCEX WACTHI[ MYJBLTHIIETa, Beerja metxoe, IomoGmo maocumny,
OHO TaX:Ke SABJIAETCH «KOJJIEKTHBHOH» XaPAKTEPHCTUKON 4aCTHILL.

Wrax, sapaj oxaspiBaercs ocHOBHOH maGaomaemoil rpynmer SU(3), rm-
nepaapsAn — ocHOBHOiT mabiaiomaemoit SU(3), a H30CHTH — OIPEEISICTCH OIe-
paropom Hasummpa T? moprpynmet SU(2). Jlna sapsAga oOBIYHO BBOJUTCA
obosHauenue @, mis rumepsapaga — Y. B orox oboswavennsax tabia. 3 m3o-
OpaskaeT CBS3b YACTHI[ OKTETa GAPHMOHOB ¢ KBAHTOBBIMI MHCJIAMH TPYIIIBI
SU(3). 3amernM euge, uTo B Tabi. 2 YACTHIBL PACTOIOKeHH B HOPAIKe YOBI-
paEns Maccel. Ommucanue macc ¢ ToukM 3penmus rpymmst SU(3) manaraercs
naabuIe.
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Tabnmmoma 3 Tabaunma 4

YactHna | Q@ Y T T, | JacTnna Mﬁgcg' Al 43 T
z —1 | —1 ] /2] —1/2 Q- 1679 | —1 20 0
g0 04§ —1 | 1/2 1/2

ohe 1532 | —1 1| 12
52 1532 0 1] 12
=- — 0] 1 —1
50 0 0 1 0 b 1385 | —1 o 1
s+ 1 0 1 1 =0 1385 0 0] 1
=F 1385 1 0 1
A 0 0} 0 0
Ay 1238 | —1 | —1 | 3/2
A9 1238 0| —t | 32
O AF 1238 1] —1| 32
P 1 1] 12 1/2 AFT 1238 2| —1 | 32

Ilas gusuky BaykHO TaTuKe jecsATuMepHoe mpejicTaBieniie rpymmne SU(3),
KOTOpPOE MOKeT OBITH IIOCTPOEHO ¢ IIOMOMILIO TOH jKe adredpamdeckoil TeXHI-
wii. Matpunam A} craBATCA B COOTBETCTBIE OIEPATOPHL B ECATIMEDPHOM
mpoctpanctee C(10) ¢ TeMu sxe 11ePeCTAHOBOYHAIMII COOTHOLIEHISIMM, YAOB-
JeTBOPAIONIHG TOMY &€ COOTHOLUICHUIO AT 4 A3 + A} = 0. Drum 3amaercs
npencraprenne SU(3), KoTOpoe OLa3niBaeTCA YHHTAPHEIM I HENIPIBOJIMEIM.
Ilpu pemyxuunu sroro mpeacrasicuig 1o moiarpymme SU(2) moayuaercs pas-
aoyentie C(10) B 0pTOroHANBHYIO CYMMY OJHO-, IBY-, TPeX- I UCTHIPCXMep-
HOro TPOCTPAHCTR!

C10)y=C (1)@ C(2)© C(3)® C(4). (2.4.2)

B rauecrse Gasmcunix BeKTOpoB OepyTes coberBennbie BenrTOpbl umab.amofae-
MBIX AL A} 9TH BEKTOpH ey, ..., €1p HyMepyIOTCS B IOPSIKC, YRA3AHHOM
B Taba. 4. [lockodApKy HM30TONMIYECKEC MYJILTUIIETHI CONEPIKAT Teneph pas-
HOC YHCIO YacTHll, 0a3nc HyMCPYeTCs yiKe napaMu coDCTBEIHBIX 3HaUCHIT
At A3

Quanyecroe TICTOJAKOBAHIE TECATHMEPHOTO IPETICTABIEHUA TOIYyYaeTcsH
IIpH COTOCTABIEHUU ¢ uaBecTHRIMN uactumaMn. B 1961 r., norga Omra mpej-
aomena SU(3)-cuvMeTpns, ObIITO H3BECTHO ACBATH OAPHOHOB € OJHUM I TEM
ske (OOblumeIM) cmmHoM 3/2 W OJHMHAKOBOH YETHOCTLIO ~+, COCTABILAIONIHX
CJeYIONIC H30TONMYECKAe MYJLTHILICTH: AyOser H, m3 uacrui Zg, Sas
TpHILICT s M8 wACTHL o, 2o, 25 I KBajpylier A, us wactim Ag, Ab, AF,
AFT (cripaBa cBepXy, Kak I mpeskje, yKaseiBaeres aapax). Ilpm comocTaBme-
HHOI 9THX MYJABLTIIIETOB ¢ Tadi. 4 BUIHO, ITO OHI B TOUHOCTH COOTBETCTBY-
1or nopnpocrpancrsam C(2), C(3), C(4), upuyeM BeRTODsHI €2, €3 HFOJMKHBI
1300paskaTh, IO BeAITIEEe 3apAAA, UACTHIBL g, D8, BEKTOPHI €4, €5, Cq —
wacTuIE 25, X6, X5 M BOKTOPHL €7, €a, €o, €10 — wacTmiel Ag, AL A, AFT.
TeM caMbIM cHOBA HOATBepskpaeTcs mcroikosamme Q = A kax omeparopa

sapsiza. CoGcTBennsie 3Havenus Y = — A5 OUATL PABHB YBOCHHOMY CPCJI-
HeMy 3apsjly YacTHII M30TOIMUECKOr0 MY.TbTHILIETa, UeM TOJTBep/HAaeTcs
HCTOIKOBaHMe Y Kak oleparopa THIlepsapsaja.

Ommaxo B Tada. 4 ocraBaiocs (B 1961 r.) eBoBosmoe Mecto: BexTOpy
6azuca e, jpecATHMepHOro TpedcTaBienus rpynmsl SU(3) me coorBercTBOBA-
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Tabunuma 5

TacTtuua Q Y T T,
Q- — —2 0 0
2y —1 —1 12 | —1/2
22 0 —1 1/2 1/2
2y —1 1 —1
=2 0 1 0
=t 1 1 1
Ay —1 41 3/2 —3/2
Ad 0 -+1 32 —1/2
AF 1 -1 3/2 1/2
AFT 2 -+1 3/2 3/2

Ja HEKakKasg H3BecThas B TO BpeMs uacTuma. /lesstn 0apnomnos me MOrJI
OICHIBATHCSI HEeIpHBOJUMBIM upejcTapicmitem SU(3), mocronnry SU(3)
BOODIIC He NMEeT /eBATHMEePHBIX HEeIpUBOJANMBIX IIpcicraBienuii. IIpaBiin-
HOCTh ONMCANIIA H30TONITYECKHX MyJILTHILIETOR M 3apAJA0B JeBATI YacTHI]
CBHIETEILCTBOBANIA O TOM, YTO HTH YACTHI[BI CBA3ZAHBI C JCCHATHMCPUBIM TIpeJi-
crapirenueMm. Orcoja MOKHO ObIo IIpecKa3aTh HeAOCTABABINYI0 JeCATYIO
yacTuIly: u3 tadsd. 4 BHAHO, UTO OHa JOMKEA ObITH CHHIJTETOM, T. €. HC HUMETh
GU30TOMUUYECRKII POACTBEHHBIXY UYACTHUI], I YTO €e BAPAA JoiKeH ObITL paBen
—1. Tlockoanky BCe OCTANLHLIE WACTHI[BI, y¥e 3alABIINC MecTa B Tadimile
opegeraBiaeHisi, uMess (o0brunbli) cmuu 3/2, MOKHO OBLIO 1IPEABLIETH, UTO
HeAOCTAIONAsl vacTHIa Toe uMecr cnue 5/2. Bogee Toro, Moskuo ObLio
npefickasarTh ee¢ Maccy: Kak BhITekaeT m3 MaccoBoli dopmynm (eMm. 2.5),
Macchl MACTII[ JeKyIJIera DKBUJNCTAHTHBI, T. €. OTCTOAT APYr OT Apyra Ima
OfiHy W Ty jKe BEJHUHIly, YTO HOJTBEPIRIAETCH HKCIIePIMEHTOM. JHas pas-
HOCTH MAce [ JeBATI YacTWI[, MOMHO OBIIO TMpeIcKasarh Maccy RecAToil.

B 1964 1. Opima OTKpBITA YACTHIA €O BCEMU ITPe/ICKABAHHBIME CBOIl-
CcTBaMH, TOJyunBmaa maspamuc Q-. 310 Oprio TprmyMdoM Teopermueckoil
pU3UKI, cpasmuMBEIM ¢ npeAckaszammeM MenTeleeBrIM HEJ0CTABABIINX Dire-
MEHTOB ILTH OpPEJCKA3AHICM HeJocTapaBireil miradersl Agamcom 1 JleBepbe.
Cpsi3b AerymniaeTa GapHoOHOB C [AeCSATHMEPHBIM IIpefcTaBieHrneM uaodpaskaercs
rabm. 5.

Henpusogumeie upepcrasiaemns SU(3) c¢yuiecTByIOT B pasMepHoCTSIX
N=(1/2)(p+1)(¢g+1)(p+qg+2), tne p, ¢ — HeoTpumaTennubie IeAbIe
yuena (eM. [12, ra. 5] ). OmepaTopsl, COOTBOTCTBYIONINE B HTIX TPEJCTABIC-
muAx MaTpuuav anredpmr Jlu Q = Ay m Y = — A3, umewor coGernennsie
3HAUeHHA, 3aBICAINE OT IPEJCTABIEHHA, KOTOpHlE, KAK HTO BIJEO M3 IIpH-
MepoB OKTeTa I AERYIIeTa, AOJIKHBl MCTONKOBBIBATHCSA KAK 3HAMEHHST 3apsi-
Ja U runepsapsana vactni. Ma ompita u3BecTno (XOTS I He cIefyeT I3 Teo-
pun), uro smavenns Q u Y Bcerga menouucacHansl. OTcioga BHITCRAET HMITH-
pHuecKmit crocod «GpaxoOBKW» MpejcTaBiienmil: paspeHIaloTCs TONILKO Te M3
nx, A0s KoTopeix @ # Y uMeor mesdsie colcTBeunble sHauennda. Torga, Kak
MOKHO JOKa3aTb, p — ¢ ROJIKUO JEJHTHLCA Ha TPH, T. €. OCTAIOTCSA IpeJCcTaB-
denus pasMeprocTedl N =1, 8, 10, 27, 35, 55, .... B nacroamee BpeMs u3-
BECTHO MHOTO OKTETOB M JICRYILIETOB, COCTOSIIUX 113 af[ponos (munGo Me30HOB,
au6o Gapmonos); ccrb # «SU(3)-cHUrTeTHI», COOTBETCTBYIOUIIE OIHOMEPHO-
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My npegcrasienmio SU(3) W TeM caMEIM He IIMeOINHE «POJCTBEHHBIX» Ya-
CTHI[ B CMBICNTe 3TOM TPYILIBI cuMMeTpHE, J[pyrie pasMepHOCTH «TOIYCTIIMBIX)
npefcTaBIeHAll, HAUYNHAA ¢ 27, MOKA He O0HADYKeHH.

2.5. Maccosas dopmyna B SU(3) -cummerpun

B o0piumoil KBAHTOBOII MexaHWKe, T/l POJb IPDYIIB CHMMETpPIU HIpaeT
rpylIa OpOCTPALCTBEHHO-BPEMEHHLIX MPeo0pasoBAHMIl Iim ee HOATPYNNA,
oIlepaTop DHEpruu fABJAeTcA QYHKIMel OT 0IepaTopoB anredppr Jlu rpynmet
cuMMeTpuu. KEciu He yUHTHIBATEH CIIMH, TO TaMILIBTOHIIAH BBIPAFHAETCH Uepe3
MMIYTbCHI, KOOPJMHATEHI, IpoeKunmn MoMenTa. Ho yie mprm yuere 00BITHOrO
CUMHA B PACCMOTpEHHE BXONAT «BHYTPEeHMHe cTeNeHm CBoobl», a B caydae
rpynoer SU(3) MBI mMeeM CEMMeTpHIO, He CBS3AIHYI0 ¢ IPOCTPANCTBEHHO-
BpeMeHHBIM IOBejeHHeM dacTunm. «BsamMojeitcTBIe», Befylnee K pacimerie-
HII0 «OKTETa» HJIN «JAeKyIIeTa» Ha «H30TONMUECKHe MYyJNbTHILICTH», a 3aTeM
BTUX MYJIBTHILIETOB HA OTHeNbHBIE YACTHI(B, CBA3AHO C BILyTPEHHIMH CTeme-
HAMHE cBOOOJEI, allaJOTHUYHBIME COUHY. B HEKOTODOM CMBIciIe 3jeck peth HeT
06 smepreTmueciux dPdeKTax, CBABAHHEIX CO B3alMOJEHCTBIEM «(CIITHOBBIX)»
HepeMeHHBIX, H B 9TOM JAyXe Halop HabII0/laeMbIX, BO3HAKAWIINX 113 TPYyI-
s SU(3), MHOT/IA HASHIBAIOT «YHUTAPHBEIM cnuHOM». Ilpu aTOM coxpamsgercs
$opMaTbHEIH €IOCOD IIOCTPOEHNUSI TaMUIBTOHHAHA: MACCOBBII OmEpaTop CTPoO-
WTCH B BUIe NOJMHOMA OT Ha0JI0jaeMbIX KBAHTOBON TeOpmH, T. €., B JAHHOM
ciyuae, oT omeparopos aixreOpst Jlu rpynmer SU(3). dtor omepaTop peii-
cTByeT B TpocTpamcTBe mnpejcrasienisi SU(3), sajaiolnemM paccMaTplBaeMylo
KBAaHTOBYIO CHCTEMY, HANPHMEp, B BOCHMIMEDHOM IIPOCTPAHCTBE OKTeTa MJIH
IecATUMEPHOM IIPOCTPAHCTBE jleKyTLIera.

diIeMeHTApHEIE YACTHI[LI PAaccMATPUBAIOTCS KAaK COCTOAHHS CHCTEMBL C
OIIpe/ie/IeHHLIM 3HAYEHNEM MAacchi, T. 6. KaK coOCTBeHHBIe BeKTOPHL 0OIepaTopa
MacChl, a MAacchl YacTHI[ — KaK COOTBETCTBYIOIHe cOOCTBeHHEIE 3HATEHUA.

[ BN

Tak, wactunst E-, ..., P pomxnsr usobpaxarscsa serropamn ((8), cobcrBen-
HEIMEH o8 omepartopa Maccel. Ho Mbi yme mamiaun B C(8) BewTOphl, c00-
cTBennue Aasa omepartopoB T2, Y u (@, 1. e. ¢ oupefedeHHBIMI 3HAYEHUAMUI
HM30CIMHA, THIEp3apsifia ¥ 3apsaja, W OjHO3HAYHO OMHCHIBAEMBle BTHMH 3HA-
yemusiMu (KaK BCeryia, ¢ TOYHOCTBIO 710 MHOMxUTens1). Eeam peanpno cyie-
CTBYIOIIUM WACTHIAM IPUIVCHIBAIOTCSA ONpefeeHHbIe 3HAYEHISA BTHX malJIIo-
JaeMbIX, MBI JOJMKHBI CUUTATh, YTO BEKTOPHl Gasmca mH300parkaior Te e
COCTOSITHIA OKTETa, UYTO I COGCTBEHHBIE BCKTOPHI OIEPAaTOpa MACCHl, T. €. 4YTO
omepartop Macce mnepecramonouen ¢ 72, YV, @, a coOcTBeHHBIe 3HAYCHIIA €10
BBIDAMKATOTCA Uepe3 KBAHTORBIE 9HCJA, MCMOMAB3yeMBIe BEUIE IS BhHIJeTeHAA
BeKTOpOB Oasmca. B caMom pene, ecanm sajgamn suwauenns I, Y, @, ro msse-
cTeH ux 00mmil coOCTBeHHBI BEKTOp, a TeM CAaMBIM M gHaueHue Maccel M.

B pgefictButenpHocTH CHTYalus HECKOABKO CIAOMKHEe: peatiLHBIE YACTHI[HI
WMeIOT, KOHEYHO, BIOJHE OTpefeleHHble MACCHl U 3apsAAbl, M0 HX «H30TOIH-
gecKOe POJCTBO» He CTOJIb onpejiederno. Jlejgo o0CTOUT Tak, Kak OyATO yacTH-
Ia B OCHOBHOM CBA3aHA C OIPeJeNelHbIM HU30TOMHYECKIM MYIbTHIIETOM
(mampumep, Z° ¢ TpumeToM, a A ¢ CHHIVIETOM), HO B HEKOTOPOIl CTelleHH OHA
CBSA3AaHA M C JPYTHM H30TONHYECKAM MYJILTUILIETOM, COMeP/KAN[UM YaCTHUI(Y
TOTO jKe 3apAfma (mampuMep, A ¢ TpumuteroM, a 2° ¢ CHHIJIETOM). JTO ABJe-
HUe HA3BIBAETCS «CMeIeHmeM» vacTul (mixing) H maTeMaTUdecKH BRIpaKa-
ercsa B TOM, YTO BEKTOPEI COCTOSHWA € OIpPEAeNeHHLIMI 3HAYCHHAME MACCH,
T. €. NIOJJUHHBIE BEKTOPH COCTOAHNSA YACTHI[, JUINb HPHOIMMEHHO COBIAJA-
TOT ¢ BEKTOpaMMH, BHIIGNICHHEIMHI ¢ TIOMOMIbI0 KBaHTOBHIX umncex I, Y, Q.

Ho rtoria B BeIpaskenume omeparopa Macckl M MOTYT BOIHTH T Apyrie Ha-
Gmonaemete rpynmel SU(3). MoKHO HONyYNTH XOpOIIee OIICAHHE MAace,
lipeanoaarasd, 9To HapAny ¢ mofarpymnnoit SU(2), cocrosameir u3 marpur (3.7),
Ipeolpa3yIomux TONBKO Zi, Zp I COXPAHAIOMHX HEH3MEHHOH KOODPIMHATY Z3,
HEeKOTOPYIO pOIL HIpaeT Apyrag MOArPyIia TOTO e THIA, COCTOAINAA W3
Marpurn, coxpamalomux z;. Obosnauas sty mogrpynny uepes SU(2)’, moxmno

156

TP TP oo s 13-4



PACCMOTPeTh, HAPALY C OCHOBHOIl NENOYKON TPy (3.8), ramke pmpyryio
L{emOIRY, UTPAIONIYI0 POJIb B CHMMETPHI YaCTHL OKRTETa:

SU(3)>8U(2)". (2.5.1)

Hoswii B w3ocmumpa, CBA3aWHLIT ¢ HTOI IOATPYIINOil, HAa3bIBaETCA «U-cum-
HOM», B oTJmume OoT «7'-cumHa», T. €. OOBIMHOrO H30CHIHA, OMIICAHHOIO BHILIE
memoukoit rpynn (2.8). IToapoGuoe mamomemnne aroro Bompoca cm. B [12,
. 9, 14, 15, 18]. }

Tax Kax pacHiel/ieHHe MAacCc OKTeTa MMeeT fBIO «MepapXHIecKHil» Xa-
paKTep, ¢ OCOJBINNM PACXOMKACHNEM MAcC MEMJy [I30TONHYECKMMH MyIbTH-
[IeTaMiI M ¢ MAaJbBIM PACXOJKEHIEeM BHYTPH HHX, MOKHO [IDeIIONI0UTE,
uTO MaccoBell omepaTop M HMeeT «CTYNeHTATHil» BIL, HAI0J00Ue Kiaccmye-
cxoro rammasTonnana (1.4.10):

M= Mo+ M, + M, (2.5.2)

rie Mo — omeparop Kasumupa rpyumst SU(3), M;— omeparop Hasmmmpa
noprpynnel SU(2) n Mg — omeparop, 10cTPOCHHHIN 13 HAOMIOMAeMbIX TPYIILbI
SU(3), o me cpasanubii ¢ moarpyumnoit SU(2). Popmyra (2) omuceiBact,
TAKUM 00pasoM, TIOLJeoBATEIBHOE Hapyluienue CuMMETPUU, TIPUBOMAINEE K
pacler:Ieninie Mace oKTera (WIN eKyTaera).

Tlenrg-Maun [24] u OxyGo '[30] BuiBean maccosyio ¢opMysdy TaKoro
cTpoenmsi. B meit omeparop Mg HOCTOSIHCH JUIA [AHHOTO TIPEICTABIGHMISA
SU(3). «llepBoe Boamyienme»

My=a+pY +y[T(T+1)—(1/4) Y2, (2.5.3)

rne o, B, Y — MOCTOAHHBIE, 3aBHCALINE OT TIpejicTaBJeHIsa (H He BHIBO/UMbLE
u3 reopnn), a Y u 7% — oneparopm Hasmmupa moarpymmet SU(2), npwuem
T? zaMeneHn ero 3maucHHeM Ha uzoronmueckoMm myastmmiaere I' (7 -+1). Boa-
mymenne M, wnapywaer SU(3)-cumMerputo, HO COXpaHAET CUMMETDUH)
SU (2). Haxouer, «BTOpoe BO3MyIIEHIIE»

My=oa ' +p'Q+ 7 [UU+1)—(1/4) Q] (2.5.4)

AMeeT TOT ;Ke BHJ], HO CBA3aHO ¢ moarpynmoil U-comHa, TOCKOJBKY COJEepsKUT
omeparopst Kasumupa stoit mogrpymmer Q u U2 = Us + U3 + Uj. To ormo-
IIeHnI0 K OCHOBHOU memoune cumMerpun (3.8) wien M, mpejcraBiser Hapy-
wenue SU(2)-cummerpuu.

HauGonee Baskno cmaraemoe (3). Has owxrera w3 (3) moaywaiores
4CpefHNe MAacChl» H30TONHYECKHX MYJbTUIIOTOB: IOJCTABIAA 3HAUCHINS
T. Y u3 1a1. 3 u nonaras sHavemne omepartopa My paBHBIM Mg, HMeeM

me=mo+a—p+(1/2)y, mz=mo+ o+ 2y,
mi=mot+a, my=mota+tB+(1/2)y.

Tocroamunte my, @, B, y HemsBecTHbI. IlocKoanKy mo+ o BXOAHT BO BCe BHI-
pajKEHHA MAace, 37eCh UMEeTCA TPU HEL3BCCTHBIX MOCTOARHBIX Mo+ o, B, ¥,
BXOJIAIINX B YeTblpe COOTHOUIeHHA. VCKiIoYan 5TH MOCTOAHHBIE, JIETKO HOIY-~
YUTL COOTHOUIEHHE MEKIY MAacCaMH HB0TONHYECKUX MYJIbTHIIETOB: Mzt
+my=(1/2) (3ma+ m:). Xora oTHesbHBEIE MACCH MYJILTHNIETOB H HEAL3A
HAWTH 13 TEOPHH, TIOCJEHCE PABEHCTBO MOYKHO MpPOBEPHTD, TIOJCTABUB B HETO
PKCHEepUMenHTadbHEe ganubie (Macest B Mom): m==1318, m:;= 1192, m,=
= 1115, my = 939. BripasuB ms uepe3 oCTalbHBEIE MACCH, HOJIYy4aeM Mz =
=1330, uro oraAWYAeTCA OT OKCICPUMEHTAILHOI0 3HAYCHHMS MeHee UeM
ma 1 %.

Maccopan gopmyina Tean-Manna — Ory60 mpuMcHEMA K JTI000MY Mylb-
Tamiery rpynust SU(3), mampuMmep, K JeKymiaery OapuOHOB, ONHCAHHOMY
B 2.4. OrpaHHYHBafgCch M B DTOM cJyvuae CpPeJHUMH MACCaMH II30TONNICCKHX
MYJIHTHOJIETOB, T. €., claraeMeiM My, maxomuM u3 1a0i. O, UTO JJIA BeeX U30-
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TONMYECKNX MyJbTUIIETOB JIECATUMEPHOTrO mnpefcraBienus qucio & =71 —
—(1/2)Y omgmo u 10 ke m pasHo 1. Beipaskas M wepes Y u §, moayuaem

T(T+1)—(1/4) Y2 =(1/2) V(25 + 1)+ 8(8+ 1), Mi=(B+3/2)Y +(a+2).

OTclofa BUHO, YTO IIPH YBeJUYEHUN Y HA eIWHHIIY MACCA BO3pAcTAaeT HA OO
3

1o ;xe unciao. Ho ma raba. 5 caegyer, uro ¥ = — A3 BospacraeT Ha equ-

HUIYy NpH yBEJIWYeHNW HA EJUHWIY YHCAA YACTHI[ H30TOMHYECKOT0 MYILTH-

miera; TakmM o0pas3soM, Maccsl CUHIJIera, Ay0jaera, TpHOAeTa W KBaJpyILieTa,

COCTaBAAIOIUX JEKyILIeT, NOJKHE OBIThL DKBAIUCTAHTHEL:

n‘LA(5 — mZG = m’Zé — maé = mgé — Mmaq.

IKCnepuMenTadbLabIe B3HAUYeHHs Macc, uzBectEre B 1961 1., Ownom
Mgy = 1532, myy = 1383, mag = 1238, Tak ur0 mepBEIe [Be pPAZHOCTH OBLIIL
pasuel — 147. OTcioga MosKHO OBLIO IipefcKasaThb Maccy HeJoCTaBaBileid da-
CTHIBI Mg = Mgy + 147 = 1679, uT0 coBmano ¢ IOJyUeHHpIM 113 OIBITA 3HA-

yeHNKEM Macchl Q-4acTHIIEL.

2.6. T'pynna SU(6)

B 1964 r. 6eina nmpepnokena rpymoa cmMmMmerpuu SU(6), copepsamas
SU(3) B rauecTBe WOATPYIHbI. ITA TPYIIa COCTOMT 113 YHHTAPHBIX MATDPWHIL
mecroro mopsagka c ompemenntenem 1 (Topen m Pagmrarn [25], Ilaifie
[32] ). Msr orpammumMcs Juurb TeMu GakTaMmum o0 BTOH CHUMMETPI, KOTOpBIE
mouagolaATCA HaM IPH ONHCAHWH TOMOJOTHYECKHX PSAIOB BIEMEHTOB.

I'pymma SU(6) npenmasmavena [js COBMECTHOTO ONHCAHIT «YHHTAPHO-
ro comHay M «O0nIyHOro» comua. IlosToMy oHa MOMKHA COTepIKATh HOATPYII-
nsl, usomoppusie SU(3) mw SU(2). IlepBas us mux (odosHauaeMas MpoCTO
SU(3)) cocrour 13 MaTpull BUIA

RER
F = 0 u(3)v ()

rje u(3)— marpuua rpyumst SU(3). flcro, wro marpuust Uy ymuHOMAaTOTCS
TAaK K€, KaK CGOTBETCTBYIOIINE MATPHIB TpeThero mopsaxa u(3), Tak uTo
(1) meficTBurensHo 3agaer woArpynity, msomopduyio SU(3). Bropas mon-
rpyuna (obosmavaemas mpocro SU(2)) cocrour u3 MarTpui Brma

1.8 (3) | U8 (3)
L [___(_)18_(_]

Ugi® (3) | et (3) |

(2.6.2)

rge €(3) — emuuMYHAST MATPHUA TPeThbero mopsagkra, & (u.) (o, v=1, 2) 00-
pasylor marpuuy u rpymnst SU(2). Jlerko uposepurs, uro marpuusr U, yM-
NG/RAIOTCA TAK Ke, KAK COOTBETCTBYIOINHE UM MAaTPHUIBI BTOPOrO NOPSIAKA i,
T. e. W3 ug=uwue caeayer Us;, =U;;Uy;; mosromy moJrpyuna wmarpuy U,
uzomophra SU(2).

B axredpy Jlu rpynoer SU(6) Bxoasar, ¢ onumoil cropoHsl, OIIepaTopsl

. 1 43
aareOppr Ju moprpymust SU(3), raxue rax Ay, A3 w 1. 1., Hsobpasraembie

MaTpHIIAMH BHJIA
A (3)( 0 5 6.3
0 JAG)] (2.6.3)
rae A (3)— spMnroBa MaTpula TpeThero HMOpAZKA ¢ HYJeBBIM cJej0M, Hallpu-

1 3 o
mep A3, A3 uw 1. 1., a ¢ gpyroit cTopoHsl, omepatopnl anredput Jlu moprpym-
ust SU(2), u3ofpakacMsle MaTPHIaMI BHIA

a,,€(3) | a8 (3) » '
[0218(3) azga(3)]’ C(2.0.4)

rie (@q:) — »PMUTOBA MATPHNA C HYJeBBIM CJCJOM BTOPOTO TOPAAKA, HAIpH-
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‘Mep, Tp,. B mo0om npepcrasnennn rpynnel SIU(6) omeparopsi, IpejcraBisa-
jomue MaTpEnsl (3), WrpalT PoJb OMNEPaTOPOB YHHTADPHOIO CIMHA (H30CIH-
Ha, 3apaAja, THIEP3apsAja), B TO BpeMA KAK ONEPATOPHI, IIPeRCTaBIAIONTHE
marpans (4), HrpaoT poJab ONepaTopoB OOBIMHOIO cOHHA. Jlerko BuU7eTs,
uro moarpymnnsl SU(3) n SU(2) mepectaHoBOYHEI; BCAE[CTBIE 3TOro HA(II0-
HMaeMble yHUTApHOTO conHa (3) mepecramoBounsl ¢ HAGIIOZAEMBIMH OOLIYHOTO
cimpa (4). Tem cammim T, Y, Q, ... saBiagores oneparopamyu Haszmmupa
noarpynnet SU(2), a 11, T2, 13 — onepaTopaMmu Hasumnpa nogrpynnst SU(3).
YuurnBag moprpynny naocuuua SU (2)r, copepkarnytocsa 8 SU(3) (roropymo
7ie cjaeqyeT CMEmUBATh C TOJBLKO YTO ONMCAHHON MOAIPYIMION OOBIYHOrO CIH-
ual!), nMeem Iemouxy rpynu, 3agaiomyio SU(6)-cuMMeTpuio sieMeHTapHBIX
TaCTHI]:

SU(6)= 8U(3)> SU(2). (2.6.5)

HenpusoguMbie npepctaBienns rpynmsl SU{6) cymecTpyior He BO Beex
PasMepHOCTAX; ecliu HoTpefoBaTh, YTOOH B IIpeJCTaBleHHN cOOCTBeHHBIE 3HA-
YeHHA 3apAfA M THOeP3apAfa ObLTH TENBIMU THCIAaMW, TO OCTAIOTCS mpeji-
crasiaenuns pasmepuocteii 1, 20, 35, 56, 70, 189, 405, .... HanbGonee BaKHEI
7Ba ceMelcTBA UYACTHI[, COOTBETCTBYIOLHE DTHM NPEACTABISHUAM — 3D-IIIeT
Me30HOB M H6-ILTeT GapUOHOB, M3 KOTOPHIX MBI PACCMOTPUM IUINB IT0CJE/[HITH
(nogpobnoe manoenne oM. 8 [12, ra. 13]).

Moskne morasaTs, 4TO cyliecTByeT HO-MepHOe HENpPHBOAMMOE YHHTAPHOE
npepcrasiaenue rpymusl SU(6). Ha moprpymme SU(3) »r10 mpepcraBienie
pasiaraeTca B CYMMYy 4eThIpeX MeCATHMEPHBIX II JBYX BOCHMUMEDHHIX IIpefi-
crapmennit. Oneparop Kasummpa 12 moarpynuer SU(3) npumumaer Ha gecs-
THMeDHBIX TOJIpocTpancTeax suauenue (3/2) (3/2+ 1), Ha BoCHBMIIMEPHBIX —
smauenwe (1/2) (1/2+1). Hpyroit oneparop Kasumupa Toili e ITOATpyImeD
T3 HPUHHMAET HA JECATUMEDPHBIX IIOANMPOCTPAHCTBAX COOTBETCTBEHHO 3HAUe-
musg —3/2, —1/2, 1/2, 3/2, ra BocsmMumepunix —1/2, 1/2. OGosnauaa moampo-
CTPAHCTBA HAIJIEKANNMY MHIEKCAMH, IMeeM pa3iojKeHue

C(56)=C_3,2(10) & C_1,2(10) ® Cy,2(10) © C3,5(10) S C_;,5(8) ® C;,2(8).
(2.6.6)

Ha menpusopmmeix mogupocrpanctBax C(10) mpepcraBienns woprpymn-
ne1 SU(3) 9KBUBAJCHTEBI OIJCAHHOMY BHIIIE JIA HeKyINleta $aplloHOB, a HA
C(8) — onucanHoMy BBIIIe s OKTeTa OAPUOHOB. ITO 3HAYNT, UTO B HAJ-
aeskaniux Gasmcax 9TH [MPeICTaBIeHHA 3a[AI0TCA TeMu e Marpunamit. Mos-
HO BBIZEJUTHL BO BCeX YKABAHHBIX NOJANPOCTPAIICTBAX COOCTBEHHBIE BEKTOPHL
oxaoBpeMenno tpex maduwopaemuix 72, Y, Q, wax 270 OBIIO CHENAHO BHIIIE.
Iosrydyennoii opromopMupoBanubii Oasuc mpoctpancTBa C(56) HETOTKOBHI-
BaeTCA CACAYIONMM 00pasoM: Kaskpabiit co0cTBEHHBIN BEKTOD C JAHHLIMHU 31a-
seanamu T, Y, ¢, 1, T3 H3oOpaxkaer cocTosHme HO6-ILTeTa, COOTBETCTBYIOIHEe
vacrane aerymiera (£, B, s, As) wmam oxrera (2, Z, A, N) ¢ temu xe
snavenusvu 7, Y, Q u ¢ npoexuumeii obslunozo cnuna ts. Hampumep, BexTop
I'=1/2, Y=1, Q=1, 1=1/2, 13 = —1/2 usobpaskaer mMpoToH ¢ NpoeKIHeil
cimna —1/2, Taknv o0pasoM, «cocrosuug OH6-mteta» uMeloT (QU3MUECKMIT
CMBICJ, COYETATOU[NH YHUTAPHBIH H OOBIUHBII CHHH: BBIJIEJICEHOE COCTOAHILE
03HAYaeT HE TOJILKO OIpEJeJeHHYI0 JIEMEeHTAPHYI0 YacTHIy B CMBICIE oIlpe-
HelleHHON Macchl, sapsaga W T. [., HO ¥ ONpeJeJIeHHOe CIIHHOBOE COCTOAHIE
aTo#l wacruipl. Takas TOYKA 3PeHHA eCTeCTBEHHA B IPYNNOBOH KiaccuduKa-
OUHA YacTHIl, XO0TA U PACXOJUTCA ¢ NPUHATOU B DKCIEPHMEHTATbHOU (HIUKE.
Hlero B TOM, UTO caMO IIOHATHE DIEMEHTAPHOW TACTUUBI 3ABUCUT OT TONO-
JREIIHOl B OCHOBY ONHCAHMA WACTUI IpyIIsl cuMMmerpnn. OOsramoe ymotpes-
Jlellie HTOTO TEepPMHHA, KAaK nokasall Burhep, cpsisano ¢ rpymnmoit Ilyaurape
(meopropoanoit rpymmoi Jlopenna). Ecam omuceiBath cemeiicTBO 4acTHIL
NeNpuBOAUMEIM HpecTaBielnneM HeRoTOpoll rpymmel G, KiaccuQUIUEDYA ero
YacTUIBl B COOTBETCTBUH ¢ IeIOYKONR Ioarpynn (r, xapakrepmsylomeil mam-
Y0 CHMMETPHIO, TO eCTEeCTBEHHO CUYHMTATh, UTO BEKTOpaM $aaica, BHIIeJel-
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Tabunma 6
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HBEIM ONpEeJeJeHHEIMI 3HATCHMAMH KBAHTOBBIX UHCEJ TPYUNbI (, COOTBETCTBY-
0T vacTHbl »Tofi Tpymnbl. llpm TakoM momxome MOMKeT CJIYUYUTBCSH, UTO
COOCTBEHHDBIC B3HAYCHUA OEPATOPA MACCHI OKA3BIBAIOTCH BHIPOEICHHBEIMH, Tak
YTO YACTHIBI, PA3JIMUNBIE B YKA3AHHOM BbIIIe CMbICIE, MMEIT OJHY H Ty e
maccy. Hanpnsmep, apu onncannn 00KHYHOTO DIEKTPOHHOTO CIMHA ¢ ROMOUBHO
epynner SU(2) cocrosaus adextpona ¢ 3= —1/2 u 15=1/2 caenyer cun-
TaTh PASAUMHBIMIL YACTHLAMEA OJHOH Macce. Kuie pas mofuepkmneM, 4TO He
CYITECTBYET MOHSATHA «2JIeMEHTAPHOCTI» YACTUIR, HE3aBUCHMOrO OT CIOCOGa
€¢ TeOPeTHUYECKOr0 ONMCAHWMA, a MOCKOJIBKY Takoe OUMCAHME ONpPeJeNsiercs
HEKOTOpOH rpymunofi cHMMeTpIM, TO He CHelyeT YAMBIATHCH HEOJHO3HAYHO-
C¢TH B yHOTPeGJIeHUN 3TOTO TePMUHA, JaUNMafAch TPYNIOBON KiaccudmKamueit
YACTHL, cilefyeT NPUIEPIKUBATHCA He TPAZHLIH, a BHIOPAHHON IpPymIEl CHM-
METPHH.

Taba. 6 uszobpamgaer xiraccudnramuo dH6-maera B SU(0)-coMmMerpun.
3uavenusi sapsaga () yKaspBAWTCH OPABBIM BePXHMM HHIEKCOM y CHMBOJA
YACTHIIBI, BHAYCHNs NPOEKIHA CIHMHA T3 — JEBBIM BEPXHHM mnHfekcoM. lIpo-
Tou P oGo3znagen uepes N+, meiitpon N — uepea N°,

Bepturansnpie cronfupt taGa. 6 wmaobpaxkaior MyJIBTHIUIETEl HAWOOJb-
mreil moprpynnbi cummerpun SU(3) (cp. (9))-— gBa OoKTeTa u deThIpe [Je-
Kymieta uacTuil, MBI cudTaeM 3[ech, UTO KAMKIOMY BEKTOPY BBIIEIEHHOTO
6asuca COOTBETCTBYET OTdeAbHas dacTUNa, KAk i B caydae SU(3)-cummerpun.

Ilpu pasioskenmu mo caegyomeii mogrpymue SU(2)r memouru (5) xamk-
asiii myastanrer SU(3) pacnagaercs na MyabTminieTs: mogrpytmsl SU(2)r,
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u300pakaeMele npaAMoyrodbEWKaMu Tadua. 6. Hampeif ma Takux «MaieIx»
MYJIBTHOIETOB XapaKTepHU3yeTcA 3HadYeHUsMH oneparopos HasuMmmpa »sroit
nogrpynnet T2, Y (mpuueM BMecTo cOOCTBEHHBIX SHAUEHWH IIEPBOr0 M3 HEX
T'(T'+ 1) upocramienn 3samawomue mx 3pavenusa I'). Haxomem, ormenbuHe
YacTHIH BHIeNA0TcA HabopaMu KBaHTOBBIX uncen (T, 13, I, Y, Q) rpynnu
SU(6), yxkaswsBaomumu «ajpec» dactunsl B Taba. 6.

Kaaccudpuranus, comepswamasca B tadil. 6, cooTBeTcTBYeT (HBNYECKUM
cBoiictBaM dYactun. B caMoM fiesle, MYJIbTHILIETHI HAWMEHBINEH ITOJTD YIIIBL
SU(2)r —5T0 B TOYHOCTH HM30TONMYECKHEe MYJBTHILIETHI, COAepsKalnue 6Jma-
KO DPOJCTBEHHEIE YaCTHOBl, C OJMHAKOBHIM BHAUCHHEM IIPOSKIMH CIOHHA Ts.
Myastunmaersr Goapmeisr mogrpynmel SU(3) cofepkar uyacTHIBbI, CBA3aHHBIE
Goslee OTHANGHHBIM POLCTBOM, o0Hapys:kuBawommMcsa B SU (3)-cummerpnu. Ilo
cpasHeruio ¢ rpynmoit SU(3), nua SU(6)-cumMerpun momydaerca pobaBouHOE
KBaHTOBOE YHCJO T, OMCcHIBalolee cumH 1/2 wactunm oxreToB m cumm 3/2 wa-
CTHUI[ TeKYILIEeTOB.

Cummerpuun SU(6) coorsercrsyer Maccosas ¢opmyaa [19], xoropyio
MH 3fleck He mpuBomuM (cM. [12, ra. 17]). Kaxr ysxe rosopuiocs, coGcTBeH-
Hble 3HAYEHUS MAacChl B OTOM CIydYae BBIPOKIEHBI BCIENCTBHE OOBIYHOTO
CIUHA. AHAJOIMYHO IPOM3BOMMTCA KiIaccHpUKAOuA 35-IIeTa Me30HOB.

Ecam B cooTBeTCTBHEM ¢ rpYyNIOBOH TOUKOH SpPeHHS CUMTATh, uTO OO-mIer
omuceiBaer H6 «dmementapueix uacTur rpynmst SU(6)», To HapAgy ¢ HX
ruaccudukranueii Ha «GoaBIINE» M «MAJNBIE» MYJIBTHIIETH BBIAEIAIOTCSA €INe
«bauacaiiwite anaaozuy, pazinvalomuecs TOJIBKO IIpoeKIuell CIMHA M CTOA-
mue B Tabn. 6 Ha ofgHOM ropusoHTaduM, Hampumep —/2E0 V2E0 ygm —3/2Q-,
—l2Q- 120~ 320- MomHO yKa3aTh CHOCOO YCTAHOBJEHHA HTHX AHAJOTOB:
B axrebpe JIm rpymmmt SU(6) ects omepartopsl T, =T+ iTe, T-=1; —iTy,
IepeBoMsIe NPYr B APYTa HTH aHAJOTHYHBIE YACTUILI, TPHYEM OINEPATOPHI
T,, T- IEPECTAHOBOYHLEI C ONEPATOPAMH YHHTAPHOTO CINHA, AeHCTBYOIUMU
B mpefienax «Gonpmumx» MyJapTEmietoB (cMm. [12, c. 326]). Taxk e oGeromt
geno B 35-miiere MesoHoB, B 2.8 MbI mpuBeneM ofmue coQOpajKeHUsA, MO3BO-
A BHAEJUTh PAH AHAJOTMYHEIX YAaCTHI[ IpPH rpyHIoBOH Hiaccudu-
xanun. B paspHeiimmeM Mbl YBUIMM, YTO NPUMEHeHHe DTOTO IIOAX00a K Kiac-
cuUKANY XHMHYECKOX JJIEMEHTOB IPUBOANT K eCTeCTBeHHOMY anreSpamde-
CKOMY OIMCAHMIO MEHIEJeeBCKMX TOMOIOTHYECKHAX PAMOB, TAKMX KaK INEJI0U-
Hble MeTaJUIBl, IeJ0YHO3eMeTbHbIe METAILIbl, a TaKkKe K oTKpuToit CuGoprom
AHAJIOTHY MeKIY JAHTAHOHNAMHE U AKTHHOMIAMH.

2.7. lTpuanunsr ki1accnuKaHN B KBAHTOBOI TeopHu

Ilpumepst, paccmorpennsie B ria. 1, 2, mpusomsar k obuiell KoHMemmnm
Kiaccu(UKAOUN COCTOAHHN KBAHTOBOW CHCTEMBI, KOTOPYIO MH cefiuac Halo-
JKUM. JTOT HOAXOJ] PABHBIM 00PA30M OTHOCUTCH K CHCTEMAaM B KIaCCHYECKOM
CMBICTIE, TAKUM KAaK aTOM, MOJEKyJa WM OTAelbHAA DJIeMEHATapHAs 4acTUIA,
U K cucreMaMm B 0ojlee IMHPOKOM CMEICTE, TAKUM KAK (H30TOINMYECKUHA MYIb-
THIJIET», «OKTeT» «Hexkymiaer» u T. 4. Bo Bcex cayuasx mamGoapmmmii mHTe-
pec TpefCcTaBIAIT CTAMHOHAPHBIE COCTOSTHUA CHCTEMEI, T. €. COCTOAHHSA C
OoIpefielleHHBIM 3HAYeHHNeM 9%Hepruu. B KiIaccuueckmx 3afadax HepemsaTH-
BUCTCKOW KBaHTOBOH MeXaHWKH, Ile HOA DHEPTHell NOHAMaeTcA HeOOIbIIas
R0o0aBKAa K YHEPTUA TIOKOS, CTAMOHAPHEIE COCTOAHWA — 3TO BO30Y KIeHHEIE
COCTOAHHUA aTOMa, MOJEKYJNbl WU T. ., HAIpUMep s-, p-, d-, f-COCTOAHMA aTo-
Ma BOROpofia. B Teopum agpOHHHIX MYJBLTHIUIETOB, The IIOj, 3HEpPrhed IOHH-
MaeTcs DHEpPrus MOKOS, CTANUOHADHBIE COCTOAHHMA — 3TO COCTOSHHA CHCTEMEI
C OIpefelleHHBIMI BHAYEHNAME MACCHI, COOTBETCTBYIOIME YACTHIAM MYJBLTH-
nieta. Ilpmunwner kiaccuduranmm BO BCeX CayYagx OFAMHAKOBBI; BHAUAJe
Mbl OyfeM TOBOPUTH O KiIaccHQHKAIWH COCTOAHMI BooGITe, a 3aTeM, B COOT-
BETCTBUI C HAUINMH [EJsAMH, 0 KIaccHUKAAA YacTHI.

Jli060¢ mM3aMeHeHHmEe COCTOAHHMSA KBAaHTOBOH CHCTEMbI HAGBIBAETCA KBAHTO-
BBIM IIEPEXOfOM. IIpocTeilmime mepexofsr MMET TEOMETPHYECKUH WM KWHe-
MATHYECKUH Xapawrep: OHA COCTOAT B TOM, YTO CHCTEMa B ILeJIOM MeHAET
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cBOe IOJIOKEeHHNe B IPOCTPAHCTBE WJIM IPHBOJMTCA B PABHOMEpPHOE M IPAMO-
nuHeliHOe nBWKeHHe. llepexoger TAKOro poma MOKHO CUYUTATh HACATH3HPO-
BaHHBIM u306pasKeHHeM BO3MEHCTBUH HA CHCTeMY BHEIIHUMH CHJIaMH, Ha-
npuMep, yOPABIeHUA MYyYKOM 3JICKTPOHOB WIH HOHOB C IIOMOINBI0 JJIEKTPO-
MarHATHOrO moJA. [loCKOTBKRY IoJle mMpU 3TOM MOKHO CUHTATh HEW3MEHHEIM,
OHO He BRJIOUAETCS B PAcCMaTPEBaeMyl0 KBAHTOBYI0 CHCTEMY, & YUUTHIBa-
€TCA. B BHIe MOTEHITHAJOB.

B peakiuax Memgy dYacTHIAMH Hponcxonu'r B3aMMOJIelicTBHE: TONHOE
OWHCAHWe PpeaKIUd BKJIOYaeT BCe YYACTBYWINWE B HeH YacTHI[I, TaK YTO
MCXOOHBIH Hafop 4YacTHI| ¢ WX IapaMeTpaMu [BHKEHHsA W KOHEUYHHI HaGop
(Tex ke mam OpYruX) WACTHMI[ ¢ MX MapaMeTpaMH [BHKEHHs pPaCcCMaTpUBa-
I0TCA KaK COCTOAHHMA OMHONH M TOW ke KBAHTOBOW cHcTeMsbl. CucTeMa BRIIO-
4qaeT OPU TOM HECKONBKO TACTHI U cO BpeMeHeM MeHseT cBoil cocrae. Ho
8 pAfe cIy4aeB MOMKHO COCPEeOTOYNTH BHUMAaHHE HAa HEKOTOPHIX YaCTHIaX
1 mpeHebpeusr ApPYTMMHM, He BEJOYasg UX B cmcTeMy. eam, Hampumep, co-
CPeOTOYNTh BHUMaHHe Ha OapuoHax W mpeHefpeup JenTOHAMN W ME30HAMH,
T0o peakinua N — Pe~v, B KoTopoil HefiTpOH pacnagaercsa Ha MPOTOH, DJIEKTPOH
U HENTPUHO, MOYKET pacCMAaTPUBaThHCA KaK Hepexof cucreMol N — P; pearnus
2~ — Nn~ — xak mepexoq 2~ — N, u 1. n. Houeuno, mpu TakoM $opMalbHOM

ONIMCAaHWMHU HUepeXOoJ0B He COXPaHAEeTCA I2JHeprusda, B OTJAHUYAE, HaOopuMep, OT

Iepexofia ‘U3 COCTOAHUA ¢ Ipoeknuell cmumHa 13 = —1/2 B cocTosmme ¢ mpo-
ernueil ciuaa t3= 1/2. C TOuKH 3peHHA, UBJIOMKEHHOH Buie B 9TOll riase,
mepexogbl- N = P, 3~ — N u 1. . MOKHO CUMTATh KBAHTOBBIMHU IlepeX0JaMH
«OKTeTa», CUMMETpPHUA KOTOPOTO HapylleHa HEKOTOPHIM «BHYTPEHHHUM B3au-
MopeiicrBuem». Ilpu «BKIOUEHHU» BTOr0 B3AMMOJEHCTBIA KHHEMATHKAa OKTe-
Ta, T. €. OINUCAHMWE €ro BO3MOMKHBIX COCTOAHUII W TIEPeXOf0B, He MeHseTcHd,
4YTO BOOOIE XapaKTE€PHO I KBAHTOBOMEXAaHHWYECKOTO OMHCAHHA B3aNMO-
melicTBHiA.

Hunemaruka cucrembr [oJKHA cONepKaTh OIUCAHUE BCEX €€ BO3MOJK-
HBEIX COCTOAHWN u mepexofgoB. HaGop cocToAaHWil sajaercsi BeKTOpaMH HeKO-
TOpOro eusbbeprosa npocTparcTea N, MEPeXOABl Ke 3aJaAITCA € IOMOIIBIO
TPYIMIEE OMepaTopoB, AeiicTBylomeid B N M Ha3LIBaeMOH 2pynnot cumMmerpuu
cucreMbl. TeM caMbIiM CcUHMTaercd, 4TO B IpocTpaHcTBe N BamaHO IpeacTas-
JieHde. HeKoTopoill rpynmel G; ofosmaumM »To TpefcraBienme wepes {7}
B unrepecyromux mac cayuasx G sBunsercsa rpyunoi Jlu. Ilpepnmonaraercs,
uyto omepatoper T4+ iTs, mpefcTaBIAAWIINE KOMIUIEKCHYI0 000JOYKY ajred-
pel Jlm rpynmel G, OCyIIECTBAAIT BCe BO3MOKHBIE KBAaHTOBBIE II€PeXOMHI
cucremsl. Ecan, HanmpuMep, G COMEpsKHT B.KavYecTBe MOATPYIIEI IPyHIy Bpa-
mennit SO (3), 1o ouneparopsr A.= A+ id, mepeBOJAT BEKTOD COCTOAHUA
C KBAHTOBEIM YHCIOM M B BEKTOpP ¢ KBaHTOBHIM umcioM m+ 1 mam m—1;
ecsiu G = SU(3), To omepatopsr OxyGo A} meperomaT mpyr B pyra COCTOA-
HUA OKTeTa. '

Ecan mpencrasaenme {T,} mpusoguMo u %' — uEBapMa#THOE IMOAIPO-
cTpamcTBo N, To omepaToph aireGphl JIM He BHIBOGAT 3a mpemedsl R’ u, cie-
NI0BaTeJbHO, TIPM BCEBO3MOKHEIX KBAHTOBBIX IIepexofax coCTOAHHA u3 N’
mpespamanoTca cHoBa B coctoanua m3 X', Ho rorga cocrosamus cucremul, He
HpEHafIeKame N', OKA3BHBAKTCA HEJOCTIMKHMBIMA #3 RN, w HeT UpUIHH
CUHTATh. YTO BCE COCTOAHHA IPOCTPAHCTBA R OTHOCATCA K 00Mol u Tol xe
KBaHTOBOH cumcreMe. I[09TOMY ecTeCTBEHHO TpPEANONOMKATh, UTO TpPeJCTaBIe-
ane {T,} menpusogumo. MTak, MpocTpaHCTBO BEKTOPOB cocTosHuA N aApiA-
€TCA [POCTPAHCTBOM HEIPHUBOAMMOTO NpEfCcTaBIeHUs TPYINsl cumMmerpuu G.
Taxum o0pasoM 3amaercd KuHeMATukKa KBAHTOBOH CUCTEMEL.

Aduramura cucreMel B TpocTeilimeM ciydae TIONHON CHUMMETPHU TakiKe
comepssntess B rpynme G. Omeparopm T, mpefcraBiasomue airebpy Jliu
rpynnsl G, zagawt Habarodaemble cucteMul. UToObl mabiaogaeMbie uMeIn neii-
CTBUTEJbHEIE CcOOCTBEHHBIE 3HAYEHWs, HANO0 IPEeAMOJOKUTH, YTO OINEPATOPH
T, spmurogst, a ajsa 3TOTO, B CBOI OYepedb, NMPEANONaraercsa, 4To OHepaTo-
put T, ynurapuer. Uraxk, cienyer suiGupats B Kauectse {7} ynurapnoe nped:
cragaenue. B ciyvae DOJMHOW CHMMETpHM CHCTEMBI K HAOTIOMAeMBIM CHCTe-
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MEI IPAHAMJEIKNAT TAKKe ee raMUILTOHHAH, IepeCTAHOBOUHHNI €O BCeMM OHe-
patopamu Ty, T. e. HeKOTODEIH-onepaTop asumupa rpynnel G. Ecan G mmeer
Gosee opHOoro omeparopa KasmMupa, To BHIOOp TaMUILTOHHAHA Tpe6yeT Io-
TNONHATENBHBIX (PUBMYECKUX COOOpaskeHmil.

Houeuyno, BeIGOp rpyUOH CHMMETPHE CHCTEMEBI 33aBHCHUT OT. COCTOSHHA
Hammx 3Hamdil; 7o oTkpweitada SU(3)-cEMMeTpHH H30TOMMYECKHE MYyJbTUILIE-
THl CYMTAJHUCH OTHAENbHBIMU KBAHTOBRIME CHCTEMAMH, ONWUCHIBAEMBIMU rpynnoﬁ
SU (2), HO OKagalxoch, 4TO OHU BXOJAT B Gonee HJI/IpOKyIO GI/ICTEMy, ¢ 00Jb-
medl rpynnodl cHMMeTpPHH.

B pspge cayyaes omHa m Ta Ke rpymma CI/IMMeTpI/II/I ONUCBHIBAET MHOMKe-
CTBO CWCTEM; HAIpUMep, Aid Ii000f cBOOOAHON YacTHLBI TaKyi0 pOJIb Urpaer
rpynna [anunesa (B HepexATUBHCTCKON Tteopuu) miu rpynna Ulyamrape
(B peasaruBucrckoif Teopum); rpymna SU(3) onmcslBaeT MHOMKECTBO OKTETOB
O AeKynueroB 0apMOHOB W Me30HOB, W T. 1, BBujy aroro moiesmno He OTOK-
TecTBIATSH IPYNIy CHMMETPHM ¢ TDYMAHON OHEepPaTopoB HEKOTOPOTO THILLEp-
TOBa MPOCTPAHCTBA COCTOSIHAI, a 8ajaBaTh ee KaK OTJeJbHBIH MaTeMaTwye-
CKHl 00BeKT (HampuMep, KaK MaTPHYHYIO TPYOIy), M. B KaKIOM Cclydae,
KOTZla 9Ta TpyNlla ONMCHIBAET IEePEeXOfsl COCTOAHWH HEKOTOPOW CHCTEMBL,
CTPOUTH [JA 3TeMeHTOB rpynusl (G cOOTBETCTBYIOUIME WM ONEPATOPH B HpPO-
CTpPaHCTBe COCTOAHME 9T0H cucreMbl. Takum 00pasoM BHIACHAETCSI POIb npeld-
cTagAeHull epynn B KBAHTOBOH MexXaHWKe,

Bronme cumMerprunmii raMuipTOHmMaH, T. €. omeparop Haszumupa rpymn-
Obl, MPaBHJIBHO ONNCHIBAIIWIA KHHEMATHKY CHCTeMbI, MOMeT ObITh HeIlpH-
eMleM JJA OoNHCAaHNA ee AmHaMuKH. [[Js 3JeKTpOHA B KyJOHOBOM IOJE 3TO
omepatop HRasmmupa rpynmm SO(4, 2) (em. 1.4). llockonbky Bee mpo-
CTPAHCTBO COCTOAHUN aNeKTpoHA R HEOPUBOEAMO st 3TOH TpYNmbl, A
TaKOTO0 TaMHJBTOHHAHA BCE COCTOSIHUs HMEIOT OJHY U Ty jKe JHepruio, T. e.
HMeeTcA eWHCTBeHHOE OeCKOHEYHO BBIPOJKIEHHOE cOOCTBEHHOE 3HAYEHHE ra-
MHJBTOHNAHA. ATOMHHI 3JeKTpOH HHKOrAa He HalJI0JaeTcA B TAKOM COCTOA-
nuA «IONHOH CHMMETPHH», KOTOpOE ABISETCA TEOPeTUYeCKOH KOHCTpYKIuei.
Toano Tax e, «BIONHE CHMMETPUYHBIRY OIIEPATOP MACCH OKTETA ABJIAETCS
omepatopoM Hasumwmpa rpynnst SU(3), IpuHUMaoOIIIM OJIHO H TO Ke 3HA-
YeHHE Mo HA BCEX BEKTOPAX BOCHMMMEpPHOTO IPOCTPAHCTBA COCTOSHUI, HO
3TO BOCEMHKDATHO BEIPOMKJEHHOE BHaueHHe He HalTiofaercAd HA OIBITe,
H (BIOJHE CHMMETPHYHOE» COCTOSHHUE OKTETa — TeOPeTHYeCKas KOHCTPYRIUA.

Hapymenune cuMmMmerpuu Mokno mnpemcraBuTh cefe KaK «BRINUYCHHE)
N06GaBOYHOr0 B3aMMOJEHCTBHUS, 3HAUATENBHO GOJdee clIaGoTO, 4eM OMUCAHHOE
CHMMeTDHYHEKIM TaMHJIBTOHHAHOM ¥ COOTBETCTBEHHO CIIOCOOHOrO BEHI3BATH
MeHbIIee UNCT0 mepexofioB. llpepmomaraercsa, 4yTo mepexojisl, BO3MOMKHEIE IO
neiicTBueM Oonee caforo B3amMOJecTBHA, TeM 0(0Jiee BO3MOKHBLI IO jleii-
cTBHeM 0o0Jiee CHIBHOTO, TAK YTO HE BOSHUKAET HOBEIX IIEPEXOMIOB, a OCTAETCA
YacTh CTApbIX. JTO 3HAYHUT, YTO BHOBH BRJIIUCHHOE B3aHMOJIEHCTBHE OMHCHI-
BaeTcs nodepynnoi IpyNIisL G, xoropyo Mbl obosHaguM G;. llpennmonokenue,
UTO HTO HOBOEe B3aUMOJeiicTBUE BHAUMTENBHO cialee mpeKHero, MaTeMaTH-
YeCKH BBIPA’KAETCs TeM, WUTO K IIPesKHeMY, «BIOJHe CHMMeTPUTHOMY»
TaMATBTORMAHY (HQpeCTaHOBO‘{HOVIy €O BceMH onepa'ropaMH rpynmsl G) mpu-
SdaBasieres ¢BO3MYIAIOINI»Y YICH 3HAYNTENBHO MeRbINeil BeJII/I‘IHHBI, nepe-
CTAHOBOYHHIH JAINE ¢ MOArPYHIOX G, TAK 4TO BO3MYIHEHHKII raMUIBTOHUAH
CHCTEMBI TAKKe IlepeCTaHOBOYeH Jumb ¢ Gi. B cayuae anexrpona Boamy-
TeAne NPUBOJUT K OOBIYHOMY KyJOHOBCKOMY raMHJbTOHHAHY, yiKe He nepe-
cranoBouHOMY ¢ rpymmoit SO (4, 2), HO mepecTaHOBOYHOMY ¢ ee HOATPyIIoi
SO(4). CoGcTBennble 3Hauenus JHEPrUU HMEIOT Telephb KOHEYHYIO KPaTHOCTH
n HabawgaoTes Ha omnsite. B cllyyae OKTETA BO3MYIUEHHBIH OmepaTop Maccsl
VIKe He mepecTanoBovuen co Beell rpymnoit SU(3), Ho mepecTraHoBodeHn ¢ mom-
rpynnoil mzocuuna SU(2). CobcTBennrle 3HaYeHHs BO3MYNIEHHOTO ONEPaTOpa
Maccel (cM. 2.5) uMewr xKpatmoctd 2, 3, 1, 2, HO COOTBETCTBYIOINHE UM CO-
CTOAHUSA (<«U30TONMYECKHEe MYIBTHILIETHI») He HAGIIOIAXTCH B BUe BHIPOXK-
JICHHBIX COCTOAHWII, a TawKe ABIAATCA TEOPETHYCCKUMN KOHCTDYKIUAMH.
IIpn Brmwouenun eme Gosee caaboro B3auMOJIeHCTBHA KpATHBIE DHEPreTHYE-
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CKIe YPOBHE 3JIEKTPOHA DACIIEIIAIOTCS HA IPOCTHIe, TIPHYEM B BTOM CIydae
HOBOE B3aMMOJIeiCTBHEe M B CAMOM Jejle MOHO BRIIOYUTH (B BHUJe MarHuT-
moro moisi). B clydae OKTeTa «BRIIOUEHHE» OCTAETCS TEOPOTHUECKONW KOH-
CTDYKIIWEH, HO GHAMEHHSA OKOHYATENLHOTO OIepaTopa MacChl (JHUINEHHOTO
cuMMeTpuK) HAONIOTAIOTCA B BHIE MACC BOCHBMH OTHEJbLHBIX YaCTHI,

Ectecrserno cumrarhb, 4TO 0mepaTopsl TPYIIILI CHMMETDHH HIHM ee IOf-
IPYNOE COENMHAIOT MEKMY COO0OH pPONCTBEHHLIE COCTOSHMA MM YaCTUIEL;
eCJIM 9TO HOJHAS rpynna CHMMETDHH, TO POACTBO MOKeT NPOABUTHCA B CAMOM
BOBMOJKHOCTH TIepexofla W3 OHOTO COCTOSHHS B JPYroe; eciu Ke BTO IOf-
Irpynma, TO BO3MOKHOCTH IlepeBecTH OJHO COCTOSAHME B JPYToe ¢ ImOMOINLI0
6oaee crab020 B3aMMOJIeiCTBAS MOIKHO MCTOJNKOBATH KaK 6o.ee 64uskoe poj-
CTBO, TAK YTO0 HEOPUBOAWMOE IPEACTABICHHE NOArPYINE o0beanHser Golee
0JH3K0 DOJCTBEHHBIE COCTOSHUS WM 4YacTUIel. [lelouKka BIOMEHHBIX IIOJ-
rpyInI HPUBONMT, TARUM 00pazoM, K MepapxmuecKoil KiaccumpUKamuu COCTOMA-
Hull, mo cremeHu ux popacrtBa. Homeunmo, aTa Kiaccu¥kamug 3aBUCHT OT
NPUHATOW [EIMOYKW HOATPYII, 3ajaloilell cuMMeTpwuio cHucrteMsl. Eciam cum-
MeTpus HalJeHd HPaBWJIBHO, TO POJACTBO MPOABIAETCA B (DMBUYECKHX CBOH-
CTBAX COCTOSHWHT Mam wacTui: B OIM30CTH BDHEPreTUYeCKUX ypoBHEH wuin
Macc, o0mux sHaueHMAX HAOIIOJAEMBIX, 3aKOHOMEPHOM H3MEHEHHMM CBOWCTB
B Ipefielax ceMeHcTBa POJCTBEHHBIX YAaCTUI[ MJIM COCTOSHMUIA.

Temeps MokHO ommcath o0MYI0 ¢XeMy KiaccuhmKanuu cOCTOSHUN KBaH-
ToBOll cucremel. JnA ompedeneHHoCTM MBI OyJeM [albile TOBOPUTH O RJIac-
cudUKaTmUN YACTHI, & BMeCTO dHepPTHm OyaeM TOBOPUTH O Macce, HO 3TO He
OTrpaHHYNBAET OOOIHOCTH IpeNIaraeMoi CXeMBl,

Cummerpus 3ajfiaeTcsa NEMOYKON BIOKEHHBIX APYr B pApyra rpyun Jlu:

G=Go>2G,2G3>...2G,. (2.71)

Cucrema ¢ RMaHHOW CHMMeTpmeill 3amaeTcs HENPHBOJUMHIM YHHTADHBIM IIpefi-
craBjieHueM rpynosl G B HeKoTopoM ruianbeproBoM mpocrpaHctBe R Ocros-
Hble Habalodaemble CHCTEMBI IOJNYYAIOTCHA KAK ONEPaTOPHl IPEACTABIEHMUS
anre6psl Jlu rpyooer G, peiicrByomue B R. JIpyrue rabaiodaeMmbie CHCTEMBI
OONy4yaloTcsA KAK ONepaTopsl, IIpefICTABIAIONINe 3JeMeHTH YHUBepCATLHOMH
obeproiBaromeit anreGpsl rpynnet G. Pegyrmus mpencrasienus rpynmsl G
mo noarpynne G, OPUBOIMT K PA3lOMKeHWI0O N B OPTOTOHANBHYIO CyMMy He-

NPUBOANMBIX IIOJAOPOCTPAHCTB ER2” BTOHM MOATPYHIIEI:
=2V ...0%e.... (2.7.2)

Penyxnua npencraBiemumsa Gy no mourpymme Go HPUBOAUT K PAa3JiOKeHUIO
HOAIIPOCTPAHCTB RV ma HENPHUBOAUMEIE TONMPOCTPAHCTBA 9355) rpynust Go:

g -2P e ...0%e ..., (2.7.3)
T O '

Brifmpaercs MaxcuMadbHAs cHCTeMa II€PECTAHOBOUYHBIX HAGIIOTAeMEIX
rpyunsl G. WX cofcTBeHHbIe 3HAYEHMS HA3BIBAIOTCSA KBAHTOBHIMM YHMCIAMH
cuctemul. IlycTh KBaHTOBEHIE YMCIA 3aHYMEPOBAHH B OIpejeleHHOM IHOpSIIKe:
A, A2, ..., A OPEfNONOMNKHEM, YTO HAGOD 3THX UYUCEN IOJHOCTHIO OIpENedseT
(¢ TOYHOCTBIO 10 MHOKMTENI) BEKTOD COCTOSHMS CHCTEMBI |Af, Ag, ..., Ao,
cOOCTBeHHRIN [ BCeX BHIGDAHHRIX HAGMONAeMBIX C YKa3aHHBIMU COGCTBEH-
HEIMH 3HAQYeHUsSIMH, W 9TO TaK¥e BeKTODH IIDM BCeBO3MOMHBIX Habopax
(M, A2, ..., M) cocraBusor Oasmc npocrpamctBa R. HazoBem stoT Gasme
BeifienenneiM Gaszmcom. Ilpemmosmommm, pmajlee, YTO HECKOJBKO HAYAJIBHBIX
KBAHTOBeIx wmcen Ay, ..., A, mpencraBasior cofofft 3Hauemmst omepatopoB
Kasumupa nogrpyunmm G, Tak 4To BCe BeKTODHI BHIJIeJIEHHOTO $aamca ¢ 3TH-

MH KBQHTOBEIMH YHCJIAMH NPUHANJAEXKAT OJHOMY M3 NOAIPOCTPAaHCTB R,
YTO cieAyoliue KBAHTOBLIC UHCJA 7»,1+1, vy kr2 SABIAAIOTCH 3HAYCHUSAME Olle-

patopos Hasummpa moarpynosr G W TeM CaMEIM BeKTODHl CO 3HAYEHAAMH
Apy Ags ot .,7»,2 DPUHAMNEHKAT OJTHOMY U3 IOJIPOCTPAHCTB 93(2.3‘?), H T. 1., 4TO,
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HaKoOHeN, HOCJIeJHAA 4uYacTh KBAHTOBRIX 4YHceJ, B BRIOpamHONl HyMepamuu,
3aJlaeT MOJOKeHHEe BeKTOpa BbIIEJeHHOro Gasuca B HEONPHBOAUMOM IOJIPO-
cTpamcTBe TOATpynmel Gy.

Oneparop maccer CHCTEMbI CTPOATCHA B BHE

M=Mo+ M +.. .+ MA+M,, (2.7.4)

raie M; — mexoropuii omeparop Hasumupa rpynmm G; (j=0, 1, ..., k),
BRIpa)KaIoIMiicA 4epe3 OCHOBHble HabmopaeMbsle 5Toil rpynomsl, a M., BH-
paskaeTcd. Kak NOJHHOM OT OCHOBHBIX Habmwogaemux rpynnm G. Ilpemmoaa-
raeTcsd, 4TO Kaskgelii omepatop M;,, max mo cpasmerumo ¢ M; (j=0,1,...,k),
T. e. MaTPUYHLIe JJeMeHTH M;,; Majh II0 CPABHEHHI0 C MATPHUYHBIMU HIe-
Meutamu M;.

JAeMEHTAPHBIMU YACTUYAMU CHCTEMBI HA3BIBAIOTCA COCTOSHUA CHCTEMBI
C ompefieleHHLIM BHAYEHHEM MACCHl, T. €. COCTOAHMSA, BEKTOPHl KOTOPHIX fAB-
JIAIOTCA COOCTBEHHBIMH BEKTOPAMH omepaTtopa Maccel. liaa Hammx patbHeH-
HEX Ieliell cleliaeM IPeIOI0KeHe, YTO COOCTBEHHBIE 3HAYEHHA MAaCCHI
He BHIPOJKIIEHBI, T. €. 4TO Pa3JMYHbIe YACTUI[HI AMEIT HEPABHEIE MacChL.*’

O6piurO0 MOKHO BEIODATh BbIJeJeHBHIT 0aszuc TakuMm o0pas3oM, YTOOBI
co0CTBEHHBIE BEKTOPHI MAacChl OBIIM ONM3KH K BeKTopam storo Oasmca. llpen-
MOAOKUM (B HEKOTOpOM NpUOIHIKEHHH), YTO COCTOAHUS ¢ OIpeleleHHBM
BHATeHHEM Macchl 3a0alOTCS BEKTOpaMH BhigedenHoro Gasuca. Torma, same-
HAA B BHIPAJKeHHM omepaTtopa M ocHoBHBIE HaOMI0OIaeMble COOTBETCTBYONIHMHA
COOCTBEHHBIMU 3HAYEHMAMH, MOMKHO IPEJCTABUTh MAacCCy DJIeMEeHTApHOH dYa-
CTHIOB! B BUE IIOINHOMA OT €e KBAHTOBBIX UYMCEN );; 9TO BBIpAJKeHHe HA3BI-
" Baerca maccosoli Popmyaoi, Taxkum ofpaszoM Macca wacruy cucTemvl f64%-
ercs yHEYUel OT uxr KeaHTosuir uuced. EcIn CHMMMeTPUA CHCTEMBI, OIMCHI-
BaeMas memouroil rpymn (1), mafifena mpasmiIbHO, TO MOYKHO NPEANOJATaTh,
9TO0 He TOJBKO Macca, HO M I000e KOJIUYecTBEHHO M3MepHuMoe CBOWCTBO da-
ctun P onpependeTcsi KBAHTOBBIMH YHCIAMH, T. €. AMEETCHA AOCTATOYHO pery-
JAAPHAA 3aBUCHUMOCTH :

P=P(, ..., k). (2.7.5)

Bee JacCTUNBI CHCTEMBI, II0 ONpeaeJIeHUI0, COCTABIAIT MYAbTUNAET TPYIIIBI G.
qaCTHHBI, BEKTOPBI COCTOAHHMA KOTOPBIX BXOOAT B HEOPHBOIUMOE IIOAIIPO-

crparcreo R mogrpynnel (7, COCTABJIAKNT MYJBTHILIET 9TOH HOATPYIIIHI,
u 1. n. lIpaBunbHOCTL HMONTydYeHHOW TaRUM 00pasoM «mepapxmvecKoil» Kiac-
cHPUKANMHE YACTHI[ IOATBEDKIACTCA 3AKOHOMEDHOCTbI) UIMEHEHUS, C8OLCTE
uacTuy 6 npedeadxr MYyabTunaeTd, HAPYIIAKINEHCA IIpH BHIXOJE U3 HETO.
Tak, B mpefgenax H3OTONNYECKAX MYJbTUILIETOBR HaGJIOHaeTcA HE TOJBKO
OIM30CTH Mace, HO W PaBHOMEPHOe H3MEHeHHe 3apaAfa. Pap ganbHeimmx
AOpUMepoB OOHAPYKUTCA B KiIacCHPUKANUE XMMUIECKUX DIEMEHTOB.

Moker cayuuThCd, YTO HEKOTOPEIE WACTMIOBI CHCTEMEl MMEIT BechbMa
61E3KHe CBOMCTBA, XOTA TPYNINOBAA KIacCH(HUKAIMA TNOMENMaeT MX B pasHble
MyapTHIIeTH Hemoukn rpynon (1). Bamsocts ora cBa3zaHa He ¢ IETKOCTHIO
NepexomoB» B TIpeflelaX «MAJBIX» MYJbTHIIETOB, a C OJUHAKOBBIM IIOJIOMKe-
HIOEeM JTHX YacTHUII B MYJbTHNAeTaX. TaKme 4YACTUOBI MEI HA30BEM 20MOJL0-
zamu cucremsl. B ciryyae SU(6)-cuMMerpunm TOMONOraMH ABJIAIOTCA COCTOHA-
BRA 56-miera (mnau 35-miera), pasamuamoInuecs JHIIb TMPOeKIUed OBEIYHOTO
cuuEa (cM. 2.6). Moxkno cdopMynupoBath IpocTolf NPHBINUN BHIIENCHHA
TOMOJOTHYECKHUX pAXoB cucreMbr (cM. [12, c. 326]). Ilycts ME XoTmM HA-
TU TOMOJIOTHYHBEIE WACTHIBI B MYJbTHIIETax moarpynmel G; Jlomycermm, uto
B aarebpe Jlu rpynnsl G cymectByer omepartop I, mepeBogsmuii Apyr B ApY-
ra TOMOJIOTMYHBIe BEKTODHI COCTOAHMA, HAIpHMep, UycTh ve= ['v{, rme v;
OpUHAMIEeRUT j-My myastunmiaery (j=1, 2). Ecam A — omeparop aireGpsi

*) 9To mpeAmOJNOKEHNE YACTO HE BHINOJIHALSTCA JIIA SHEPreTHYeCKHX YDOBHeH aTo-
MOB W MOJIEKYJ, a Tak:ite, HampuMep, B SU(2)-cuMMerpmr o0BIYHOrO cHOEHA HIH B
SU(6)-cammerprn. Herpynro 6mno Gt cremaTh B mamaraeMoil cxeMe riaacchmkamma m3-
MeHeHAA, HeOOXOMMMbIe JJIA BHIPOKIEHHOTO CJydad.
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JIn noprpynnet Gi, T0 MOKHO OKHAATH, YTO BEKTOpPH Uy = Av; u vy = Av,,
BBHJY WX OfMHAKOBOH amre6pavdeckodl C¢BABM ¢ U), Uy B COOTBETCTBYIOHIMX
MyJBTHIOIETAaX, TaKMKe TOMOJOTHYHKR MeAy coboit. Ho Torga mosxHO OBITH

v; = I‘vi, 1. e. ATvi=TAv,. Ecan rampgas wacTuila BXOAMT B HEKOTOPHIA
TOMOJIOTHYECKHAH DPAN, TO B KAYECTBE Uy MOKHO B3ATHL 3fech N000i GasucHBIA
BeKTOp, a r0 3HauMT, 4r0 AI'=TA, 1. e. oneparop T nepecranosouen co
8CeMu OnEpParopaMiy noazpynnbz G HaaoBeM ollepaTOpEl TaKOTO poja one-
paroparu cpodcrea.

©  IIpEMeHeHHe «IPMHIWIA CYIEPIO3UIUN» K HHTEpPECYIOUIMM HAC CHCTe-
MaM MOKHO MOHMMAaTh JHIIb B TOM CMBICJIE, YTO MPOCTPAHCTBA BEKTOPOB
COCTOSHUA alUHeEHbl; HO OOBIYHASA (bopMmepOBRa COTJTACHO KOTOPOH cymep-
MO3UIAS (bnanqecrm BO3MOJKHBEIX COCTOAHMIl IIPHBOJHT OIATH K (bmaneclm
BC3MOKHOMY COCTOSIHHIO, TepAeT anIy Hanpumep, nuneiinas xoMmOmHarmsa
BEKTOPOB COCTOSHWs IPOTOHA M HeHTpoHa He m300pamaeT M3MUECKH peamnb-
HOIO COCTOSIHMs OKTeTa. PeallbHOCTH NPUIMCHIBAETCH JUINE 0TOCABLHBIM CO-
CTOSIHUAM, COOTBETCTBYIOMAM OT/eTHHBIM BHAYEHHIM MACCH; B JTOM CMEICTE
CHCTEMBI, paccmannBaeMHe npun }maccmbnﬂauun ACTHI, MPEJCTABIAIOT
coloit kpafiumil cayuaili BUTHEpOBA «HPUHINIIA CYTIEPOTOOPAY.

-Txama 3

TPYHONNA CHMMETPAN XHMHAYECKNX JJIEMEHTOB

3.1. Onncanme cHCTEMBI DI€MEHTOR

IIpencraBienue o TOM, 4YTO ATOMHI XHMHYECKHX HJIEMEHTOB 0OpasyIior
e[IMHYI0 CHCTeMy, B KOTOpOH CBOHCTBa 3J€MEHTa 3aKOHOMEDHO 3aBHCAT OT
aro IOJIOKEHHMA B cucTeMe, ObLT0 BlepBee BhicKasano JI. 1. MengeneeBsiM.
PacmonosxuB sieMeHTHl B MOPANKe BO3pacTaHus MX aTOMHEIX BecoB, Menme-
jieeB o0HADY;KHJ, 4TO HX XMMHAYECKHE CBOHCTBA MEHANTCA IEPUONUYCCKH,
M BBHIJeJIAJI TOMOJOrHYEcKHe PAABI JJIeMEeHTOB CO CXOAHBIME cBoiicTBamu. Ta-
KuM o0GpasoM, HmepBas KIacCHURAINA YACTHI[ BO3HMKIA 3a[0JAr0 A0 IIOAB-
JeHUA aTOMHON (PU3MKHW, KOTHA OCHAPHBAJUCH ellle caMble HOHATHA aroMa H
MOJEKYJKl W HE MOIJO0 OHITh peunm O (pA3uvecKoM OOBIACHEHAU HAUTEHHBIX
3aKOHOMEPHOCTEIL.

" Taxoe o0msacHenne Gputo npemioxeno Bopom B 1921 r. Bop wuexomua
n3 TeopuMm aroMa, mauaroit uM B 1911 r., a 3arem passuTOil pAKOM aBTOPOB,
B ocofenmoctH 3oMMepdenboM, M3BECTHON B HAcTOsAINee BPEeMsA IOj HasBa-
HUEM «cTapoil KBamToBoii MexaHuEKHN». [locie cosmamisa coBpeMeHHOH KBam-
ropoii Mexamuku (1925—26 rr.) mpemnoskenmoe BopoM ymopsapmouenme sie-
MEHTOB MOJYYHJI0 HCTONKOBAHAE ¢ TOYKHM 3PEHHA MIOTOYIEKTPOHHOTO ypPaB-
nerusn Illpenmurepa, 4ro HPABENO K IMOCTPOEHHMI) TaK HAskIBaeMoil Mofeind
DIERTPOHHEIX oO0Gosouer. Tarum 00pa3oM, BO3HHKJIO OOLIeNpUHATOe B HAa-
CTOAlIlee BpeMA OIHCAHUE DHIEeMEHTOB, KOTOpoe MbI OyJeM HaseIBATH MO-
deavro Bopa.

Jas nonuManus H371araeMoro Jajbille TPYNIOBOrO ONMHUCAHHUA DIEMEH-
TOB Hafo OTYETIUBO OOBACHUTH OTHONICHWE HTOrO OMICAHHA K Mojenan Bopa,
a A 3TOro, B ¢BOI0 Ouepefb, HEOOXONUMO YACHUTH cefe MOJ0MKenne MOMIen
Bopa B KBAHTOBOI MeXaHWKe.

-~ HKaxr usBecrno, MHoroajaexktpouHoe ypaBuenme llpegmurepa me nopma-
eTCA TOYHOMY pPeIlleHHI0, W BCe BBHIBOJWMBIE M3 HEro CJIEACTBUA IMMOJYYalTCs
¢ TOMOIIBI0 NPHOIMIKEHHLIX METOJNOB, OCHOBAHHBIX HA TeX WIM HUHBIX YIPO-
manmux gonymenuax. B momenm Bopa mpepmonxaraercs, 4To Ramwill aiek-
TPOH HAXOAUTCA B IEHTPAJBHOM II0Je, COCTOALeM H3 KYJIOHOBCKOTO MOJIA
Afpa ¥ Iona (UKTHBHON cepmueckn CHMMeTPHYHON sapsimenHoll oGoxou-
KH, 3aMeHsAlollell feficTBme BceX OCTAJBHBIX aJdeKTpoHOB. Takas saMeHa
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OIpaBABIBaeTCA WHTYHTHBHEIM IIpeJIcTaBleHUeM, 4TO 3JEeKTDOHEI, JBHKYNI(He-
¢ B UpefesaXx aToMa MOCTATOYHO OBICTPO W JOCTATOYHO HE3aBUCHUMO APYr
OT jpyra, oGpasyior -HedYTo BRpojie HEOPEPEIBHO pacOpefelIeHHOrO - 3apsaa,
¢HKPAHUPYIOIIETO» - AP0, U 4TO «BLIIEJEHHHI» DICKTPOH ABHIKETCA B HOIeE
sroro sapama. llockoabKy cuuTaercs, 4YTO IOJOMKEHUSA OTHEJNBHBIX B3JIERTDPO-
HOB MaJio CBf3aHBI MEKAY co0oif, B pacIpefejeHHH Takoro (HKTUBHOIO
3apsja He MOMKHO OHTh IPUBMICTMPOBAHHBIX HAOpaBJIEHHI, TaK 4YTO MIOT-
HOCTh €TI0 MOKHO - HpeJiIosarars cepuyeckn cummerpuyuHoil. Paspenenue
3JEeKTPOHOB. HA. «BHIJIeTeHHHII» M «0CTaNbHBIE» -IpefcTaBifeT cobol wmeTO
TEOpeTHYECKYI0. ONepanuio, HPOTHROPEYANIy NPHEHOMTHAIBHOI HepasiHdYn-
MOCTH DJEKTPOHOB H IOTOMY HYKTAINIYIOCA B NONPaBKe, YTO M JejaeTcA
¢ moMomnlbl0 UpHENuna aampera llaymu. Ilpussas yKasaHHBIE OMYyUIEHUA,
MOMKHO NpeICTaBUTh ceGe HITEKTPOH MHOrO3MEKTPOHHOTO aToMa HamopoOue
3JIEKTPOHA B -aTOMe BOJOPOia, MJIA KOTOPOrO €CTh TOYHOe DelieHWe YDaBHEHUS
Ilpeguurepa. CranuoHapHBIE COCTOSAHHA (BOLOPOIHOTO» DNEKTPOHA OIHCHI-
BAOTCA KBAHTOBBIMH 4MCIaMU 2, [, m, K KOTOPHIM Hame npubasuia B 19251,
«IIPOeKIHI0. CimHay § = =+ 1/2.

3areM K cHCTeMe 3JeKTPOHOB [JAHHOTO aToMa INPHMEHSAEeTCA HPHUHIHT
Haymu, mo KoTopoMy JBa pasiHuYHBIX 3JJEKTPOHA HE MOTYT HAXOANTHCA B
ogHoM u ToM ke cocroamuu. Ilpumumun Tlayau paccMmarpuBaercsi Kak o0mumit
3aKOH TPHUPOJB, HO UPUMeHEHHe BTOr0 3aKoHa Tpe0yeT B KaKIOM clydae
NPaBUIKHOTO ONMMCAHUA BO3MOMKHBIX COCTOAHHI, T. €. KHHEMATHKHA KBAHTOBOW
cucremer. llpenmosaraercsi, 4To HecMOTpPsS HA pasiUYHe CHUTYaOUHU 3JIEKTPO-
Ha B MHOTO3JEKTPOHHOM M OfHOIJIEKTPOHHOM aToMe ymorpelieHIne Tex e
KBaHTOBbIX 4mcel n, [, m, s 0CcTaeTca 3aKOHHBIM H YTO 3ajflaHme Habopa ITHX
9UCeN AJA BCeX DJIEKTPOHOB HPABHIBHO OMUCHIBAET COCTOSHHE CHCTEMEL DJIEK-
tTpouos. llpuMensas k TakoMy ommcanuio mpunummn llaymum, mpucrymaoT K Imo-
clIeJIoBaTeTFHOMY 3al0JHEHUIO 3IeKTPOHHBIX 000J0YEK.

Taxoit o6pas AeilcTBHI, KiIaccuyecKoe H3T0KeHHE KOTOPOTO MOMKHO Haii-
TH B KEHUTe JoMMepdenpda [4, 1. I, ra. III], opuBoguT K ycmemrmoMy omum-
CAHMIO CIIEKTPOB U XMMHYECKHX CBOWCTB JJIEMEGHTOB, UTO M CJYKHUT OIpaBia-
mueM Mopenn Bopa. Hamo ormeruts, ofnako, uto 3Ta MOJeNlb He ABIAETCH
JOTHYECKAM CJeficTBUEeM OOUIMX IPHHI[HIOB KBAHTOBOH MEXaHMKHM H IIpef-
CTABIEHNIA 0 COCTaBe aroMa W3 Afpa H JIEKTPoHOB. ITO OBLIO SICHO OCHOBO-
OONOKHUKAM KBAHTOBONH MeXaHWKH; B YacCTHOCTH, JoMMepdeldsn orMedaer
«HEeCKOMbKo Ka0aJuCTHUeCKHH» xapakTep oN@caHHON mnporenyps [4, 1.1,
c. 122, 140]. C rToykm 3peHHA COBPEMEHHOH KBAHTOBOM MEXaHMKHA MOJEJND
Bopa cumemyer paccmMarpuBaTh Kak RpubAuUdCeHHBIE MeTOO HCCIeTOBAHUA
pelnennii MHOTO3MeKTpoHHOrOo ypapHenus Illpegumrepa. dtu zaMeuaHms, KO-
HEYHO, HUKOMM 00pasoM He yMalfoIMue 3HAUeHHe IMOCTpoeHusa Bopa, mMeloT
OeJbl0 HAIOMHUTH, 4TO Mofedb bopa me ABiIgeTcd eAWHCTBEHHBIM JOTHYe-
CKH BO3BMOKHBEIM ONMACAHUEM CHCTEMBl DJIeMEHTOB, COBMECTHUMLIM € IIPHHI[H-
IIaM¥ KBAHTOBOH MeXaHWKH.

flcuo, uto Momenr Bopa me ommcmBaeT aToOMbl pPasiMYHLEIX 3JEMEHTOB
Kak efumyl0 KBAHTOBYIO cHCTeMy. B caMoM fene, IOHATHE KBAHTOBON CH-
CTeMBI Ipefmojaraer, 4YTo HMeeTcs ImiIb0epToOBO IPOCTPAHCTBO, BEKTOPHI . KO-
TOPOro u306panaloT Bce BOSMOMKHBIC COCTOSHHA CHCTEMBI, H UTO B HTOM'IDO-
CTDAHCTBE 3aJ]JaH TaMHJIBTOHWAH, COGCTBEHHBIE BEKTOPHI KOToporo wuaobpa-
AT CTAlMOHADPHBIE COCTOAHHMA CHCTEMBI,— B JIAHHOM CIydYae TaKWe COCTOf-
HESI JOJJKHBI COOTBETCTBOBATH aToOMaM BCeX 3JeMeHTOB. Takoro omucaHus
Her B Mmopienu Bopa (ma m He Morio GHTH [0 BO3HHKHOBEHHA BCEro Kpyra
nfleil, CBA3AHHBIX ¢ W30COHHOM ¥ YHUTAPHOM cumMmerpueil); Tem Gomee mer
B Momeln bopa rpynmsl cUMMeTpHH, OIEpaTophl KOTOpPOH mepesoguinm Gvi
APYT B Jpyra BEKTOPHI COCTOAHHSA, COOTBETCTBYIINMUE PAa3HBIM 3JI€MEHTaM.
HBantoBoit cumcremoii, paccmaTpupBaeMoil B Mofgeiun bBopa, sBigeTcs aToMm
070eabH020, PUKCHPOBAHHOTO DIEMEHTA, C 3aJAHHEIM ATOMHBIM HOMepoM Z;
CTAAOHAPHBIE COCTOAHHUSA TAKON CHCTEMBI NPENCTABIAT COGOH pas3iMyHBIE
JHEpTeTHYECKHE COCTOSHHMA OMHOTO W TOTO ke aroMa. AToMubIT HOMep Z
He ABJIAETCA KBAHTOBRIM YHCIOM TEOPHH, a BXOMWT B KauecTBe NaApaMeTpa
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B MHOTO3JeKTpoHHOe ypaBHenme Illpemmarepa, mpuOim:KeHHoe pelieHme Ko-
TOpOro ®m sABJAsieTca 3afadeii Momeam DBopa. VYcroitumBoe cocrosmme aroMa
ONACHIBAEeTCA KAK COCTOSHUE CHACTeMEI ¢ HaWMEHbIIEHd sHepruell, a sareM Ta-
KHe COCTOAHUS pAa3JWIHHX KBAHTOBBHIX CHCTEM ¢ PA3HHIMH 3HAYeHHAMEH Z
pacuojiaraloTci B IOCJIEe0BATEJIBLHOCT: B IHOPANKEe BO3pacTaHMA JTOM dHED-
THUH, 3aBHcAMmER oT Z.

Yucna n, [, m, s He ABAAWTCA B Mofenn Bopa KBawTOBHMMHE 4YMCIIaMH B
CMEICJ]Ie, OIICAHHOM B T, 2; 3TH 4Ydcida 3a[al0T COCTOSHUA OTHENBHOTO aToM-
HOTO 2JIeKTPOHA, WpHUYeM uHeJda £, [ MOTYT CcIOyKATh #Aa8  0003HAYeHds
BIEKTPOHHBIX 000JI04YeK. ATOMHK HOMep Z pasiHuaer oT/[elbHEE KBAHTOBEIE
cHMCTEMEI, a He oObeguHAeT UX B ofHY. Ba)kHo orMernTh, 4T0 B MoOHeJH
Bopa 4quena n, I, m, s He MOTYT CAYKUTH IAA HYMepANWH BIEMeHTOB H HE
HCIONB3YIOTCA B 9TOM KadecrBe (cp. [4]).

IlepBass moneTKAa NPUMEHATH «BOZOPOIHBIE» KBAHTOBRIE 4ucia n, [, m
JJIA HyMepamuu 3JI€MEHTOR npHHajae;RuT Mapgeayury, samerusuiemMy B 20-x
IT., YTO TAKAM 00pa3oM IOJydaeTcs yHoOHaA KiaccuUKam|sa HIEMEHTOB II0
ux cBoiictBaM. Ilockoabky ara HyMepanus He HMeja TeOPeTHUECKOTO 000-
cHoBaHUA, MaJeqyAr HasBaX ee (IMIOHPHYECKOH»; B UACTHOCTH, OH He CBA-
3Bal ee ¢ Momedbs Bopa. BosMoskno, HMeHHO m3-3a OTCYTCTBHA 06OCHOBA-
HAA OH OmMyONHKOBaN ee HeoOHYHLIM 00pPa3oM — B CBOEM CHPABOYHHKE IO
MareMaTHUYeCKHM MeTojaM (PH3HKH, BHAEP:KaBOIeM MHoro uafaumii (cm. [7,
584, 586])*. Opgmaxo TaGauma B [7] HEYero He TOBOPHT O HPHPOMAE YHCET
Magenynra. :

ComocraBuM EyMepanno Mapenynra ¢ tadauneil aleMeHToB (cM.Tadu. 7),
3aWMCTBOBaHHON m3 coBMectHoil paGorst 0. B. Pymepa m asrtopa 1971 r.
[11]. Yucna n, I, m, s B Ta6a. 7 He COBHANAIOT € IEePBOHAYAILHBIMH YHCJIA-
Mu u3 [7], Ho oTaWYaTCA OT HUX HECYINECTBEHHON 3aMEHOH IepeMEHHBIX.
Ilpemensr ux M3MeHeHNA CIeAyOINUE:

n=1,2,...;
NpU JaHHOM N: 1=0,1,...,n—1;
1pd FaHHEX 1, I: m=— -1+1,..,1—1,1 (3:1.1)
mpu jamBEIX n, [, m: s = —1/2, 1/2.

Cronfen; TaObamiel, B KOTOPOM HAXOJMTCA JI€MEHT, 3aJaeTCH 3HAUeHUEeM I,
CTPOKA — 3HadYeHuAMEu ! m m; Hampmmep, Mn coorserctByer n=3, [ =2,
m = (. Kampgoil tpoiike n, {, m coOOTBETCTByeT Ilapa 3JeMeHTOB, HyMepye-
MBIX dmcaoM S = £1/2; tak, Mn HyMepyerca mHaGopoMm uumcea (3,2,0,—1/2),
Fe — maGopoum (3, 2, 0, 1/2).

CpasauM Tenepb Tabn. 7 ¢ tada. 1, wzobpakawimeir 6azuc HEKOTOPOTO
HEIPABOMMOrO MpPEeACTABIGHUA KOHQOPMHOW TPYIIEI, ONHCHBAEMOr0 HEIKE.
Jlerko 3aMeTuTs, 4TO mpefelnl M3MeHeHUA umcela n, [, m B ofeux raGammax
OJUHAKOBEL. JTO HABOJUT HA MBICAB, YTO CHCTEMA 3TEMEHTOB CBA3aHa C yKa-
3aHHBIM OpefACcTaBAeHUEeM KOHQPOPMHONW IPYUOH, yiHe YOOMAHYTHIM B ri. 1
NpH ONHCAHUM YHEPreTWYeCKNX ypoBHeil Bofopoma. OKaswiBaeTcsa, YTO MeEH-
JedeeBCKHe TOMOJOTHYeCKHe PARH 3aHEMaT B Tabia. 7 BHodHe ompeneseH-
HOe MoJosKeHue, a HMeHHO COBIAJAIOT ¢ €e TOPH30HTAJbHEIMA PAJAMH, T. €.
nogydaioresd npn (UKCHPOBAHHEIX 3Hadewusx [, m, s u nmepeMennoMm n. Ot-
CIOa yiKe BHAHO, 4YTO KoH(OPMHAA rpynna uMeeT OJHM3Koe OTHOIEHHE K XH-
MHYECKHM CBONCTBAM 3JIEMEHTOB.

*) ApTop y3man o HyMepamum Majeaynra Ha mo3gHeM 3Tane cBoeil paloTel, mocie
omyGaukopanua [15]. Hymepanus s [15], mo cymecTBy copmamaomas ¢ HyMepauueil Ma-
nenyura, Opira upemnokema I0. M. HynawosuM, Tak:ke He 3HaBinMM o Heil (cp. [21]).
Mbl He OpHAePKHBaeMCA 3[eCb UEPBOHAYAJBLHOIO X0Aa Mbicieill, a upAMo HaYHHaeM ¢
yacesa MafeayHra, 970 MO3BOJIAET Jydlle DOHATH M3JaraeMhiil Kajlkile METOH.
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n=1 n=2 n=3 n==a4 n = n==~6 n=17
_ H Li Na K Rb Cs Fr _
=01 He l Be Mg l Ca Sr Ba Ra (=0
B Al Ga In Tl
C Si Ge Sn Pb m = —1
_ N P As Sb Bi _
1=1 0 s Se Te Po m=0
F Cl Br J At
Ne Ar Kr Xe Rn m=1
s= —1/, Sc Y Lu Lr m == —
= 1/, Ti Zr Hi Ku
v Nb Ta _
Cr Mo w m=—1
Mn Te Re m=20
=2 Fe Ru Os
Co Rh Ir .
Ni Pd Pt m=1
Cu Ag Au m=2
Zn Cd Hg
La Ac m= —3
Ce Th
Pr Pa .
Nd U m = —2
Pm Np m= —1
Sm Pu
1=3
Eu Am _
Gd Cm . m =0
Tb Bk m=1
Dy Cf
Ho Es m=39
Er Fm -
Tm Md _
Yb No m=3

IIpoBemenne »Toro 3aMeicia HaTaAKWBAeTCA, ONHAKO, HA JBa IIPEIAT-
crBudA. Ilpesxne Beero, uuciio Majenysnra s He mMeeT OTHOIIEHAS K KOHPOPM-
HOIl rpynme u Hy;xpaercsi B o0bacuenun. B tadn. 7 (coBmagaiomeil ¢ mep-
BoHavYanbHOH Tabmuueil, npegnoskennoit 0. B. Pymepom B 1970 r.) xaskmo-
My 6asmcHOMY BeKTOpy IPECTABJEHHA COOTBETCTBYET He OfMH, a [Ba 3Je-
MeHTa. [lasee, cBOHCTBA 3JIEMEHTOB 3aBHCAT, KAK MB YBHAUM, He IPAMO OT
vuced Mageayura n, [, a or ux. komGunamun n + [. Ho mpempe uem nepeiirn
K HOCTPOEHHWI0 TPYNNB CUMMETPHM M IpeicTaBieHUA, o6bACHAM IIPUHIH-
IMAJIbHELE CMBICJ 3TOTO IOCTPOEHHS.,

Ilpenmonaraercs, 4To aTOMEI BCEBO3MOYKHEIX JAE€MEHTOB 00pasyioT Myib-
TUILTET HEKOTOPOH rpymmsl cuMMmerpuu G B eMmbiciae 2.7, T. e. €OOTBETCTBY-
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10T cOGCTBEHHBIM BEKTOPaM HEKOTOPOro OIepaTopa Macehl, OINpeiesie HHOTOo
B IPOCTpaHCTBE HENPUBOANMOTO YHHTApPHOTO HpefcTaBienns rpynmbl G. Jla-
JNee, 3ajaeTcA IeMOYKa BIOMKEHHBRIX mofrpymn Tuma (2.7.1), ompefelsiomas
CIIMMETPHIO COOTBETCTBYIOIeH KBAHTOBON CHCIEMEBI. PeIyKUus IpejcTaBjie-
HAA TPYONnH G 110 3TUM NOOArpyNIaM MNPHBOAUT K MOCIENOBATEIHHOMY PAC-
HajileEnio MyJbTHAIJIETa BCeX IJeMEHTOB. Ha MeHBIIHEe MYJBTHILIETH, KOTO-
pBle OKa3bIBAIOTCH ©CTECTBEHHBIMH CeMeHCTBAMH 2JIEeMEHTOB H 3aJalT HX
kraccupurammo. TakuM 00paszoM, aToOMBI BCEX DIEMEHTOB OMHUCHLIBAIOTCA KaK
eOUHAR KEaHTO8AR CUCTeMA, HaHORoOWe MYJIKTHILICTOB YHHUTADHOH CHUMMeET-
pun (u B orimdame oT Mojedu Bopa).

Taxoe omucanue Owiiio soepseie npemiomeno B 1971 r. B [11], rae Gwi-
J0 yie MOCTPOEHO COOTBETCTBYIONee TabJa. 7 IIPOCTPAHCTBO iIpe/CTaBIeHNS,
HO B KadecTBe IDynmsl cuMmerpum Opatack SU(2)XSO(4). B 1972 r.
B. I'. Komomejpuenko '[5] BBesq B HavecTBe TPYNIE CHMMETPHH CHCTEMEI
anementoB SO(4, 2}, pacmupus npexncrasienue Doxa rpyoost SO(4) ma
KOH(OPMHYIO TPYUIY; ¢ ajlre0pandyecKoil :cTOPOHH TaKoe pacluupeHiie GHLIO
usBectHo eme u3 paGote [8]. B Tom sme 1972 r. xomdopMuasa rpymma Oniia
He3aBHCHMO IpeioiKeHa A omucanua siaeMentoB Bapyrom [19] m Hosapo
u Bappommgo [18]; ogmako Touka spemus, OIPHHATAS TUMH aBTOpaMH, OBLIA
OTIHYHA OT HAUIeH: OHU PACCMATPUBAJIM TOCTPOEHHYIO CHMMETPHUIO JIHIIb
KaK CHMMETPHIO DJIEeKTPOHHHIX 000JOYeK, He OTHeNiAA ee OT Momedn bopa.
Memxay teMm, ysxe B [11] Gblta oTueTsiiMBO BhICKAasama [ApPyras TOYKRA 3PEHHA,
COIIACHO KOTOPOH peub HUAeT 0 CHMMETPHH CHCTEeMEl aTOMO8 6 YesoM. OTa
TOYKa 3peHHsA, pasBmTas B paborax asropa [14, 15, 22], moprsep:xpmaercs
MaccoBoil (hopMyioli, omucHBalIeil aroMuble Beca anementos [16, 21, 22].
Jlanee, nmemoyka rpynm cHMMeTpHH, MOCTPOEHHAst B »THX paborax, obaamaer
NPeNMYIecTBaMid W IPU ONHCAHMA XHMHYECKHX CBoilcTB, 00HApy:KUBasA He
3aMeUYeHHbie paHee 3aKOHOMEPHOCTH B DKCIEPHUMEHTAJIBHBIX TAHHEIX.

Ilpegcrasmenue rpynmel CHMMeTPHUH, OMUCHIBAIOIIEE CHUCTEMY 9JIEMEHTOB,
OKashBaeTcHd OeCKOHEYHOMEPHBIM; 3TO 3HAYHT, 4YTO IIpedjaraeMas Teopus
TOIYyCKAeT HeOTPAHMYEHHOE YUCJO.DJIeMeHTOB. B 3TOM Her HHKAKOro mpoTH-
BOpPEUNH, MOCKOJIbKY DJIEMEHTHI ¢ GONBUIAMY KBAHTOBBIMH YUCIAMU HEYCTOH-
YHBBL M He BCTPEYaloTcsA B mpupofe. Jlasa cpaBHeHUd HamoMuuM, 4T0 B SU (3)-
CHMMETPMH W3 TeopPeTHUeCKN JONYCTUMBIX Pa3MepHOCTeH MYJIhTUILIETOB 8,
10, 27, 35, ... Berpevalores, mno-BagmMoMy, Jumb 8 u 10, YeroitumBocth
YacTHI[ He ABJIAETCHA MpPeAMeToM HOoo0HBIX TEOPHil. 3aMeTHM ellle, 9TO HAlla
cIcTeMa »JIeMEeHTOB He pasidvaer M30TOOBl, TaK KaK He WMeeT [Ald HUX
KBAHTOBBIX YHCEJ. :

Ceoeofpa3Hoii 4epTofl IpemIaraeMoro ONMWCAHHA ABJIAETCA (HUTHOPUPO-
BaHHE» CTPYKTYpPbl aTOMOB, Nemkaideil B ocmoBe mopmenu Bopa. Pasymeercs,
npd 5ToM TepdAeTcd HMHEQOPMALHA, 3aBUCANMAS OT ATOMHOW CTPYKTYDBI, HO
MokeT OwITh IIOJNy4eHA M HEKOTOpas HOBasg uH@opManws, He ycMaTpuBae-
Masg U3 CJOMHON KADTHHBL DJIeKTPOHHEIX ofolouer. Cmepx Toro, MaccoBast
¢opMyna M HEKOTOphle APYrHe Pe3yJbTATH B0OOINe He MMEIOT OTHOUIeHWS K
Momenu bopa, a kacaworéa aroMurix spuep. Ilpmmenenme K aroMaM Toro e
rpyIoBoro mOOXofa, 9T0 U K «HJIeMEeHTapHBIM» YacTHIaM, BDAX JM MOMKeT
BLI3BAThE BO3PAsKeHUA: TeIeph Mbl 3HAEM, 9TO U AXPOHEI WMEHT CIOKHYIO
crpyxrypy. Hak ™Mbl ysKe Bumenrum B . 2, caMo IOHATHE dJIeMeHTap-
HOCTH YACTHIEI 3aBHCUT OT IIOJOKEHHOW B OCHOBY ONWCAHUSA TPYILILI
CAMMETPHH.

Ha o6bi4HOM sisbiKe CTPYKTYDPHON TEOPHM MOMKHO CKa3aTh, YTO OfHA U Ta
e CHMMeTpUs ONNCHIBAeT y Hac W AApa, U DIEKTPOHHBIE 06OJOYKH; DHTO
MOJKeT BBI3BATh HETOyMeHHe, IOCKOJIbKY SIepHble CHJIbI HUMeI0T WHON Xa-
pPaKTep W [PYryio BeluduHy, 4eM KyJjJoHoBckme. Ciegyer, OTHAKO, MMeEThb
B BUAY, YTO MpPEIJIaraeTcAi He CHMMETPHS HYKIOHHOr0 WIH KYTOHOBA IIOJA
KaK TAaKOBEIX, HO (HA A3BIKe CTPYKTYPHOH Teopuu) CHMMETPHS ONpeJeleH-
HBIX KoM@uzypayuil HYKIOHOB H 3JeKTPOHOB. KCTecTBEHHO, CHMMeTpHA
ANEePHBIX KoHQUrypauuil MO/KHA BBEI3BATH AHAJNOTMYHYI0 CHUMMETDHIO HJIEKT-
POHHEIX: KaK MOMYepKHBaeT 30MMepQelibll, «CTPOeHUe aToMa OT 8HYTpeHHell
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yacTu 0o nepudepuu 00HO3HAUHO QnpedesfeTcs 6eauduHoll 3apada adpar»
[4, t.1, c. 134]. ) :

Ucnonnszopanme omuoit m Toii sKe (KOH(POPMHOM) rpymmel AIs ONACAHHSA
aroMa BOJOPO7ia M CHCTEMBI JJEMEHTOB BOBCe He 03HAYAET, UTO pedb HfeT
00 oguofi uw roil ke Teopuum. Horndopmuasg rpynma BcTpeuaercsi B COBpeMeH-
HOIl (m3mke B caMbIX DasUYHHIX CHATYamUAX K o0eljaeT cTaTh CTOJb JKE
yHHBepcanbHOl, Kak rpynma Jlopennma. B komdopMHO#l rpynme ecTh «IIOBBI-
Iaiollue» U «IOHUKaoIHe» omeparopsl airebper JIu, amamormunsie L, L_,
HO B clIydae aroMa BONOpPOJAa OHH IePeBOMAT JAPYr B ApPyra pasiImyHBIE BO3-
OysK[eHHEBIE COCTOAHWA 3JIEKTPOHA, & B HAIIEM cﬂyqae—nepenonm opyr
B JIPYTa aToMbl PA3IHbLET IAEMEHTOE,

HojuepkueM ellle pas BaHeillliee OTIHMYEe IpPeJIAraeMoii TEODHI OT
mozmenn Bopa: B To BpeMa Kak Mofiejdsr Bopa paccMaTpuBaeT B KauecTBe
0T0eAbHOU KEAHTO80U CUCTeMb, aTOM OJHOTO 3JeMeHTA (HpHYeM aTOMHBIH
HOMEpP BXOJUT B TEOPHIO B BHJe HapaMeTpa, TaK YTO MMEETCS CTOJNLKO KBaH-
TOBBIX CHCTEM, CKOJBHKO 2JIEMEHTOB), B Hallleil MOMEJNHM ATOMBI BCEBO3MOK-
HBIX 3IEMEHTOB PACCMATPHBAIOTCA KaK COCTOTHHA eJ0UHOU KEaAHTO080U CU-
cTeMbl, COEIMHAEMbIE IPYT ¢ APYTOM [efiCTBHEM IpYIIbl CAMMETPHM.

3.2. Koudopmuasa rpynna

Paccmorpnm mwectuMeproe mpocrpancTBo R(6) ¢ 1mectoio peficTBUTENb-

HBIMH KoopamHaTamu §i, ..., §¢. Bce ummeiineie ofHoponnble mpeoGpasoBanus
9
= szl Caﬂgﬁv . . (3.2.1)
coXpaHsIoINle KBaJpaTHuYHYI0 PopMy \ _
QG .. B)=H+E+L+E—-E—E&, (3.2.2)
1. e. obmamaiomue csoiicreom  Q (&, ..., {E,{;) = Q¢ ..., &) o0pasyior

rpyuny, o6osnadaemyio O(4, 2). Iogrpymma srofl rpymnel cocToAmias u3
npeoGpasosaunii ¢ ompepeanTesneM 1, wasmBaeTca KowgopMHOU 2pynnoi u
oGosnagaerca SO (4, 2). Sanmmem gopmy (2) B BHfE

6
= 2 Zaplakp: (3.2.3)
o,f=1 . .
rae gu = g2 =g =gu =1, gss = ges = —1. Torma u3 ycaoBusa coxpamne-
Husg POPMBI cllelyeT MATPHUYHOE PABEHCTBO
='CGC, rae 'Cop = Ca, (3.2.4)
n obparso, Jli1sa opgHOHapaMeTpHuYecKof MOArPYINsl KOHPOPMHON TPYIIBI
Cy,=e ™4, (3.2.9)
rae A npumapuemut anre6pe Jlu sroii rpymmsl, ms (4) caegyer Cpt =
N .

=" A=Ge G, 1. 6. 1tia'A+...=1—iaGAG'+..., tHe MHO-

TOTOYHS 03HAYAIOT WJIEHBI BBICIIETO MOPAAKA IO o, OTKYHA
‘A=—GAG™. (3.2.6)

ITO ychoBHe, AHAJOTHYHOE AHTHCHMETPUUYHOCTH B cJydae OPTOrOHAILHOM
TPYHIE], HMOJHOCTHIO ompenedser airefpy Jlu Roudopmuoil rpynmel. Beumgy
CHENUANbHOTO BUAA MATpUOel (G 3TO PAaBHOCUJILHO PaBEHCTBY

Apy = —Zaalapdps- (327)

Orcioia ACHO, 9T0 Gae =0 W UYTO 3JAEMEHTHI MaTPUNL A, PacCIoJOMKeHHLIE
BHIIlIe TJIABHOIl j{HaroHa/®, MOJHOCTBIO ee 3afar, Tak wak Marpuoer A 3a-
BHUCAT TeM caMbiM oT 15 mapaMmeTpoB, To w Marpunel Tpymmei C = €' 3aBu-
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CAT OT TOTO Ke YHclha HapaMeTpPoB, a CJIef0BATeIbHO, Pa3MepPHOCTH TPYNIHL
" 8O (4, 2) pasma 15.

‘Herpyano yxa3aTh HPOCTYI0 CHCTeMy reHeparopoB anreGpsl Jlu, coot-
BercTByomuax 15 oguomapamerpmueckum moarpynmam. Iloarpynmam Bpamie-
HE# B TWIOCKOCTAX (EuEp), rme 1< a <P =<4, cooTBeTCTBYOT, KaK M B CIYy-
Yae OPTOrOHAJBbHOH TIpynnbl, reHepaTopsl Lgs ¢ [BYMS HeHYJIEBRIMH 3Ie-
MeHTaMu: :

(Lap)ap = —i, (Lag)pa =1 (3.2.8)

IMoprpynmnam runepGonuyeckux ppamennii B mwiockoctax (E,E), rae 1<y <
<4, 6=5,6, 1 ] i 82— &2 :
<4, §=05, 6, T. e. mpeobpasoBarnil, coxpamaomux ¢dopmy &, — & coot-
BETCTBYIOT reHepaTopsl Lys ¢ [ByMA HEHYJeBRIMH DJI€MEHTAMH:

(Lys) =1, (Lp)sy=1. (3.2.9)

Haxonen, moprpymnne spamenuil B miockoctd (Esf), KOTOPYIO MbI Jjid yIi-
pomeHunsa pmaibHelmux gGopMyT 3afafuM B BHJE

’ - ’ .
B, =E,cosq + Egsina, Eg=—E sina + E;cosa
(¢ u3MeHeHMEM 3HAKA TapaMerpa ¢ II0 CPAaBHEHUI ¢ OOBIYHBIM), COOTBET-
CTByeT renepartop Lsg ¢ IBYMS HEHYNEBBHIMA dIeMeHTAMH:
(Lse)se =1,  (Lse)es = —i. (3.2.10)
Jlerko Bumpmers, uTo obImee umcao omepatopoB (8)— (10) paBmo 15 m oHm
nuHeiiHo mesaBUuCHUMBI. IIOCKONBKY pasMepHOCTb aireOpel JIu Takie pasHa

15, OHM COCTABIAIT TMOJIHYI CUCTEMY reHeparopoB rpyumnsl SO(4,2). Ompe-
genuM emie MaTpuOel Lgp ¢ & = § dopmyaoit

Lup=—Lsu (1<B<a<B), Lu=0. (3.2.11)
Torga MoHO IPOBEPUTH CleAyOIIe HepecTaHOBOYHAIE COOTHOUIOHMA:
[Las, Lrs] = i(8arLoe + gooLar — §ausLor — gorLis) (3.2.12)

(er; B, v, 6=1,...,6, a#B, y#0).

dna noctpoenwms mpefcraBieHmil ymoGHee mepeHiTH K CHCTeMe 3a8UCUMBLEL
reneparopos, npemiokennoin o [33]. Beemem 18 marpur

Jy= g Ly — Ly, Jy= 5 (Lyy— Ly, Ty= 4 (Lyy— Lyy),
Ky =g Loy + L)y Ky= 5 (Lyy + Log)s  Ky= 4 (Lyy + Lay),
(— Lys—Lag)  Po= 5 (Lys — Lyg), Py= = (— Lyy— Lyy),
(Lys—Lsg) @y =5 (Lag +Lag)  Qy= 5 (Lys — Ls),

1
( L15 + L26)’ Sz =7 (‘_ Lzs - Lle)v S (le - L5e)’

-

(3.2.13)

-

N O
I
o = N[A pof = ol o

1 1
(— Lzs)r Tz =7 (L25 - Lw)’ To= D) (" le - Lss)v

CBA3AHHBIX TPEMA COOTHOIIEHHUAMHUA
]3-—K3=P0——00, ]3+K3=So—.T0, P0+00=So+T0. (3214)

ll

ITepecranorounnie oTHOIIEHUA AiA reHepaTopoB (13) monyuarorcs ma (12) ¢
MOMONIHI0 OYEBHIHBIX, XOTA H HECKOABKO YTOMHTEJIBHBIX BhlYmcheHmi. Omnug
yaoOHee 3aIMCHBAIOTCA JIJIfL OIIEPATOPOB KOMIMIEKCHON 060104Ru anreGpsl Jim:
eCcJIN TOIOMKHATH

]d:=]1:|:i]21 Pi=P1:tiP2’ Si=Slii‘SQ,

Ki =K, x iKQ, O:t: = 01 -+ i()2’ -Td: =T % Z'_TQ, (3213)
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TO MoJlyyaeM TepecTaHoBouHEe coortHomenusa flo (maa mommManus pmanbueii-
IIero KOCTATOYHO 3HATH, UTO TU COOTHOIIEHHA CYMECTBYIOT):

5 Ji 1=, [Js, J-]=—J- [V, J-]= 273
[K3, K. ]=K, [Ks, K-]=—K_ K., K_]=2K3
[Po, P,J=P, [Po, P_]= —P_ [P, P_]= —2P,
{Qo, ()Jr]‘= Q- [Qo, Q-] =—0- [0+, O-]= —2C0
[So, S.]=S. [So, S-]=—S- [S;, S_]=—28,
[To, T, ]=T. [T, T-]1=—T_- IT,, T_]=—2T,
I;, K;\]=0 (i, j=+, —, 3)
[J., PL]=0 [, P]=—T_ [J+, Po]=—(1/2)J.
[J-, PL]=T. /-, P_]1=0 [/, Po]=(1/2)J-
Vs, Pr]= (1/2)P, U5, P-]=—(1/2)P_ [J3, Po]=0
Vs, O1]=S4 Ve, Q-1=0 [Vss Qo] =(1/2)71,
[/-, Q+]=0 V-, Q-1=—S- [J-, Qo] = —(1/2)J
[73, Q+]1=—(1/2)0, U5, Q-1=(1/2)0- /3, Qo] =0
Vs, S4]=0 - Ve, S-]=—0- Uss Sol =—(1/2)J
[J-, S.]= 0. [J-, S-]=0 [7-, So]=(1/2)J-
[Js Si]1=(1/2)8S, [J3, S-1= —(1/2)S- [J5, So]=0
Ve Ti =P, [/, T-1=0 (s T0]=(1/2)]+
[J-, TL]=0 [J-, T-]=—P_ [J-, To]=—(1/2)]-
s, T.]J=—(1/2)T, |15, T-]=(1/2)T- [73, To] =10
(K, Pi]=—S., [K+; P_1=0 [K,, Pol=(1/2)K,
[K_, P.]=0 [K_, P_]=S_ [K-, Po]= —(1/2)K_
[Ks, Py]= —(1/2)P, [Ks, P_|=(1/2)P-  [K3, Po]=0
K., @:]=0 K., Q-]=T- (K., Q)= —(1/2)K,
K-, Qi]=—T, [K-, Q-]=0 [K-, Qo] =(1/2)K-
[Ks, Q4]1=(1/2)0, [Ks, Q-]1=—(1/2)Q- [Ks, Qo] =0
[K,, S¢]=10 [K., S-]=P_ (K., Sol=—(1/2)K,,
K-, S,]=—P, [K_, S-]=0 [K-, So]=(1/2)K_
[Ks, S ]=(1/2)S,  [Ks, S-]= —(1/2)S- [K;, S]=0
K, Ti]=—0, K., T_1=0 [K., Tol=(1/2)K,
(K-, 7+]=0 K-, T-]= Q- [K-, To] = —(1/2) K-
(K3, T,]=—(1/2)T+ [Ks, T-]=(1/2)T- [K5, To]=0
[P, Q;]=0 . (i, j=+, —, 0).
[P., S:]=0 [P+, S-]= K- [P+, So] = —(1/2) P,
[P, S;]=—K, [P-, S ]=0 [P-, So]=(1/2)P_
[Po, S:]=(1/2)S, [Py, S-]= —(1/2) S [Po, So]=10
(P, T,]=0 [P, T 1=-J, 2., T0]=_(1/2):P+
[P_, T, ]=J- [P, T-1=0 [P, To]=(1/2)P_
[Po, T:]=(1/2)T,  [Po, T-]= —(1/2)T- [Py, To]=0
[, S:]=0 [0, S-]=—I- [Q+, So]l=—(1/2)0Q,
[C- Sil=Js [¢-, S-]=0 [Q-, So] =(1/2)Q-
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[Qo, S:1=(1/2)S; ~ [Qo, S-1= — (1/2)S_ [Qo, So] =0

[Q+, T+]1=0 [Q+, T-]= K. [Qx, To]l = —(1/2) Q4
[0-, T.]= —K_ [0-, T-]=0 [Q-, Tol =(1/2) Q-
[Qo, T4]= (1/2)Ty  [Qo, T-]= —(1/2)T- [Qo, To] =0
IS, T;]=0 (i, j=+, —, 0) (3.2.16)

o . ’
Haiigem npeobpasosanus (1), coxpamamnmme &5, &6, T. €. TaKue, 4T0 & =
s
=E,ts =8 B rakom cayuae JoisKHO OBITH C56 = Cs =0, €55 = ces =1,
css=ces=0 (1<<P<<4) u u3 (4) caegyer, uro Marpuna C mMeer BHU]

Cap| 0
C = 10}, (3.2.17)
0101 ,

mpmueM u3 coxpaHeHWA GopMmmer (2) BEITEKaeT, YTO Tpeodpas3oBaHUEe C IIO-
MOIIBIO MATPUIEL 9eTBEPTOro mopsamaka (Cup) (1< a, f=<<4) coxpanser gopmy
y §§+§§+ gi. Tlostomy mopgrpynma upeoGpasosammit (1), coXpaHAOMUX
E5, &6, HAXOAUTCA BO B3aMMHO OJ[HO3HATHOM CoOTBeTcTBHM ¢ rpymmoit SO(4),
opuyeM ymuoskenuio marpuiy (17) coorBercrByer ymuOskenume B SO(4); ato
sumayut, uyro Marpuis (17) obpasyror TOArpymiry SO(4)’ rpyunst SO (4, 2),
nsoMopduyr SO(4). T'eneparopar anaredpsr Jlu moarpynmer SO(4)’ coorsert-
CTBYIOT offHomapaMerpmueckum noprpymmaM SO(4), 1. e. SO(4)’ umeer re-
nepatTopsl Lo ¢ 1 <a <P <4. B cuny (13), MO¥KHO B3ATH uX JIMHEHHO He-
sasucuMEle KomOunauuu J,, K, (k=1, 2, 3).
IIpeoGpasoBanns DOATPYIIILL 80(4)', coxpaHsAwIHe Takxe E4, 00pasyior
MOATPYNILY, COCTOSIIYIO M3 MaTpHI] BUJA
Oqp 0
C = [FT]’ (3.2.18)
rae (0as) (1 <<a, P <3)— oproronaipHad MaTpHLi@a TpPeThero IOPAAKA C
ompegenureseM 1, a B IpaBOM HHKHeM YIJy CTOMT eNHHHYHASA MaTpHIla
TpeThero mopsaaxa. Idra noprpynua msoMopdhua SO(3). Temeparopamu ee
anrebpst Jlu aBasorea Lo ¢ 1 <a<P<<3 uim ux HesaBHUCHMBIe JWHEIi-
goie KomOmmarum J,+ K, (=1, 2, 3). Bymem o0603HauaTh MOTpYIIiIbi
SO (4, 2), uzomopdusie SO(4) u SO(3), npocro uepes SO(4) u SO(3). Ha-
xomen, B SO(3) Mouo BrgeanTh mogrpynny SO (2) upeobpasoBaumii, coxpa-

gAomAax £;. TakuMm o0pasoM, Me moApo0HO ONHCANU IIOCTPOCHHE IEMOYKH
rpynn (1.4.11).

3.3. CnenmaasHoe mpejcTaBiaenne KOHPOPMHOM TpyHbI

Hauynem ¢ npencrasienus rpynusi SO(4), pacecmorpennoro B. A. @o-
woMm B [17}. OGosnaumm uepes R(4) dweThpexMepHoe €BRIAMAOBO IIPOCTPAH-
CTBO C [IEKAPTOBRIMH KoopAMHATaMm &, E2, &3, Es4. IlomueprmeM, dto R (4)
He clejlyeT CMEMIUBAaTL ¢ TPOCTPAHCTBOM MHHKOBCKOTO cHEMUaThHOH Teo-
pHH OTHOCHTeNbHOCTH; KoopamHaTtu &, (k=1, 2, 3, 4) me mmewT npaMoro
Pu3MYeCKOTO CMBICAA, U UX HE CIeAyeT CMENWBATH € MPOCTPAHCTBEHHO-BpE-
MeHHEIMI Koopaumuaramu. I'pyuma SO(4) peiicrByer B R(4) wax rpymma
OPTOTOHATBHBIX Hpe06pa3OBaHnH ¢ onpepenuresem 1. Mosmuo Owio 6m 3a-
ATh MpENCTaBIEHNe DTOW TPYINH B TPOCTPAHCTBe (DYHKIUN UeThIpeX mepe-
MeHHHIX E,, kak Obli0 3agano mpencraBiaenue SO(3) B nmpocrpancTse GyHKimil
Y(r, y, z), HO TaKoe MOCTPOeHNMe He HMeeT 3HAdYeHHs [ns (usurn. Bme-
CTO 2TOrO HpejcTaBieHue crpoutcs, ciexya Mokry, B mpocrpaHcrse §F DyHK-
nuif, ompeseieHHEX Ha c)epe emuHHYHOTO pammyca B R(4), unTterpmpye-
MEIX B KBajpaTe 1o 3To# cgepe.

Cgepa S B mpocrpanctBe R(4) 3agaerca ypaBHeHHeM H+EB+E+
+ 82=1- B marematnre Takadg cdepa HaA3KIBAETCA TPEXMEPHOH, IOCKOIb-
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Ky ee TOUKH ONMMCHIBAIOTCA TPeMs HE3aBUCUMBIMH IIapaMerpaMmm (OTKYXa HH-
Jexc 3 B ee obosHageHmu). B KauecTBe mapaMeTpoB MOKHO B3ATH .YeTHIpEX-
MepHEIe cepuuecKme KOOpIUHATH o, ¥, ¢, CBA3AHHHIE C J:[eHapTOBBIMI/I KO-
OpAMHATAMH CJeIYIOIuM 00pazoM: :

&y = sin o sin ¥ cos ¢,

& = sin @ sin ¥ sin @,
€3 = sin « cos 0, (3.3.1)

Ey=cosa,

rie O0<a<s<mn 0s<O0<umn 0<q¢=<2n. Jlerko BuUEeTH, 4YTO KOOPJAMHATEHI,
posiyuenasie um3 (1), yIoBIeTBOPAKT ypaBHeHuio cepn S, JaeMenT MmwiI0-
magn Ha 53, cooTBETCTBYIONUII M3MeHeHHI0 cepudecKMX KOODAUHAT B, Ipe-
menax (a, o +da), (&, 9+ d9), (¢, ¢+ do), naxogurea TOIHO TAK e, KAK
B TPeXMePHOM MpocTpancTBe, u nMeer Bux dQ=sin’asin® da dd de. Taa
QyHKIUI, onpefeleHHbX Ha S°, BBOIMTCA CRAIAPHOE MPOM3BEJEHHE

(D Xy = (@, 9, ¢) X (a, 0, ¢) dQ. (3.3.2)

JTo npounsBejleHNe KOHEYHO /I (GPYHKIHN ¢ MHTErpHPYeMbIM KBaJpPaToM, T. €.
rakux, uro maTerpan (D@ komeuen. I'mabOepToBO NUPOCTPAHCTBO TAKUX
d)ymmlm o6osnauynm §F. Oynriuu Ha cPepe S? GyneM zammCHIBATL JJIA Kpart-
roctu B Buge D (p), obosmauas uepes p Touxy (a, ¥, ¢); 2n? — niIomaxs
TpexMepHO#i cdephl.

Jaa wrammoro uerbipexMepuoro spaitenuss O uz rpymust SO(4) dop-

MyJaa
Tod =@, @ (p)=(0p) (3.3.3)

3afaeT JduEeiHbIE omeparop B mpocrpancrBe . Tak ke kax B caydae mpen-
crasienns SO(3) B mpocTpaHCTBE BOJHOBBIX (DYHKIMIL, MOKA3BIBAETCH, UTO
3TUM 3ajaeTcA JguHelnoe mnpefcraBiaenue SO(4) B umpocrpamcTse §. 3ame-
THM, 9TO ecd® TodKa p upuHAmemuT S° to O~ lp Tamse npuHagiessur S5,
Tak uyro ompemenenue (3) wmemonpayer awiub 3uauenmsi Pymkunmum D(p) =Ha
cdepe, BHe Koropoit D me paccMaTpuBaeTCA.

OpHonmapaMeTpuueckne moarpynnel Bpaimmenuit B miockoctsx (E., &)
MOPOKIAI0T OIepaTopsl B §, mpeacrasidiomue anredpy Jlu rpymmst SO(4)
M WMemue TOT e BHJ, uTO OOBLIYHEIe OIEPaTOphl MoMeHTAa (3a MCHIIOUe-
HUEeM MHOMHTens %, KOTOpwil 3feck orfpaceiBaercs); 00o3Hauas aTh oOme-
PATODH TaK e, Kak Martpunsl ainredps Jlu, MOKHO 3anHCATH MX CIERYION[IM
ofpazoM:

1 1 0
Log® = 7 (& o7, — & o) ® (3.3.4)
(@ B=1,2, 3, 4),

T7ie TIPOM3BOJNHEIE M0 E, MOHUMAITCA B oIpe[eJeHHOM HUMe CMBIciIe. MoKHO
BHIDA3UTh ONEepaTops! L.s 9epes HMpOH3BOJHEIE MO cPepHecKHM KoopaAHATAM
o, ¥, ¢, TaK e KaK 3T0 NENaeTcs B TPEeXMEDHOM IIPOCTPAHCTBE, a 3aTeM
npuMeRNTh uX K Qyuruuam @ (a, ¥, ¢). Moxno mocrynmats uHage: mMpomol-
NTh QyERuMu (D HA CIO# YeThipexMepHOro mpocrpamctBa R (4), TpuMEL-
Kaommit & S rtar, 4ro6m HomyuenHbBIe (YHKOEH OBLTH HEeNPepHIBHO IHE-
(depernpyeMbl, U 3aTeM IPHMEHWTh K HHM omepaToph (4), paccMaTpuBas
naliieRHEyI0 TakuM o0pasoM Qyukmuio Toidbko Ha S° OkraseiBaeTca, 4To pe-
3yIbTaT HEe 3aBHCHT OT CI0cO0a IPONONMKEHHS W COBHANAET € MOJYIeHHBIM
nmepBeIM nIyreM. Jlerko mpoBepuTs, 4TO omepaTopel (4) MMewT Te jKe mepe-
CTAaHOBOUHEBIE COOTHOIIEHHA, KaK Marpunsl L.s rpymnst SO(4), B coorBer-
creum ¢ oOmell Teopueil mpexcrasmenuii, omucanuoit B 1.3. B mammoM cayuae
npefacraBienne {7} ObIJIO MOCTPOEHO HENMOCPENCTBEHHO [JfA BCEX BpAIIeHUit
O mo dopmyne (3), a 3aTeM U3 Hero OBLIU NMOIYYEHBI IPEJICTABJIAIONIEE OIe-
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paropo ajre6pot Jlu. Ucxoms us ompepmenenua (3), Jderxko mokasaTh, 4TO

npepcrapienue {T,} yaurapro, OHaK0 0HO ORA3HIBAETCH IPUBOIAMBIM.
Pasnomenne npocrpancTBa § Ha HENPHBOAMMEIE IHONIPOCTPAHCTBA IIPO-

M3BOMTCA clegylomum obpasoM. M3 omeparopos (4) cTpourca omepatop

4
A= D} L%, (3.3.9)
a,f=1
aHaJOrM4HLIA omeparopy moidmoro Momenrta L2 [loabaysach mepecTaHoBOY-
HBIME COOTHOIIeHMAME A L. (eM. (2.12) ¢ umgercamum ot 1 mo 4), me-
TpynHO yOemurThesa, 4to A? mepecraHoBOoueH co BeeMH Lag (1 << a, p<<4)
A TeM caMbIM fABasercd omepatopom Hasumupa rpynusr SO (4). Ilo ocmos-
HOMY CcBOHCTBY omeparopos Hasumupa, HempmBOgHMEIE NOJNPOCTPAHCTBA
AOMKHEL OBITH coOcTBeHHBIMH TpocTpaucTBamMu A? Urolwl HallTH Takdme mof-
TMPOCTPAHCTBA, BOCMOJAB3yeMcA pasioxkenmeM ¢dynkuuit Ha D (p) WO dYeTHI-
pexMepusiM chepuyeckuM PyHRIUAM. ITH YHKOHAHA, TONOOHO TPEeXMEPHBIM,
moJNy4alrcsd Kak cdepruyecKHe 3HAYEHUA TapMOHMYECKAX TONUHOMOB. [ap-
MOHMYECKAM TOJIMHOMOM n-ii cTelleHN HA3RBAETCH OMHOPOAHBIR modumoMm P,
cTemeHn n OT KoopamHAaT £, &g, &3, &4, YIOBIETBOPAKIMUN YeTHIpEXMEPHOMY
ypasmennio Jlammaca:
2 2 2 2
A4Pn=(a— a—+,‘i+—‘3—)Pn=o.
og? el el ol

IMogcraBaaa B P, Beipamenun §, uepes cdepumyecknme xoopauuarm (1), mo-
ayvaem ¢yuruuw Y,(p)=Y,.(a, ¥, ¢), KoTOopaa u HasbBaeTcd cdepude-
ckoil dyuKumeii n-ro mopanka (n=0, 1, 2, ...). Kak mMouo moxasars, ce-
puyeckne PYHKIAA DasHBIX MOPAAKOB GPTOTOHANBHBI ADPYT [APYTY B CMBICTE
cranapuoro mpousseennsn (2). Bearkaa ¢yurmua @ w3 upocrpancTBa § Of-

d
HO3HAYHO pasiaraercd B psf o cepuueckum Pymrmuam: @ = X V,. Teu
n=0

caMBIM TIPOCTPAHCTBO § pasmaraeTcsi B OPTOTOHAILHYI0 CYMMy WOAIPOCT-
pamcTB amamormyno pasnoskenuo (1.4.7):

= %1 s (3.3.6)

rme §. — mommpocTpancTBo u3 Beex cdepuueckux yurmuit (r— 1)-ro mo-
pagka®. Kampoe §. ABigerca coOCTBERHBIM IOLIPOCTPAHCTBOM oOliePaTopa
KasrMupa A? ¢ coberpenneiM snadenmeM n’? — 1. Momno forasaTh, 4To Bce
. HeMPUBOIUMEL IO OTHONIEHHIO K rpymme SO (4).

Yersipexmeprsie cepudeckne pyurnuu. Y, i(a, O, ¢) (=1, 2, ...)
ONHO3HAYHO PA3jaraioTCs MO0 OPTOHOPMUPOBAHHOMY O0asMCy, COCTOALEMY H3
byurmui

Do (00, @, ) = Iy () Y™ (D, 9), (3.3.7)
e Hn,.(a)— HEKOTODEIe IIOJMHOMEI OT COS@ W Sino, a yim (0, ¢) — o6bru-
Hoie (TpexmepHbie) cheprmueckme yuriunm, npuyem n =1, 2, ...; IIA gaH-
goro n, [=0,1, ..., n—1; qaa mammoro [, m= —1I, —I{+1, ..., 1 —1, ¥,
ITpu durcupoBannoM n BEMeeM pasioiKeHHe
Yoc1(a 0, @) = X cum®uim (2, O, ¢). (3.3.8)
m

Ilpn ¢urcuposauubix n, ! moiydaeM HMOQUPOCTPAHCTBO .. ITHM TOAIPOCT-

*) B nmeiicTBHTeNLEOCTH pasiioskenme (6) TecHo cs3zamo ¢ (I.4.7): cymiecTByer m3o-
Mopdu3M TIPOCTPAaHCTBA BOJHOBBIX QYHKROWHE R ¥ mpoctpamcTBa ¥, mepesoasAmmuii oaHO
pasnosenue B gpyroe. A BhIpaskeHHmA DTOro m3oMopdmsMa, a Takike [JA YIPOLieHAA
narebEeHmMX o6o3HAYEHUH, B MOAUPOCTPAHCTBO §n BRINYEHH IOIMHOMH CTemeHH n — 1

a me nj.
( **) TlompoOHOEe W3JOMEHWe TEOPHH MHOTOMepHLIX chepudecknx (GyHKROUMIEA ¢ coBpe-
MeHHOI IPYNIIOBOH TOZKA 3peHHA cM. B [1].
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PAaHCTBAM COOTBETCTBYET pa3jioiKeHHne
n—1
Fn= B Fu (3.3.9)
=0

IlpeoGpasoBauusa moarpynmer SO(3) (coxpansiomme E4) peiicTByIOT,
0YeBHUIHO, TOJHKO HA IepeMeHHBIe ¥, ¢, TaK 9T0 KaMJ0€ Fn — MHBAPHAHT-
woe mogmpocrpanerBo SO(3). Basuc B F. cocraBiasior Bce D ¢ PUK-
CHPOBAaHHBIMU R, [, cilefoBaTeibHO, pasMepHOcTh Fn paBua 2I+ 1. Orciopa
monyvaerca B cuiy (9) pasmeprocTh F.: oma paBra n’. Jlerxo yGemgurhed,
YT0 KaK/0e IOJIPOCTPAHCTBO $Fn HEIPUBOANMO OTHOCHTENHHO MOAPYIIIBI
SO(3) {cp. usomoppuoe pasnoswenue (1.4.9)).

Bce @,;» ¢ umgexcaMs, yIOBIETBOPAION{HMH YHKA3aHHBIM BBIIE Hepa-
BEHCTBAM, COCTABJIAIOT (aswe OpocTpaHcTBa §. ITOT Oasuc wuszobpaykaercs
wirerkamn taba., 1. Bepruranpmsle cronOnel TaGia. 1 m300paskaoT HempHBO-
OUMBle HOAIpOocTpaHcTBa §,. moAarpymmsl SO(4), BepTHKAJIbHbIE NIPAMOYIOJdb-
HUKH — HENIPHUBOJUMEIE NOAUpPOCTpaHcTBa F, moxrpynnsl SO (3).

9THM 3aBepllaercd pasioykenue upejcraBienna @Dora, COOTBETCTBYIO-
mee memouke moarpymm SO(4)> SO(3). Ioarpynma SO(2) (coxpanswoman
E3) y:e He npelcTaBifeT HHTepeca, MOCKOJABKY Bce @D, — cobcTBEHHBIE
¢yuruun ee remeparopa L2, Tak 4T0 HempuBOAuMbie mopnpocTpancrsa SO(2)
oxunoMepubl. C anreGpamueckoil Touku speHus upeacrasienne Dora cTpagaer
Cepbe3HBIM HEJOCTATKOM: OHO HPHBOJMMO, UTO YKA3BIBAET HA BO3MOMKHOCTH
pacHIMpeHHd 9TOT0 OpeacTaBieHnsa Ha 00gbiryio rpynomy. Tawoit rpynmoit u
aBasgerca koudopmuasa rpymnma SO (4, 2).

[lna pacimpenus npegcraBienna Qora yiKe He YHAaeTCA BOCHOJIb30BATH-
ca ¢dopmynoil tuma (3), mpaMo sajaiolleil olepaTophl IpPeJICTABIEHHS [0
- Matpunam rpynnel. [Ipumensercs merofl, omucaHHblil Ha IpeAcTaBleHuE Ga-
‘auca anrebpel Jlu, Mpl mpmBefeM 3pech OKOHYATEJBHBINI BHA OMEpPaTOpPOB,
TPeCTaBIAIIINX renepaTophl kKoudopmuoi rpynnst SO(4, 2) (em. 3.2). Ax-
redpanyecKie MeTOHbl, HPHBOAAIINE K ITHM pe3ylbTaTaM, HE MOryT OBITh
3[lech M3JOKEHDbI, U [JI1 MOHMMAHNA NaJbHEHIIero JoCTaTOYHO 3HATH O CYIIe-
CTBOBAHUI IPEJCTABIEHHSA, IMETH B BUJY CTPOeHHe ero 0asnca, naobpaskaedoe
trabn. 1, ¥ moMHUTH cmenmalabHOe cBoifictBo omepatopos 1., I'_, mpuBemenHOe
HEKeE.

Haunem ¢ Toro, uro BoiGepeM B MOAIPOCTpaHCTBAX &, HOBBIE (aslcel, HE
cBA3aHHble ¢ pasioxenueMm (9), HO ymoOHBIE IJiA 3aHHCH OHEPATOPOB TIpef-
crasaeuna SO (4,2). Ilpu gaBHOM n B MpPOCTPaHCTBe §,. [eiicTBYOT mepecTa-
HOBOYHBIE 3PMHUTOBHL omeparopsl Js, K3, mpeAcTaBasoIiie MaTpPHIL aireGpbl
JIm rpynmer SO(4) (cM. (2.13)). Mosuo cocraBHTH (asHC LPOCTPAHCTBA &
3 00mux coOCTBeHHLIX BeKTOpPOB 3Tnx omeparopos. Ilomosmmm j=(n—1)/2,
Torga j — uwesoe Ium moaymedoe umcao, j=0,1/2, 1,3/2, .... OGozraunm
uyepea |j, 6, 1> cobGcTBerHEIi BekTOp omepaTopoB J;, K3 ¢ coOCTBeHHBIMA 3Ha-
YeHAAMH COOTBETCTBeHHO 0, T. OKaspiBaeTcs, 4TO B T, CYMIECTBYIOT BEKTOPHI

Ij’ g, T>(]=(n—1)/27 0=—j7 ’—j+17'-'7j'— 17]7 T=—j, _j+177j_17])7
(3.3.10)

COCTABJIAIININEe OPTOHOPMUPOBAHHEI Gasuc F,. Hmeao ux, Kak Jerko cocdm-
TaTh, PABHO h?, B COOTBETCTBUH € pPasMepHOCThI0 F.. C moMomsio Gasuca (10)
MOKHO OTIpefie/inTh B mpocTpancTBe § 18 omepaTtopos, COOTBETCTBYIOU[HX MAT-
pumaM (2.13), mo BhINMCcamEBIM Hmke (opMyTaM, THe OmEPATOPHl 0003Ha-=
9eHBl TOMH 3Ke OYKBaMH, YTO O MATPHILL:

I dj,o, 0 =[(+o+1)({F—0)]"j, o+ 1, v,

Jj,o, vo=[(+0o)i—0ct+1)]"j, 0—1, D,

I3lj, o, © =olj, o, T

K. j, o, O=[(+t+1)(G—1)]"j 0, v+ D, (3.3.11)
K lj,o, o=[G+1)(G—1t+ 1]}, 0, t— 1,
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K3lj, o, v =1lj, 6,

Poli, 0, © =i[(G+a+1) (G — v+ 1)]V2] + 12, 6 + 172, T — 1/2>,
Pljo,v=—i[(jtao)({i—1)]"2j—1/2, 6 —1/2, T+ 1/2,

Polj, 0, © =G +(c — v+ 1)/2)1], 0, V;

Q.lj, 0, v =—i[((j—o+ )+ 1+ )]Vj+1/2, 6 —1/2, 1+ 1/2,
Q-lj, 0, =i[(j—0)(j+1)]"i =12, 6 +1/2, T — 1/2),

Qolj, 0, v =(( — (6 — 1 —1)/2)1j, 0, T

S, j,o, v =—i[GFo+ )+ T+ )]V +1/2, 0+ 1/2, T+ 1/2,
S_lj, 0, 0 =i[(j+ o)+ 1)]Vj—1/2, 0 —1/2, T—1/2),

Solj, o, v = +(c+ v+ 1)/2)]j, o, ;

T.j,o, v=i[(j—c+ 1) —1t+D]Vj+1/2, 6 —1/2, 1— 1/,
T lj, 0, v0=—i[(j—0)(—1)]"2j—1/2, 6+ 1/2, v+ 1/27,

Tolj, 0, v =(G —(oc+ 1—1)/2)1j, 0, T

(rme mopmpasyMmeBaeTcs, WTO CHMBOJM |j, G, T) B IPaBBIX 4ACTAX, HE Y/0B-
JNEeTBOPAIOL[HE YCIHOBUAM —j <0 <], —j<T={], 3aMeHATCA HYJIAMH).
Hax norassiBaeT npsamas nposepra, omeparopsl {11) ynosmerBopsior Tem ke
IepecTaHOBOTHEIM COOTHOINEHUAM, UTO W MAaTPHIbI, 0003HAUEHHLIE TEMH IKe
Oyxsamu, T. e. coorHonrenusam (2.16). Hpome Toro, oHU CBA3AHLI 3aBHCH-
Mmocteio (2.14). Ma (2.13), (2.14) mosxHO BBIpasuTh Marpumsl L. vepes
Jo, Iy Jo ..., S4, S-, So, a 3aTeM TOACTAaBUTH B 3TH BHIPAIKEHMA ONEpPATOPHI
(11). Ioxyuemnnie omeparopsi, obosHawaeMmele Taiske 4uepes L.y (1 <a,
p < 6), mMeror Te e mepecranoBouHBle coorHomenus (2.12). Tem camwiM
mocTpoeno hpedcrasaenue rpymnsl SO (4, 2) B mpocrparcrBe §. llo ompene-
aernio (11) omepartopst Los MOTyT OBITH 33aHBI OCKOHEUHBLIMH MATpPHIIAMH,
KasKIasa U3 KOTOPLIX COJep’KUT JHINb [[BA HEHYJIEBBIX dieMeHTa. Jlerko mpo-
BepUTh, 9TO S5TH MATPHIBI BPMHUTOBBI, & TEM CAMBIM SDMUTOBE # ONMEPATOPH
Log. CaepoBaTenbuo, MOCTPOEHHOE BHITIE TpejcraBienne yHutTapho. O6oszua-
unm ero uyepes {7c}.

Tlowamem, uro npeacrasiaenune {I.} menpusoduno. HOCI\OJII:Ky TMO/IIIPO-
cTpaHCcTBAa . HENPUBOMUMEI yiKe maa moarpynmer SO (4), mocTaTounHo AOKA-
8aTh, 4T0 omeparopsl aiarebpul Jlu coepmusT MedIy coboif moanpocTpaHCT-
Ba ¥, (Bepruraiabusuie cToabupl raba. 1). PaceMorpum omeparopst

Ty=P.+Q,, T_=P_+0Q._. (3.3.12)

N3 (11) caemyer, uro
r'lj,o, o=i[G+e+1)G—x+1)]"j+1/2,0+1/2, 1—1/2) —

—ilG—a+ )G+ H ]2 +1/2, 0 —1/2, T+ 1/2),
(3.3.13)

T-lj, 0, w==i[G+a)(—1)]"j—1/2, 6 — 1/2, T+ 1/2> +
+i[(j—o)(G+)] V2 —1/2, a+1/2, T—1/2).
(3.3.14)

Orciofa BugHo, 970 I'y nepeBoIAT BEKTOPH Fn B BEKTOPH Jn,(, TAK KAaK yBO-
auvenne j Ha 1/2 o3mauaer yBeamuenme rn Ha 1, m amamormumo I'_ mepeso-
JIIT BEKTODH Tn B BEKTOPHI Fn—i. IloxkakeMm, uro mpaBas gactih (13) Bcerma
orimHa 0oT HyIsA. Ilockoubky —j <o, T<Xj, momkuHo Omrh —(j 1+ 1/2)<
<ox1/2<j+1/2, —(j+1/2)<1:1/2<j+1/2, Tak uro oba Bexropa
B NIpaBoi 9acTH He DAaBHBI HYJNI0 W OPTOTOHAJLHBI APYT HPYTY, Koapdummen-
THL jK€ TPUA HEX OTIWYHBL OT HYJA, OTKyJa » cienyer tpefyeMoe yTBep:;Kie-
uue. IIpuMensas K HeHylIeBOMY BEKTOPY DDOCTpaHCcTBa §F,,1 oneparopsl SO (4),
IMOIyYaeM MHBAPHAHTHOE MOMIPOCTPAHCTBO HTOW MOATPYIOHE, M TaK KaK Fnil
HempuBoxmMo s SO (4), TakuMm cmocofoM MOIYYaeTcsl Bee IIPOCTPAHCTBO
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Fni1. Haummaa c¢ §;, MOMHO HONYYATH fHeiicTBmeM omepatopos SO (4, 2) Bce
NMPOCTPAHCTBO T, 9TO W [OKA3LIBACT HEUPHBOAEMoCThL mpepcraBiesus {7}

Jlorasewm eme, JiiA fanbHEHIIEro TPUMEHEHHs, ITO IpPH 1 == 2 0mepaTop
T'_ mepesopur Bextop |j, 1/2, 0> B memyneBoil BexTop. B camMoMm gene, B sTOM
chyuae mpaBas dacth (13) cBoguTCcA K IEepBOMY clIaraeMoMy, He DaBHOMY
HYIIO.,

Kax 6ymer mokasamo mmke, omepatopel I'y, I'~ caymar gnsa ommcauds
MEHJeIeeBCKAX TOMOJOTHISCKAX DSOB.

Basxro sameruts, 9r0 umcIa n, [, m, caymxamue AJA HyMepanm# Oasmc-
HEIX BeKTOPOB @, mMomygalorcs us mpepcraBieans rpynast SO (4, 2) cooco-
6oM, onucannuiM B 1.4. ViMenno, onepatop Ro = —Lss (Buipaskalommuiicad Tak-
me B Bume Pot+ Qo m So+ Ty, em. (2.14)), mepecramoBoueH ¢ MOATPyHIOi
SO (4) wm, ciaemoBarelnbHO, ABIAETCA ee oleparopom HasuMmpa, 9to mpome
BCETO YCMOTpeTh m3 cooTHoueHmit (2.12). DToT omepaTop NPMEHANIEHHT al-
re6pe JIm rpynomr SO(4, 2), mo me moarpyunnsl SO (4). 3uauenue Ry ma mpo-
cTpaHCTBe &, HETPYJHO HAWTH, DPMMEHHB DTOT OHEPaTOp K M060MYy BEKTOPY
lj, 6, v ¢ j=(n —1)/2 n BocmoAb30BaBIIHCh, BHpamenuaMu (11) mua Py,
Qo umua Sy, To; omo passo n. Omepatopn [L2=(J+ K;)?+(Jo+ Kp)?+
+(J3+ K3)2 u Lig=1Js;+ K;, upeacrasasomue mnoxrpynmy SO(3), umeior
coOctBennnle snauenuna (I + 1), coorBerctBenno m. Tarum obpasom, n,l(l+
+ 1), m ABaA0TCA K8AKTO8VIMU uUcaamu KoHPopmuol epynnst. Ymeao | ca-
Mo mo cefe He MMeeT HPAMOTO TPYHIGBOTO CMEICTA, T. €. He ABIATCA €00-
CTBEHHEIM 3HAYCHHEM RaKoro-Imbo CBA3AHHOTO ¢ IPYNION omeparopa, HO 3a-
Jaer cobcrBenHoe sHadenme [(I + 1), a moToMy U caMo Ha3sBaeTcd KBAHTO-
BEIM 9HCIIOM.

3.4. Tpynuna euMMeTpuH CHCTEMHI 3JIeMEHTOB

Cpasrausas tTabaunmy »iaementoB 7 ¢ tabn. 1, usobpasxawieii Gasuc npef-
craBiaenus kougopmuon rpymnner {7'¢}, 7erko 3aMeTHTh, YTO KBAHTOBHIE YHCIA
KoH(OpMHOIl TPynmel n, I, m HeXOCTATOYHBI AJA OJHO3HAYHOH HyMepalum
2IeMeHTOB: YeTseproe umeno Majerdymra s He WMeeT elnje TPYNHoBoro oGo-
cuoBamusa, Ilpu mepexopme oT TtaGi. 1 K cucreMe 3IeMEHTOB IPOMCXOMUT (YIi-
BOeHUE», aHAJIOTHYHOE CIWHOBOMY pACIHeIUICHHI0 JHEPreTHYeCKUX ypPOBHEH
Bojopofga. Tar ke KAk Ka:xgoMmy Habopy KsBamToBHIX wmcexn (n, I, m) coor-
BETCTBYeT J8a YHEDPreTWdeCKUX YPOBHA BOMOPOHA, OTIMYANNINXCH 3HAYCHHEM
NPOERIHA cUMHA S3, KayKmoMy mabopy (n, [, m) coorBeTcTByeT déa 3IEMeHTA,
C pa3iAYHEIMA 3HaUeHAAME ducia Magjenysra s. 9To HABOAUT HA MEICHD
BBECTH HEUYTO BPOJe «XAMHWYECKOTO CIOMHA», BOCIOJNb3OBABINHCH IJIA HETO Ma-
TeMaTHIeCKAM oumncaHmeM Ilayiam, a uMeHHO mepeliTH OT OJHOKOMIOHEHTHEIX
BEKTOPOB COCTOAHHA K JBYXKOMIOHEHTHHIM. MeROy ABYMA cUCTeMaMH ecTh
CyMecTBEHHOE pasjimdde; pachellJieHue HEPreTHYeCKAX YpPOBHEH Bomopoga
MaJIo [0 CPABHEHHI0 C PA3HOCTAME 3HAYEHUN dHEPrHH IIPH H3MEHGHHU BOO-
POJHBIX KBAHTOBHIX WHCENL R, [, m, MEKIY TeM KAK 3JIeMEHTH C OJAHAKOBHEIMA'
sHaueHmAMA ymcen Mapmenysra n, [, m W ¢ Pa3HBIMA § OTIMYANTCA JPYT OF
Apyra OO aTOMHOMY BeCy U APYTHM XapaKTEeDHCTAKAaM He MeHee, 9eM DJIeMeH-
THL ¢ pasHEME R, l, m. Ho, Kak MBI yiKe BUJled Ha MpEMepe YHUTAPHON cuM-
METPHUM ATPOHOB, JaleKoe PACXOKIeHNEe MAcC B MYJIbTHUILIETAX HE MemmaeT UX
OMUCAHAI0 ¢ MOMOIIBI0 TPyOmsl cuMMerpuu. [losToMy MEI BOCHOIB3yeMCA all-
napaToM cU@mHA, NpeHebperas YUOMAHYTEIM PasiHmddeM.

M= onpenennan npencrasienme {7} rpymmsi SO(4,2) B mpocrpamcTse
Moxra §, cocToAmeM W3 HHTETPEPYEMHX B KBagpaTe ¢ymrmuii @, sagannpix
Ha chepe S3(E} -8 + &2+ E —=1) ueThIpeXMepHOrO eBKIMIOBA ILPOCT-
paHcTBa. B manpmeiimmeM moctpoennu ¢ymkngum @ urpaior po:h, aHATOIHIHYIO
OTHOKOMIIOHEHTHEIM BOJHOBHIM ¢pymknuaM IHlpemmmrepa V(z, y, z). Bsemem
dsyrkomnonenTHole PYHKEYUWL, AHATOTHIHBIE JBYXKOMIIOHEHTHBIM BOJHOBBIM
dyurnuam [laymm (cp. (2.1.1)):

CDI (Elv E;:» qu E-l)]
®= ’ 3.4.1
[d)z (§17 §2, E3, §4) ( )
12# 7o



BUTH CBA3b ¢ OOBIYHBIM oIucaHmeM, OyfeM 3afaBATH 3JeMeHTH MX ATOMHE-
MO HOMEpaMF, UMEIOAME OPAMOH SKCIEepEMeHTAJbHEIN cMbici. lloguepkueM,
YTO ATOMHBEI HOMEp He MABJIAETCH KBAHTOBEIM YHCJIOM W B0oOIie HE BXO-
OHT B HAIIy TEOPHIO, a CIY;KHT JUIIh DKCIEePAMEHTAJBHON XapaKTePHCTHKOIL
pIeMeHTa, 3aMeHsAINeidl ero Ha3Banme. MTak, HaJ0 YCTAaHOBHTH B3aEMHO
OJHO3HAYHOE COOTBETCTBHE MEKIY NeJbLIMH HOJOKETEeNbHBEIMH YHCIAMHA Z ==

=1, 2, 3, ... n nabopamn gucex (n, [, m, s), yNOBIETBOPAIIOAMEA YCIOBHAM
n=1,2, ...
[=0,1...,n—1;
=, —l+1, ...,1-1, [ (3.4.6).
s=—1/2, 1/2.

Takoe coOTBeTCTBME 3afaeTcsi «JEKCHKorpadmyecKmM mpaBmiom» Mage-
JyHTAa:

(1) OneMeHTHI pacmoOATalOTCA B IOPsAKE BO3PACTAHUA ATOMHOTO HO-
Mepa Z,

(2) Hab6opu (n, I, m, s) pacmojaraloTcsi B HMOpAfAKe BoapacTanda n + [;
mpa sajaHHOM n -+ [ — B MOpsAKe BO3pacTaHHd n;, 0OpH 3ajaHEBIX n + [,
n — B NOPARKe BO3PACTAHHA m; OpA 3ajgaHuelx n+I[, n, m — B HOpAAKe
BO3pacTaHumsa s. :

(3) Z-My oieMeHTy CTAaBHTCA B COOTBeTCTBEE Z-i Habop.

Kar merko ybOenmThesa, Tabia. 7 3amodHeHA DJIeMEHTAMH B COOTBeTCTBHH
¢ srum mpaBmioM. Hak ormeuaer Magenynr [7, c. 586], «reopermueckoro
ofocHOBaHUA 3TOr0 crocofa yHopAgodeHmsi TaOMHNBl J0 CHX HOp He HMeeT-
csiy, W Jlajlee UOMYEPREBaeT: «JTa TAOIHNA HBJIAETCA BhIPAXKeHHEM HMIHpPH-
yecroro mpasmiar. llpejmaraemas B jammEON pabGote Teopms pmaetr o06ocHO-
paHme TaKoro ymopspgodenusa. IloguepkHeMm eme pas, 970 aTOMHEIA HOMep Z
HE BXOQAT B Hamry Teopmio. IlodToMy MBI 060CHOBBIBAEM He CaMO IIPABHIO
coorBercTBua (6), a BEIGOp mapamMeTpoB n, [, m, s, CIYKAIIEX I €CTECT-
BEHHOU HyMepaNEH 3JIeMeHTOB, ¢ YKAa3aHHLIMA BBIIIEe 06/IacTAMA H3MeHEeHW:
stux mapamerpos. OfocHOBaHEME COCTONT B TOM, YTO DTH MapaMeTphl SIBJIA-
oTcA EKBaHTOBRIMEH umcaamm rpymnel SU(2)X SO(4, 2) m dro rpynmosoit
MOJIXON HO3BOJsAET KiacchHMEPOBATL DJIEMEHTHI IO UX CBOUCTBAM.

Ho, mpespe Bcero, rpyumosoli moaxofx ofHapyskmBaeT B HyMepanum
MapenyHra HEKOTOPYI0O HEECTECTBEHHOCTL W TeM CAMBIM HEOUXOTUMOCTL ee
n3MeHeHus. B camMom [lesie, B «IeKcmKorpaMueckoe IpPAaBHIO» BXOIAT HE
yucaa n, [, m, s B OTOEJIbHOCTH, HO HapALY C n, m, s Takme cymma n+ 1,
KHax ysxe orMeuasochk BEImE, [ camMo mo ceGe He SABJIACTCA HACTOAUUM KBaH-
TOBBIM UHMCIAOM, T. €., COOCTBCHHBIM 3HAYEHHEEM HEKOTOPOTO DPMUTOBA Omepa-
TOpa, MPEeCTABIAIIIET0 2JeMEeHT YHABEPCAIbHOI 00epTHIBAIONIEil aareOpst
rpynmner camMerpur SU(2)X SO (4, 2); TaKEM KBAHTOBBIM YHCJIOM SBIsET-
ca I(l+1)— cobcrrennoe sHayenme omepartopa L? = L+ L, + L%, al
BCETO JIAING 3adaerT 3TO KBaHTOBOe umciao. Ho torga cymma n -+ [ He mMmeer
IPYIIIOBOTO CMBICIA: 3TO CYMMa KBAaHTOBOro umcjia n (COOCTBEHHOTO 3HATS-
HuA omepatopa Ro= —Lsg) m umcaa [, He ABAAIOIIErocd KBAHTOBBIM HHCJIOM.
TlosToMy ¢ TOUKEM 3peHWA TPYNIOBOTO ONHMCAHHA CHCTEMBI 3JIEMEHTOB YHCJIO
n+! He JOWKHO BXOAUTHL B (POPMYIUPOBKY «JIeKCEKOrpauuecKoro IpaBuU-
ga». CremoBaTeJbHO, MBI JO/JKHEI 3aMEHHTh Hymepanumi MageiayHra JApyrou,
10 BO3MOKHOCTHE CTOJIb K€ 3aKOHOMEDHO OIIECHIBAOINEil CBOMCTBA dJeMeH-
TOB, HO CBOGOHOH OT 3TOr0 HEJOCTATKA.

Ecnz mocmorpers ma taba. 7 «Imo jmaroHajgm», TO MOKHO 3aMeTHTH,
YTO JUIA OUATOHAJbHLIX PAJOB IIPAMOYTONbHHKOB 3HAaueHme n + [ nOCTOSHHO.
Paccmorpnm Bce mMpAMOYroJbHAKE ¢ HEYETHBIM 3HAvYeHMeM n -+ [ W IOIOMEM
pig mux v=(1/2)(n+1+1). Tpu v=1 mnoayyaeM UPAMOYrOALHUK
(H, He), npm v =2 — pan m3 npaMoyroasamkos (Na, Mg), (B — Ne), opu
v =3 — pax us npamoyroasHukos {Rb, Sr), (Ga— Kr), (Sc — Zn) m r. 1.
Jlis IpAMOYroABHUKOB ¢ 4eTHBIM 3HaYeHHeM n + [ mosoxmMm v = (1/2) (n+1).

182



v=1 v=2 v=3 v=14
8= 172 6=1/2 8=—1/2 6=1/2 8=—1/2 8=1/2 d=—1/2 d=1/2
=0 H Li Na K Rb Cs Fr
o He Be Mg Ca Sr Ba Ra
B Al Ga In Tl
C Si Ge Sn Pb
Aa=1 N P As Sb Bi
0 S Se Te Po
F cl Br I At
Ne Ar Kr Xe Rn
Sc Y Lu Lr
Ti Zr HE Ku
v Nb Ta
Cr Mo w
A=2 Mn Te Re
Fe Ru Os
Co Rh Ir
Ni Pd Pt
Cu Ag Au
Zn Ccd Hg
La Ac
Ce Th
"Pr Pa
Nd U
Pm Np
Sm Pu
A=3
Eu Am
Gd Cm
Th Bk
Dy cf
Ho Es
Er Fm
Tm Md
Yb No

Tabnuna 8

o=—1/2}. _
o= 1/2 #=0

Tipa v =1 mony4aem mnpamoyronbruk (Li, Be), mpu v =2 — pag ua npamo-
yroapamkoB (K, Ca), (Al— Ar), upm v=23 — pAx Hu3 OPAMOYTOIbHAKOB
(Cs, Ba), (In—Xe), (Y—Cd) m 1. 1. B 1abxn. 8 mmaromanbHBIe pARH C
HeUeTHHIM n+ | pacuoloKeHH B HEYETHHIX BEPTHKANBHEX cronbOoax, Ama-
TOHAJNBHEE PAAE ¢ YeTHHIM N+ ] — B 9YETHBIX PANAX BEPTHRAILHBIX CTOXG-

mos, MoskHo 3aMeTnTh,

4TO0 OT[AeJbHO B3dATbIe HEYeTHhbIe,

COOTBETCTBEHHO
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werHBEIe cToa0nE Tabn, 8 obpasyr Tabummy Toro ke crpoeHusa, Kax tabi. 7.
B rasxpoil m3 stEx aByx Tabuamn cToN6HB HYMepyHTCA dmCIoM Vv (BMeCTO
n), a KBaHTOBHE dmCciIa [, m, s ocrawrca npeskamMmu. C Kajkpoil m3 HEX
MOMKHO II09TOMY cBf3aTh mpencrtaBienme {Tyc} B ToM 3Ke cMblcae, Kar
¢ tabn. 7. Taxmm ofpasoM moiydaeTcds 064 SKBUBAJIEHTHHIX HPEACTABIEHHAS
rpynnosr SU(2)X SO (4, 2). U106 0TMeTHTL HOBOE DACIIOJIOKeHHE 3JeMeH-
TOB, 3aMeHUM [, M, S COOTBETCTBEHHO HA A, W, O, HAIpmMep, B «HEIETHON»
rabamme N moaysaer ampec (v=2, A=1, u=0, c=—1/2), Cr wmoayza-
er agpec (v=3, A=2, p=—1, 6 =1/2); 8 «uernoii» rtabmimne Cl moxy-
qaer ampec (v=2, A=1, p=1, 0= —1/2); U nonyuaer ampec (v=14%;
A=3, p=-—2, 6=1/2). B 71a6a. 8 «meueTHasg» W «ueTHAA» TAOHAIE cMe-
IIeHBl, HpHYeM CTONGIBI «HEYeTHO#» o6o3HAYeHH ducioM ¢ = —1/2, a cToab-
el «deTHOM»— ancaom O = 1/2. MosHo 3aMeTuTh, 9TO WPU PACCMOTPEHHA
Tabn., 7 «I0 JEATOHAIMWY» IOJIydYaeTcd B TogHOCTH Tabi. 8.

IlpaBuno sanmommenua Tabn. 8 Tarike «IeRCuUKorpadHEUecKoe:

(1) OmemeHTHI pacmojaraloTCAi B LOPAAKE BO3PACTAHASA ATOMHOTO HO-
Mepa Z.

(2) HaGopu (v, 8, A, n, 0) pacmoiaraloTcsi B INOPAAKE BO3PACTAaHHSA
v; TpH 33/laHHOM V — B IOPSA/JKe BO3pacTaHdma §; OpH 3afaHAKIX v, § — B II0-
pAnre yobiganusa A; IpHU 3aJaHHHX v, 0, A — B IOpAJKe BO3PACTAHAA ; IpPH
3aJJaHHBIX v, §, A, | — B TIOpAJKe BO3pacTaHUA O.

(3)' Z-my aneMeHTY cTaBATCA B cooTBeTCTBHE Z-ii HaGOp.

Jlerko yOexmrthea, uTo Tabia. 8 3amolHeHA B3JIEMEHTAMH N0 3TOMY mpa-
Buny. Ecam mam ymacres mcroakoBath v, 8, A(A+ 1), u, 0 Kax KBaHTOBHI®
gpcja HEKOTOPOIl I'DYIOEL, TONBKO YTO INPHBEJeHHAA HyMeparus OyIeT cBoO-
OomHa OT HemocTaTKa HyMepanmu Mapmeayura, HmOCKOJBKY B Heli HeT He-
ecTeCTBeHHBIX KoMOmuammii Bpome n + I. @urcupysa 8 = —1/2 mum § = 1/2,
noxydaeM Gasme |v, A, M, 07, B TOYHOCTH aHAJOTHYHEIA Oasmcy |n, I, m, s>
opoctpascTBa §2. MoKHO cumTaTh, 9TO TaKmM o0pasoM IONyYalOTCA [Ba
9K3eMILIApa OpOCTPaHCcTBAa 2, KoTophle MBI 0003HAumM depes F2~ m F+.
B xampmom ms Emx samaercsa mpefcraBienme I, rpymns SU(2)X SO (4, 2)
TOYHO TaK >Ke, KaK BhIIIe OBLIO 3afaHO €€ IpeCTaBIeHHEe B IPOCTPAHCTBE
$2. Ommako monydveHHoe IIpefcTaBlieHHme AeHCTBYeT OTHEJAbHO B KAKAOM H3
npocTpaseTB §°7, FPY, He CBA3MIBaA WX MemAy coboil, m KaskmoMy Habopy
KBAaHTOBEIX 4mcesl (v, A, U, 0) COOTBeTCTBYeT 06a Ga3MCHHX BeKTOpa, ¢ § ==
= —1/2 m 8§ =1/2, npmuem umcio § eme He WMeeT TPYIIOBOrO HMCTOIKOBA-
HmsA. Takum o06pa3oM, HeoOXOZMMO eme ONHO «yJABOGHAE» IPOCTPaHCTBA
upepcrasienua. Mzul cienaeM oTo Tak yke, Kak B (3.4.1). PaccMoTpuM BeKTOPEHE
W, KOMIOOHeHTaMm KOTOPHIX sBisloTca BeKTopu ¥, W, mpocTpamcTBa T°:

¥ [ Wl] (3.4.7)
11’2_1

Ilockonsry W), Wy — nByxKoMmoHeHTHBie (yHKOHH, 3aJaHHBie Ha cdepe

S3, 10 W MOMKHO CUMTATL UETHLPETKOMNOHEHTHBIMU (QYHKOHAME Ha O°.

B nanpmefimem Mel Gymem orHOCHTH BexTODH Wi, W K OIpejeeHHEIM BHI-

Ile [BYM 3K3eMIUIApPaM MpocTpancTBa F2: F°t m cooTBercTBeHHO F2~. 0O03HA-

9EM IIPOCTPAHCTBO BekTopoB ¥ depe3 §* m BBeeM B HeM CKajisIpHOE IIPO-

u3se/leHUe: NNA
¥ e X X
- ‘P2 ’ - X2

(PIXD = (WX D + (P 5IXp, (3.4.8)

Tfle CKalApHEIC IPOW3BefleHUA cupaBa Gepyrea B mpoctpamcTBe T2 Hexopa
n3 npepcrapnenns {7y ¢} rpyunm SU(2)X SO (4, 2), sagamnoro B 2, Mos-
HO Tellepb OOpeeMTh B IPOCTPAHCTBe T* mpe/cTaBieHne IPYIIIEL

G = 8U(2)’ X SU(2)X SO (4, 2), (3.4.9)

rae SU(2)’ — Bropoit sxsemmnap SU(2). Jlaa 2T0ro [0CTaTOYHO IOBTOPHTH

OOJIOKAM
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nponenypy (3): moctasum B coorBerctBme mape (u’, C’), rme u’ — MaTpuna
ns SU(2)" m C' =(u, C)— saemenr rpynost SU(2)XSO(4,2), omeparop
Tw,or =Ty e mnepesopammit ¥ 8 ¥’ mo mpasmay

2
Vo= D ug¥,, e ¥, =71, V.. (3.4.10)
T=1
Omeparopsl Ty ¢ cBasansl ¢ Ty TogHO Tak e, Kak Tue ¢ T¢, m mOBTO-
PeHHe NpHWBE[eHHHIX BHIIe BBIKIAJ0K moKasmBaer, 4To (10) 3anaer menpu-
godumoe yHurapHoe npedcrasaenue epynnovt G,
'pynna G m sBnsercs rpynmoi cEMMETPAH CHCTEMBl XHMHYECKAX DI6-

menToB. Omepatop T3 amreGpel JIm mogrpymner SU(2)'X 1 X 1 mmeer cober-
BeHHHe 3Hauenwma 8§ = £1/2 ¢ co6CTBeHHBIME BEKTOPAMH BHIA

¥ i 0 3.4.11

+ = o\l - 11;2 . ( . )

Bexroper W, o6pasyoT NOAIIPOCTPAHCTBO, KOTOPOE MOMKHO OTORIECTBHUTD
¢ §2* Bekropn W_ — moAmpOCTPaHCTBO, KOTOPOE MOMKHO OTOKJECTBHTH C

§2~. Taxmm obpasom, § okasbiBaeTCA KBAHTOBEIM umcjoM rpynusl G. Tar
kak nourpymmy 1 X SU(2)X SO(4, 2) moxnmo otompmectsuts ¢ SU(2)X
X 80 (4, 2), umcaa v, A(A+ 1), u, 0 Takme ABIAOTCA KBAHTOBHIME UYHCJAMH
rpynnsr G. CiemosaresasHo, afipeca dJieMeHTOB B Tabia. 8 sagaiorea Habopa-
MU KBAHTOBBIX ulices epynnul G, HyMepylomEMH Ga3uCHbBIE BeKTOpPbI

v, 8, A, n, 6> (34.12)

npoctpanctea §. Karx Oymer BmmmHo B caefylomeM naparpade, KBaHTOBOG
ancao O, BBeJeHHOe W3 anrefpamdeckmx coobpaskeHmil, BXOJUT B MaccoBYIO
GopMyIy MIA aTOMHEIX BECOB, €M W OHDABJIBIEAETCHA BTOPOE «YIBOSHHUE»
IIPOCTPAHCTBA IPE/ICTABICHA. A

OGosnauan uwepe3 T, Tp TeHepaTopsl aareOpnl JIm moprpymmm SU(2),
coorBerctBeHno SU(2)’, MO)KHO omnmcaTh MeHCTBHE OIEPAaTOPOB, MpPECTAB-
JAKIMAX 9TA TeHepPaTOPH B mpocTpaHcTRe T, dopMmynamm

v, 8, A, u, —1/2>=1v, 8, A, pu, 1/2,
v, 8, A, u, 1/2> =1lv, 8, A, n, —1/2,
twlv, 8, A, u, o> =oclv, 8, A, p, o,
T.',.] v, —1/2, A u, 0> =|v,1:2, A, u, o),
T [V, 172, A 1y 0) = |V, — 1/2, A, u, 6),

Tg |V, 8, A, 1y, 0) = 8|V, 8, A, p, 0>

{cp. (5)), Memmy reM Kak omepatopel aarebpsr Jlu moarpymmmr SO (4, 2)
MeiiCTBYIOT JHIIb Ha KBAHTOBBIE Umcaa A, W, v mo ¢opmynam (3.11), ¢ 3a-
MeHo# n, I, m Ha v, A, .

IIpmcrynmm Temeps k memouke moarpymn rpynmel (9), sanamoueil caM-
MeTDHI0 CHCTeMbl aieMenToB. (Dmkcmpys emmmEmumyio Mmarpuny B SU(2)’,
nonyvaem moarpynmy 1 X SU(2)X SO (4, 2). Janee, B3sas nogrpynmy SO (4)
B SO (4, 2), wak 2To ommcamo B 3.2, momyyaeM IOATPYILITY 1 XSU((2)X
X 8O (4), smeMenTH KOTOpOH HONHOCTHI) 3afamores MaTpmueil u ma SU(2)
7 uverhipexMepHbIM BpamenumeM O m3 SO(4); omyckas B oGo3mavdenmm 3TOM
IOATrPYIIEl MHOMKUTENb 1, HONOKAM

G, =SU(2)X SO (4). (3.4.14)

Hockonbky wasmoe m3 mpoctpamcTs §, HEIPHBOAEMO A MOTPYIIIEL
SO (4), omeparopr anre6prr Jlm 2710l MOATPYMIEL mepeBofAT 000l BEKTOP
(12) » pexTopH, cocraBusmomme Gasme Fn, ocrapiaA IpA TOM HEM3MEeHHBI-
MII KBaHTOBEIe dmcaa O, o. C Jpyroii c¢Topomsl, omepaTopel T, IpexcTaB-
AAIOMEE KOMIUIEKCHYI0 06osouky amreGpsl Jlu moarpymmer SU (2), memgior
ancio 6= —1/2 Ha 1/2 m o6patmo. Tem cambiM KasKaelil croaber; Taba. 8
m3o0paskaer 6asmc HENPHBOTMMOTO IIpeJCTABICHUA moprpynnst Gy, 9tEM
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ompefeiserca penyknms ocHoBHoro npeacrasienms {Tw ,u.c} rTpymme G
no noprpynne Gi.

Cienyomas HOATPYNNa OEeMOYKH CHEMMETPHH IIOAyvaeTcsd, ecidm B3ATh
B SO (4, 2) nogrpynmy SO(3), Kak sTo onmcaHo B 3.2; rpymma

Gy =SU(2) X SO(3), _ (3.4.15‘)

piIeMeHTH KoTopoil 3agawoTca martpmmeit u m3 SU(2) m TpexmepHBIM Bpaie-
gmem O ma SO(3), asnserca moprpymmoit Gy. Kax Mpl Bmmemm B 3.3, ome-
patopsl SO(3) HeflcTBYIOT Ha YHCIO W, OCTABIASA HEWSMEHHBIMA BCe OC-
TaJbHBE KBAHTOBHIE umciaa; B vactHoctd, J, + K., J_+ K_ ypexmumpaert,
COOTBETCTBEHHO yMeHbInaer, p Ha eamammy. C Opyroil cTOpOHEL, oIepaTop
1, moarpynmel SU(2) ypeimumBaeT ¢ Ha eJWHHAIYY, a T_ YMeHbIIAeT 0 HA
eqmunmy. CiemoBaTenbHo, Kakmblii mpsaMoyronsHEK Tabia. 8 maobpamkaer Ga-
3MC HeNpHBOAWMOrO IpefcTaBieHus moArpynnsl G Tem cameiM onmcana
PeyKIAA OCHOBHOTO IpejicTaBieHAs rpynnsl G no moprpynne Go.
Tarkmm 06pa3oM, MOCTPOEHA LEI0YKA IPYNI

G = SU(2)X SU(2) X SO (4, 2)> SU(2)X SO (4)> SU(2)X S0 (3),
(3.4.16)

(rme mepswiit Muossmtens SU(2) B mpaBoil yacTE 3aMeHSeT BBeJeHHYI0 BHI-
me rpynoy SU(2)’, sropoit sksemmisap SU(2)). Uenoura rpynn (16) sa-
daeT CEMMETDHIO CHCTeMBI JIEMEHTOB W WIPaeT OCHOBHYI pOJb B HamIeit
TEOPHH, HAPANY ¢ BHJOM3MEHEHHOH NEemoYKoH TIpymm, paccMaTpHBaeMoil
mme. OTRIAABIBAA [0 TJ1. 4 HeTajibHOE CONOCTABJICHHE DTOH CAMMETDHH ¢
DKCIIePAMEHTAJILHBIMA JAHHEIMA, OTMETHEM 3[lech HEKOTOpble (aKTH, NON-
TBepKIA0I[Ae NpPaBMIbHOCTh BHIGopa memourm rpynm (16). CoramacHo 00-
oMM OpEEOADAM KiaccHUKANEE 9YacTHI, W3I0KeHHRM B 2.7, peAyKnma
OCHOBHOTO OPE[CTABIGHMA TPYNHBl cEMMeTpuu (G 0 TOATPYHIAM IeloYKH
OOMKHA HPEBORHMTH K €CTECTBeHHOMY pa30meHHI0 MYJbTHIIETAa YacTAN Ha
MeHbIIHE MYJIbTHIUIETH, B IIpefieiax KOTOPHIX YaCTHIBI CBA3AHBI HEKOTOPHI-
Mz obmumm cpoiicTBamMm. OcTaBigsd IOKa B CTOpPOHe uoarpymmy (i, poian
KoTOpoit 6yaer BHIACHEHA B JaJbHENIIEM, PACCMOTPEM MYJIBTUILIETHl IOATPYII-
obl G2, m300paskaeMble BepTHRAJIBHBIME OpaMoyrodbamrama Tabum. 8. Jlerwo
3aMETHTD, 4TO 3AMONHAWINAE WX HJEMEHTHl COCTABIAIT H3BECTHHIE §-, P-, d-
o f-ceMeiicTBa. B wacTHocTH, TaHTAHOHMABI B AKTAHOMALI €CTECTBEHHO BHINEJA-
I0TCA Haledl RKiaccmPuxanuedl Kak MYJbTAILIETHI HOATPyumbl (o; TaKEM 00-
pa3oM, Npu HamieM IPYIHOOBOM IOXOfle HCYE3aeT COBMEINeHUEe DTHX DIEeMeH-
TOB B OfHOI KiIerKe TaOIHIbl W KQKABIH DIIEMEHT 3aHEMAET BIIONHE OIpene-
JeHHOe MecTo, YKasaHHoe ero «aapecoM» B tabmmme (v, §, A, u, o), T. e. co-
OTBETCTBYIOIIUMA €My KBAHTOBHIMH YHCJIAMH TPynObl cuMMeTpmda. Tem ca-
MEIM aTOMEI BCEX BJIEMEHTOB HOPHBOJATCA BO B3aWMHO OJHO3HAYHOE COOTBET-
CTBHE € BeKTOpaMH OpPTOHOpMEpOBaHHOrO Gasmca (12), BBIeIEHHBIME Kak
coOCTBEHHEIE BEKTOPHI KOMMYTHDYIOIOEX OIEPaTOPOB, 3aNalOINuX KBAHTOBHIC
ancaa. Kpome toro, mo mpmHnmmaM kiaccmpmranmm, M3MOMKEHHBIM B 2.7, 9TH
ske OasHCHBIE BEKTODHL JO/UKHB m300pakaTh COCTOAHMA CHCTEMEL ¢ OMpeie-
JeHHBIMA 3HAUeHHEAMH MAacChl, T. €. HOJKHEI GBITH COGCTBEHHEIMH BEKTODAMH
omeparopa Macchl. Takoil omeparop GyZeT mocTpoeH B cienyiolneM maparpade.

CnemaeM HeKOTODHIe 3aMedYaHHsA O MyJbTHILIeTax moArpynmsl G Kax
BuAHO m3 Tabi. 8, He BCe AaKTHHOHIH! BXOAAT B MyiabTuinier (v=4, § = 1/2,
A =23): ¢ TouKm 3peHHsa mpejnaraemoii kiaccmpumrammm Lr m Ku madmmaror
yie HOBoe ceMmeiicTBo (v=14, 8§ =1/2, A =2). Takam 06pa3soM, aKTHHOHMIEL
pasbmBalTCA HA OTHEJNbHBIE CEMefcTBA, 49TO MOKHO MpPOABIATHECA B HX
CBOUCTBAX N0 Mepe IOJIy9eHHWs HOBHIX TpPAHCYpPAHOBHIX diaeMenToB. [lainee,
me Hame# Kiaccmpumkanmm Lu mckmaouaeTcs W3 ceMmelicTBa JIaHTAHOHIOB
(v=4 86=—1/2, A=3)%. Om smxogmr B cemeiicTBo (v =4, §=—1/2,
A =2) Bmecte ¢ Hf, Ta = 1. &.

*) H roMy e 3aKIIOT¢HAI0 OPABOMHT, BIPodeM, H MOIelh BIEKTPOHAHX 060Ji0dex
(cM. [6, c. 321]).
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3.5. MaccoBas opMysa i AaTOMHEIX BeCOB

Maccosas ¢opmyna, IpefjlaraeMas I AaTOMHBIX BEeCOB DJIEMEHTOB,
agEajiormdHa ommcaHHOI B 2.5 MaccoBoit dopmyne [emn-Mamma — Ory6o mis
Mace aJpOHOB, COCTABIANINAX Myabramier rpymmst SU(3). Jampsii myis-
ranaer SU(3) peaarca Ha HM30TONHYECKHEe MYJBTAIIIETHL, T. €. MYJIbTHILIe-
gp1 moarpymmel SU (2), B KaaoM #m3 KOTODEIX MAacChl YacTHll BechMa Oarm3-
KO ApYyr K ApYTY, DO CPABHEHMIO ¢ DasIHIEEM MAacC MEXIY H30TONHYCCKEMH
MyJbTAILIETaMHA. B COOTBETCTBHE C ITHM MaccoBasg (opMyra A ajgpoHOB
COCTOHT M3 [BYX clIaraeMEIX (He CcuUdTaA «HePaCIHeIIeHHOi» MacChl MyJIbTH-
mieta Mo): cmaraemoro M, (2.5.3), sajjalomiero cpefHAe MAacChl M30TOLHYE-
CKEX MYJIbTHILIETOB, W MeHbimero ciaraemoro M (2.5.4), sajaoimero OTKIO-
HeHHA Macc OTHEIbHBIX ANPOHOB OT CPeJHAX MAacC H3OTONHUECKAX MYIh-
THILIETOB.

AToMmHEIe Beca He OGHApY:KHBAIOT CXOJCTBA ¢ MaccaMd afpOHOB B TOM
CcMBIcie, 4TO DJIeMeHTHl HEeJNb3s DPasfgeldnTh Ha ceMeiicTBa C OTHOCHTeNbHO
GIM3KEMHA MaccaMp, AHAJOTHYHBIE H30TONMYECKAM MYJIbTuIIeTaM. Ecim
¢umTaTh, YTO HamMeHBIIMEe MYJNLTHIDIETH Halleil CHMMeTDHH, T. €. MYJIbTH-
miIeTs TOArpynmnbl Go, MOMKHBL HIPATh TAKYI0 jKe DPOIb, KAK H30TONHYECKHE
myabTamaeTs B SU(3)-CEMMeTpAH, TO MOMSHO BCe te HPEIIONOMKHTb, 4TO
«cpefHAE» aTOMHBIE Beca OTHX MYJbTHILIETOB, T. €. s-, p-, d- @ f-ceMeiicTB
DJIeMEHTOB, [OJIKHBI OOECHIBaThCA (POpMyIoii, aHazormuHoii ¢opmyre (2.5.3)
IJIA CPeJHEX Macc M30TONHYECKAX MyJbTumieroB. CmiabHEIL pasbpoc Mace
B Ipeflelax Kajk[IOT0 CeMeHcTBA CBAMETENLCTBYeT o OoiblleM HapyIIeHHH
CHMMeTDHH, YeM B ciaydae afpoHOB. Tem Goiee yqmBATENBbHO, 4TO CpefHHE
aTOMHEIe Beca HpPAMOYroasHHEOB Tabu. 8 ob6Hapy)KmBal0OT HECOMHEHHYIO 3a-
KoHOMepHOCTh. Mesa mCKaTh 3aKOHOMEPHOCTH I DTAX CPeJHEX Mace IOfi-
CKa3bIBaeTCA aHAJIOTHell ¢ MaccoBeIME (QopMylaME i agpoHOB. ITockoabry
MH He yMeeM OIHCATh DPACINEILIEHME MAacc B Ipefielax MYJIbTHIUIETOB IDYII-
oel Gp, TpeAmoNo:KAM, YTO «CpefHMe» MAcCH, XapaKTepH3yloInme «Hepac-
MelJeHAbIey MYJAbTHILNIETE Gg, PaBHHL CPeIHAM apAPMETHIECKHM ATOMHEIX
BeCOB DJIeMeHTOB, BXONANMX B OTH MYJIbTAIUIeTEH.. B Tabia. 9 ortm cpemmme
aTOMHBIE Beca IIOMEIIeHH B KBaJpaTHEe paMid. Ilpm 9TOM MoKHO 3aMe-
TATH, YTO PASHOCTH HTHX CPEJHHEX MAacc, CTOAMIMEe MEKIY KBaJgpaTaMd OO To-
pHE30HTANAM, TpUOIA3ATENLHO TpomopnmoHaNbEN wmeaam 1, 1, 3, 3, 5, 5, ...
(kpoMe TmepBOH W3 HEWX), PA3HOCTH JKe II0 BepTERAIAM — umenam 1, 2, 3, ...
OcoberHO 3aMeTHa crabmimsamusa pasHOCTEeH ¢ yBequueHmeM v. MaccoBasa
dopMyna, oNHCHBAOIAA TaKoe MOJO:KeHHE Bemeil, MoyKeT OHITH 3ammCaHA
B BHJE .

M=mo+als(2v—3)—5v+11/2+2(v2—1)]—bA(L+1), (3.5.1)

e Mmo, a, b — KodpPHNIEHTH, BEIOHPaeMble IO 3KCITePUMeHTAIbHBIM JaHEBIM
(xax m B MaccoBeix opmyinax maa rpymax SU(3) m SU(6)). Heroropnie
KoMOMHAIIMM KBAHTOBEIX Y@CeJ, BXoAAmEX B (1), ABIAOTCA COGCTBEHHBIME
sHadeHEAME omepatopoB Hasmmmpa: v2— 1 ecTh smauenme omepatopa Hasm-
mapa rpynnet SO(4) (eM. 3.3) m teM camMeiM moprpymnsl Gy, a A(M+1)—
sHadeHme omeparopa Hasmmupa rpyomst SO(3) (cm. 1.4) w Tem cambiM Tof-
rpynnsl Gg. Jlerko mpoBepHTh, UTO IpH H3MeHEHHH v, 0 H A HOIYy4alOTcs
Pa3HOCTH Mace, MONYAMHAIONIAEC OMACAHHKIM BEIOIe 3aKOHOMEPHOCTAM.

ITockoabky B Tabi. 9 TOPH30OATANBHBIE PA3HOCTA HOBTOPAITCH, B Mac-
coBy0 ¢opMyry HemsOeKHO MOMKHA BOMTH 4eTHOCTEL cToOma TaGi. 8, mripa-
JeHHAasA KBaHTOBBIM dmcioM §; Taxmm oGpasom, samema myMmepanum Mapexyn-
ra, TpefilIPHHATAA BhIOIe IO ajiredpamdecKEM coofpa)KeHMAM, BBOMHT Kak pas
TpebyeMoe OmBITOM KBAHTOBOE YHCIO.

IIpm mo=8,0, a=16,1, b=15,0 m3 dopmyas: (1) momyuarorca cpemame
macesl MyasTamieToB (v, 0, A), yrasammse B taba. 10. Kak smgmo m3 cpas-
Benma rtabamp 9, 10, dopmyna (1) ommewiBaer 18 Macc ¢ momoimpI0 Tpex
mapaMeTpoB; 3a HCKIdeHmeMm Myiabtamiera (1, —1/2, 0) (comepmaniero
H m He), ToumOCTh ommcammsa cpaBEEMa ¢ TOJYYRHHOHR [JA Me30HHBIX
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Puc. 1. 3aBBECUMOCTS MeEJY YHCJIOM IOPOTOHOB A
¥ He#TpPOHOB. i

4 — CpeHue 3JHAYEHUA m JAJIA MYIABTHILIAETOB, O — {
!

I

o MaccoBolt dopmyiie.

MyJIbTHIUIETOB. ITO JaeT OCHOBAaHUE pac- .-
ematpaBats (1) rKak maccoBywo dopMymy
A aTOMOB XWMHYECKAX  DJIEMEHTOB,
B TOM 3Ke cMElciae, Kak (opmynsr ean-
Manna — Oxry6o [24, 31) u Bera — Cun-
ra [19] mas amgpomos. @opmyaa (1) xo-
PpoOLIO coriacyeTcsi ¢ M3BeCTHOII KpHBOIl ‘ Ik ‘
Z — A, BRIpasKa0Iieil 3aBHCAMOCTD MeEHK- | J} };-' N
[y Y@ACIOM IIPOTOHOB ¥ HEHTpPOHOB, ITa L | | :
3aBHCHMOCTE m3obpaskena wHa pme. 1. ‘ ik
Ha ToMm me pucyHKe KPY/RKM U Kpec- JMW
THKE u300pasKaiT MyasTaineTsr (v, 0, il
A), HIA KaMKAOro @3 KOTOPBIX Z paBHO Ll ‘ ‘
CpeJlHEMY ATOMHOMY HOMEpY OJIEeMeHTOB 0 10 203038 4855 70 8086 102 n2
MyabTmmneta, a A — cpegHmii ATOMHBIR el myrsITILIIEMOS
BeC 9JeMEeHTOB MYJIbTHIIETA.

MokHO 3aMeTHTh, UTO MAacChl MYIbTHIIETOB OIECHIBAIOTCA (OPMYIOil
(1) Tem nyume, uem TsoKelee DIEMEHTH, W DaccMaTPHBATh 3Ty QOPMYIy
KaKk «acmmurormueckyo». Ilpu mo=1, a =17, b =95,5 us (1) wmoayuawnTca
cpeflHHe aTOMHEIe Beca /A «T/KENBIX» IeMEeHTOB, YKazaumuble B Tabm. 11.
ITA 3HaYeHAA MOYKHO CONMOCTABHTH ¢ NpHBeJeHHHIMH B Tabn. 9. 3Havenma
B cKOOKax .IpefcTaBiaAioT cofoil NpejcKasbiBaeMble CpeNHHE AaTOMHBIE Beca
MyJbTHILIETOB TPAHCYPAHOBBIX BJIEMEHTOB: HANpAMep, [JA MYJbTHILIETA
(4, 1/2, 2), maumpaiomeroca ¢ Lr uw Ku, cpemEmil aTOMHBII Bec MROMKEH
Omite 274,

Takyo Touky 3peHmAa Ha MaccoByi dopmyry (1) MOMHO comocTaBATH
¢ mpefmomenuoit Burmepom SU(4)-cummerpumeil pmam TasReldslx amep [34],
JONTOo He [OJydyaBimel MpPU3HAHWUA; KAK BBIACHWIOCH B IIOCHEIHHE TOMbI, JTA
CHMMeTpHUs «BOCCTAHABIWBAETCA», HaumHaa mpmMepHO ¢ A = 120. OTMeTnm,
yro ¢opmyna (1) Taxrme CTaHOBATCA BECHMAa TOYHOM A DTHX 3HAYCHMIT
A4 ¥, Boxee Toro, MiA TAKENHX JeMEHTOB CTA0HMIM3HPYIOTCH H PA3HOCTH
EX OT[eNbHBIX ATOMHBIX BECOB, KAK IIOKAa3HIBAIOT DPA3HOCTH ATOMHBIX BECOB
ameMeHTOB ¢ v=3, A=1 m ¢ v=23, A =2 mpm mepexoge or 6 =—1/2 K
6 =1/2. 910 nosBomser mpelcKasHBaTL He TOJBKO CpeJHEE 3HAUGHHAS, HO
¥ aTOMHBIE Beca OTJeJbHBEIX TPAHCYPAHOBHIX DJIEMEHTOB, Ilpm ommcaHHOM
mepexofie cpeJHAS Pas3HOCTh aTOMHMX BecoB pasHa 88,6. Ilockoasky corsac-

-y

7004 | L F

|
| i i
0 » Wz

Ho (1) pasBocTm mpm mepexopme oT v =4, § = —1/2 k v =4, § = 1/2 pommub
OHITH Te JKe, MOMKHO HpeICKA3aTh ATOMHEE Beca sradppannua Fr’, orapa-
mas Ra’, m 1. §., pacmonomermnx B Tabm. 8 cnpasa or Ff, Ra, ...; maa
9TOr0 mocraTouHo mpmbasmTh 88,6 ® arommmiM Becam Fr, Ra, .... Comocra-
TaGaomma 11
3Hadenua v, 6
3HayeHNA A

3, —1/2 sz | s—wz | w2

0 86 137 222 (307)

1 75 126 211 (296)

2 53 104 189 . (274)

3 — — 156 241

* % T'pyopma SU(4) amreGpawdeckm pofcTBeHEA KOH(GOPMHOM TIpynme: KOMIUIEKCEEI®
obomoury mx airelp Jlm m3oMOp(HE MeELy coGOiL, '
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BEM TIOMyYeHHbBIE 3HAYeHWms ¢ mpefckasammaMm CmGopra [13], cpenammnivm
¢ IOMOIIBI0 0GOI0YeYHONH MOTEIH:

. Fr’ Ra’ T1 Pbh’ Bi’ Po’ At’ Rn’
®opvyna (1) 312 315 293 296 298 299 299 311
Cubopr 315 316 297 298 — — 311 314

B cayuanx, pacemorpenuabix CmGoprom, 3aMeTHOE PACXOMHIEHWE IMMONYIAETCS
aamb gaa At’. Jlan Ku=Hi’ @3 (1) momydaerca 265, mpepckasanme Cu-
Gopra 6rmmo 272; srcuepmMenrtansuoe suauenme 261, [lan Ta' (Z =105) m3
(1) momyuaerca A =270. Ilpm cpaBHeHWH ¢ BKCIEPEMEHTAILHHIMH IaHHBI-
MH clefyeT YUYATHIBaTH, UTO /A TPAHCYPAHOBBIX 9IEMEHTOB HAXOMHIN
MaccoBhle umcaa Gonee gerkux (HeATPOHHO-TePHIUTHBEIX) HM30TOMOB, MEHK-
Iy TeM Kak MaccoBas opMyia OTHOCHTCA, HO-BEAEMOMY, K Hamboiee ycToi-
YUBBIM M30TONAM, UMemuM (oliee BHICOKEE MACCOBBIE THCNA.

Taaba 4

RIACCHOURAINA W CBOIICTBA 3JJEMEHTOB

4.1. Maasle MYJIbTHIIETH 1 XAMAYECKHE CBOCTBa

JleTanbHOE ONHMCANHME XWMUYECKHX CBOWCTB TpeGyeT YTOWHEHHA TOCTPO-
eHHOW BEIIIE cmMMeTpmm. J[isn storo mpmGaBEM K memouke rpymn G > Gy >
> Gy (3.4.16), sagammeit cuMMeTpHIO, ellle OOHY rpynmy \Gs.

Ilpencrasaenme {uo} (cM. 2.1) comocrasiaer kampgomy Bpamenuoo O u3
SO(3) marpuny u, uz SU(2) u tem cameiM mapy (4o, O), T. €. 37M6MeHT
‘Tpynnbl Go. 9TO TpefcTaBIeHHmE ONpeJeNeHO JWNIs JOKAIbHO, A BCEX
MaTpun O, TOCTATOYHO ONH3KAX K eNHHATHON, B 9TOM CMBICIe H OyaeT mo-
cTpoeHa uHTepecylomasa Hac moarpynna Gs*. Ilpu mepemmuomenunm (uo, O)
AIOT TIapsl TOTO e BuAa: (Uo,, 01) (vo, 02)=(u01u02, 0]02)=(u0102, 0102)’
o0paTHBIEe Mapbl EMET TOT JKe BH[: (uo,O)_1 == (uo_l, 0_1). CuaemoBa¥esn-
HO, TaKme mapel obpasymor moarpyuny B G, kKoTopas um obosmauaetca (.
Ilockoapry mapsl (uo, O) (maa Bpawenuit 0, GAH3KNX K eJHHIIHOMY) HaXO-
OATCA BO B3aMMHO OJHO3HAYHOM COOTBETCTBHE ¢ BpameHmaMu (), MOATPYIIA
Gs moranbao m3omopdua SO(3). Mu obozmagnm ee wepes SO(3)c, rae HE-
mexc C ykraseiBaeT Ha 0co0yH0 pPOJL DTOH MOATPYNOHEl B ONWCAHAM XHMHYe-
CKHX CBOIICTB 3JIeMEHTOB,

—iaAp

OpnonapaMerpmueckne moiarpynmsl rpynnst SO(3) mMenT BHT {e }
(k=1, 2, 3); Tax Kak npeacrapienue {uo,} mepeBOJUT UX B ONHOMAPAMETPH-

—iaT
qecKHe NOATPYMIEI {e k} rpynmsl SU(2), TO cooTBeTCTByWOINUE OHOMApa-

MeTprdeckue mogrpynnbl B SO (3) . mMeoT BHJ
L i iuA L
(e iaty ¢ ia k) _ (1’ e i k) (e wu:;17 1)

b

ITockonbry matpmmam A;, Ag, Az cootBeTcTBYWT B rpymme G BpameHHsA
Lyy=J+K,, Lyy=J3s+ K, Liz=1J3+ K3, B ocHOBHOM HIpPeJCTaBIeHAN TPYI-
—iaAy —ia(Jp+Ky).
o (G, ommcaHHOM B 3.3, uapy(1,e , )Hsoﬁpamae’r omepaTop € ;
—iaTy —inT,
napy (e ,1) m3o6paskaer omeparop € . Tem caMbiM oj(HOIIapaMeTpuie-
ckmM moarpymmaM SO (3)c  COOTBETCTBYIOT  HOATPYINEL  OHEPATOPOB
—ia (Jy +K —iaT
¢ Un HER) TR g 1,9, 3)
HamomMamm Temeps ofmyio TeopeMmy: eciam omnepatopnt 4, B mepecrano-
BOUHBL, TO e*-ef =e¢e**E, Orciofa ciegyer, 4To TPEJHAYINUE OJHOIAPAMET-

*) Herpymmo 0bLio Ob MOCTPOHTD HTy HOATPYUIY W B IeJoM, Ho MH He GyAeM 3fech
5TEM 3aHEMATBCA.
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—_ ia(‘l.'h-l—.fh-l—Kk)
pudecKue OOATPYIIIbL OHepaTopOB MOKHO 3anmcaThb B BHAE €

n, TakuM 06pasoM, uX TeHEPATOPaME ABIAITCH OMEPATOPHI
wt (.t K) (k=1 2, 3). (4.1.1)

ME BOCIONB3YEMCA [aibllle M3BECTHOH M3 aToMHON ¢HU3NKE mpolexy-
POl «CIO’KEHHMA MOMEHTOB», KOTODYI0 OIMINEM CHadajta B ofImeM Bmie.
Ilycts mamo mpencraBaenme rpymubl G’ X G”, rme wampag us rpynn G,
G” — mbo SU(2), nm6o SO(3). Ilycts B dTOM HpeAcTaBIeHAE (asmC al-
re6psr JIu rpynmer G' (coorBercrBenHo G”) maoOpaskaerca omeparopamu C,
(coorBercTBerHO D)), k=1, 2, 3. llpegnonoxmm, dro upejcTaBieHme MOJ-
rpynnn G' X 1, saganmoe omeparopamm C,, HENPEBOIUMO W HWMEET DasMep-
HocTh 2j;+ 1, mpencrasmermme moarpynmbl 1 X G”, szagamHOe omepaTopamm
D,, reupmeomuMo m mMeeT pasMepHocTb 2jp+ 1. Torma mpedcraBienme rpym-
nel G' X G” HempmBogmMo W mMeeT pasMepHocTh (2f + 1) (2j+1). Ilo-
ctpouM B G’ X G” moarpymuny Gj, ®Kark 910 GBLIO OBI CyleIaHO BHINIE, AJITEs-
pa Jlm xoropoil maobGpasxkaerca omepatopamu Cp+D, (k=1, 2, 3). Torma
penyknma mpeacraBienus G X G” 1o vToil MOATPYNIle UPHBOAUT K HEIpa-
BOOUMBIM TpefcrasienmaM Gs; pasmepuocreir 2j+ 1, rtme j=lj — jo!,
l[jy—Jjel +1, ..., j1+jo, mpuueM Kaskg0e M3 COOTBETCTBYIOINHX IIOJTIPOCT-
PAHCTB IIPEICTABICHAUS BCTPEUYAETCA B Pa3fOMKEHHH OfMH pas.

Bepremcsa Temepsr K HENpPUBOLUMEBIM IIPECTABJCHHAM rpynnsl Gy =
=SU(2)X SO (3), ¥ xoTOphIM MHE Hpunum B 3.4, HyMepyembiM mabopaMu
kBauToBhix umcea (v, 6, A) m m3o0pamaeMEIM HpAMOyrolbHmKaMm Taba. 3.
HRampoe m3 max sagaerca yngaMeHtambHbiM mpemcraBmesumem SU(2) (ko-
TOpOe MOKHO DPacCMaTpPEBaTh KAK JByMEDHOe HENPHBOAMMOE I pEeJCTaBIe-
Bme SO(3)) m (21 +1)-mepueiM HenmpuBomuMEIM mpepcranienumeM SO (3).
IIpu penykrmmm mo moarpyume SO(3)c M3 TAKOro IpefcTaBJeHHs [OJIyYa-
I0TCS HEUPABOJAMMEIE IPEACTABICHHUA JTOU TMOCAeHEH MNOMTPYINELL, Mg KO-
TOPHIX ItocaegoBarensHocTs Hmebma — Iopmama [j) —jol, ..., ji+ /2 co sma-
geguAMA j;=1/2 m jo =X cBommtca K mBYM umemam A — 1/2, A+ 1/2 unpm
A>0 m & ogmomy wiery 1/2 mpm A = 0. CaemoBareasno, mpm A >0 npep-
craBuerme (v, 6, A) rpynnel Gy MPHEBOAUTCA K JBYM HENPUBOAUMBIM IIpej-
craBieHmAM moarpynusl Gz = S0(3). pasmepnocreit (2(A—1/2)+1 = 2}
m 2(A+1/2)+1=2A+2, a upm A =0 — K OXHOMY JABYMEPHOMY HEIPUBO-
AEMOMY TpeficTaBleHmI0 (T. €. MCXOJHOe IPeJCTaBIEHHE OCTACTCA HEIPHBO-
pameiM). Tem cambim mwpum A >0 MyapTAmIeTs! MOATPYHOH Gy IPHUBOAATCH
K ABYM MyJabTHINJeTaM HDOATpymmbl Gi, Kak mokazaHo B Taba. 12. Beoma mnsa
VKa3aHHBIX HeNDUBONUMEIX NpeAcTaBieBmii v =A—1/2, u=2»x1+ 1/2, mMme-
eM 2A=2u-+1, 2h+ 2= 2y, + 1. PasymeeTca, «HACTOALIEMA» KBAHTOBHIME
HACIaMA ABAAKOTCA TP droM 3Hadenms 1.(1,+1) omeparopa Hasmmumpa
rpynnsl SO (3)¢, pasHOTO

3
2+ T+ K (4.1.2)

TaxaM 06pa3oM, MBI OCTPORIN TEIIOYKY TPYIII
G=S8SU(2)XSU(2)X SO(4, 2)>
> 8U((2)X 80(4)= SU(2)X SO(3)> SO(3)e, (4.1.3)

KOTOpYI0 CJefyeT pacCMarpuBaTh Kak NpofoJKeHHe uenouru (3.4.16).
CornacHo mpuHIANAM KIacCHQUKANAN TACTHI|, HW3M0MEHHBIM B 2.7, BerTO-
PBl BhIfeneHHOro 6asmca, m300pasRalINme 4aCTHNIBl HaTICH CHCTEMBI, 0JIE-
BBl TIPEHA/JIe;KaTh HAUMEHBIIAM MYJNBTHILUIETAM CHMMETDHH, T. €. MYJbTH-
nieraM moArpynnsl G 9To 3mavmT, uro BeKTOp |v, §, A, u, o), moCTPO-
eHnbie B 3.4, yiKe He COCTABIAKT BhIIENeHHBIH 0asmc, OOCKOJIBKY W, ¢ HO
ABIAITCSA GONbIIe KBAHTOBHIMH UACIAME CHMMETPHH, I yKa3amHEIE BEKTOPEL
He TPHHAJIe}HAT HENPHBOAUMLIM ODPOCTPaHCTBaM rpynust Gs. Wamenenme
Gasmca TPOM3BONUTCA CIEAYIOIMAM 00pa3oM. Ilockoasky v, 8, A cBAsambl ¢
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Tabaomoa 12

v=1 v=2 v=3 v=4
= —1/2 621/2 6= —‘1/2 6:1/2 6:1/2 6:1/2 = '—1/2 621/2
P H Li Na| K I}b Cs Fr L= 1,
He | | Be Mg | [Ca Sr Ba Ra
B Al Ga In Tl _y
C Si Ge Sn Pb bWl
N P As Sh Bi
A=1 0 S Se Te Po
F cl Br I At =%
Ne Ar Kr Xe Rn
%= —%, Sc Y Lu Lr
n=—1/, Ti Zr Hf Ku | u="%
%=1, v Nb Ta
n =3, Cr Mo W
— | )
h=2 Mn Tc Re
Fe Ru Os
Co Rh Ir ="/
Ni Pd Pt }
Cu Ag Au
Zn Ccd Hg
)
La Ac
Ce Th
Pr Pa 1= %y
Nd U
Pm Np
Sm Pu j
Eu Am
Gd Cm
A=3 Th Bk
Dy Cf 1/
Ho Es A 2
Er Fm
Tm Md
Yb No

rpynnamMe G, Gy, Gy, oHE OCTAlOTCA KBAHTOBBIMH YHCIAME Iernovyxm (3),
a BMeCTO [, 0 BBOIATCA HOBEIE KBAHTOBHIE 4HCJA, cBAsaHmble ¢ G OnHo
E3 HEX — 9TO l\, CBA3aHHOe ¢ omepatopom Nasmmmpa moxrpynmel Gs. Ipy-
roe KBAaHTOBOE YACIO % €cTh COOCTBEHHOE 3HAYeHWE OMEepaTopa (s = T3+
+ J3+ K;, npmEagae;xamero amreGpe Jlm rpymmet Gz = SO (3).. Tocrombry
mia mynstamietos SO (3)¢ 4ymeno 1, modynenoe, % MpoGeraeT clelyloine
noayyeasie 3pAYCHEA:

= 1, "-l;,'f‘i, veny L;,'—i, ty, rAE LL=}\,—1/2, }\,+1/2, (41.4)

Hpautosele gnciaa v (3Hawenme omepartopa Hasammpa rpymnmsr SO (4)),
0 (smauemme remeparopa rpynmnl SU(2)’), A (csBazanHOE cO 3HaYeHAEM
A(A+1) omepatopa HKasammpa rpymnsr SO(3)) m . (ceazaHmoe co 3mave-
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Huem L (1, -+ 1) onmepatopa Rasmmmpa rpyumsr SO(3)c) sajgaior HenprBON@-
moe mopnpoctpancTBo (v, 8, A, ) rpymusl SO (3), umsobpamaeMoe UpAMO-
yroapankoMm tada. 12. BoseMeM B 3TOM mojgmpocTpaHCTBe HOPMHPOBAaHHBIE
cobCTBeHHBIE BEKTOPEI .
' v, 8 A, ta, %0 (4.1.5)

oneparopa ¢s, rje » mpoberaer 3maueHus (4). Bewroput (d), mo mocrpoe-
HUIO TIPUHAJUIEKAIUEe ¢MAJBIMy MYJbTHIUIETAM IeHOYKA rpylmr (3), cocran-
JAIOT BBHIJIENEHHBII 6a3uc 3TOIl I[eNOYKH,

TaxmM 00pasoM, y/uimHeHNe IENOYKA IPYUI, BRIPAKAIOILIESH CHMMETpPHUIO
CHCTEMBI, TPUBOAMT K W3MEHEHHIO BEIIEJeHHOro 0a3uca, BEKTOPHl KOTOPOTO
JOMHHBL M300DasKaTh BJIEMEHTH. JTO HW3MeHeHHue MOKHO COIOCTABUTEL € TaK
HABBIBAEMBIM - «CMEINIEHAEM» YACTHI[ B afPOHHBIX MYyJbTHIIETax (Cp. HEIHow-
kn rpynn (2.3.8), (2.5.1)). B ciayuae cmcTeMbl DIEMEHTOB pasiduHble 6aszm-
CBI TAK/Ke CIYIKAT JUIA ONMCAHWA PAasHBIX CBOIICTB 5AEMEHTOR. JaMeTuM,
BIIpOYeM, UTO B MaccoBoii ¢opmyie (3.5.1) yvacTRyOT JHilib KBaHTOBBIC
umena v, 8, A, BXofiAmwEe W B HOBEIH WaGop KuamTonhRIX wmcen (v, 8, A, ta, %),
TaK 4TO ONMCAIIME ATOMHBIX BECOB ¢ NMPHUHATOII HAMU TOUIIOCTBIO (T. €. CPeji-
HHX aTOMHBIX BecoB (v, 8§, A)-MyJBTHILIETOB) COBMECTHMO H ¢ PACIIIPeH-
HOII menoukoil rpynm (3).

Hosriii Gasuc TpedyeT M HOBOro ITpapu/a 3alOMIHEHUs TAOAUIBL DiIeMell-
TaMu, T. €. IIPABUJIA COOTBETCTBHS

Z (v, 8, A, 1, ). (4.1.6)

«Jlexcurorpaguueckoe TpaBmiioy MPUHUMAET Telepn cleyoniuil BU:

(1) Onementhl pacmoiaraiorcsi B MOPAJAKE BO3pacTaHusA Z;

(2) Habopwr (v, 8, A, 1., ®) pacrmomaramTcss B MOPAAKe BO3PACTAHUA V;
IpH 3aJalHOM v — B TOPS/IKC BO3pacTaHWsa O; IpM 3aaumbex v, 6 — B IO-
paare yowieanus ); mpm sajanmeix v, 6, A—8 g
HOPAJKe BO3PACTAHUS 1, NPH 3aJaHHBIX v, 0, A,
L — B TIOPSAJIKE BO3PACTAHUA X.

(3) Z-my oneMeury cTapuTCsa B COOTBETCTBHE  pp |
Z-i1 mabop.

Hadop (v, 6, A, w, ») npegcrasasger cofoit
«anpecy JleMelTa, OIpeJedAINuil ero MecTo -
B Tabun. 12; merro yGemmrthest, uto Taba. 12 sa-
II0JIHEeHA CHMBOJAMII 10 TOJBKO 4YTO IIPIIBEeHHO-
My mpaBmay. HairoMHUM, UTO0 aToMuBlil momep mHe

| I
|
|
!
J
|
!
<
|
r
s '
ABAAETCA RKRBAHTOBBIM UYHNCIOM  Halllell Teopuu, ] )4
a paCCManI/IBaGTCH Rakr DRCI[epI/IMeIITaJILHaH Xa- | I
paKkTepHCTHKA DdJeMeHTa; JeKcHKorpadmuecroe | 17
{
| v
|
‘ v
l
!
[

IpaBMJIO ycTallaBIHNBaeT COOTBETCTBHE MeRAY
9TOIl XapakTepumCcTHKOIl ® 1uabopaMu KBAHTOBBIX 72 |
qWces, 3afANIIMI  eCTeCTBEHHYH HYMepauio I
DJIEMCHTOB B Hanleil CUMMeTDHE. OJTO IIPaBUIO
BBOAUTCSA, TaKuM 00pPas3oM, KaK CBA3BL ¢ DKCIepu-
MEHTOM, MOCKOJBbRY KBAaHTOBBIE UHCIA IlieIocped-

CTBCHHO He Ha0JIm0gacMEbL. gk
Myavrunaersr nodepynn Gy, Go, Gs, usobpa- 7 iwgf
Jeaeatble  COOTGETCTEEHNO  cTOAGUAML, nApaml ™~

CMENHBIT NPAMOYSO0AbHUKOE U OTOCAbHLIMIL NpS- -

Moyeoavnukamu T7aba. 12, onpedeasror uepapzu- |
HECKYI0 EAQCCUPUEAYLIO TUMULECKUT IAEMEHTOS, ‘

cooTeeTcTeyowyto epynnoeoli cummerpuu (3). S ——

Hax ye Obulo cKasaHO, eCTECTBEHHOCTL DTOMH I B € N

KIaccmUKAINT  TIPOABIAETCS  IPeMKae  BCero I ALVSi P S CL Ar

/7 Ga Ge As Se Br Kr

’ IV In Sn Sb Te | Xe

Puc. 2. TlepBoie mOTEHIHAIE. HOHH3ALMH. V' Tu Pb Bi Po Ab Rn

o
m
=
©

13 3axas M 780 193



AR |
| PYTRLCY
200 [ Hr-at .
| 200} |
/ ‘ i ! T
|
Iy 160 |- 7>
L - : /g
100 / : 120} {
I / | L 4/ K
111 g i t
1w | I 80
14 : v - 1
| q0t |
|
0 F [ - i
TR DU SIOU (R S N g A N TR NN 0 N SRS SO NS RO U
;7 B C N 0O F Ne [/ luHF Ta W Re 0Os Ir BPL Au Hg
AL S. PS5 CL Ar I Y Zr NbMo Tc Ru Rh Pd Ag Cd
, JH Ga Ge As Se Br K I Sc To V Cr Mn Fe Co Ni Cu Zn
IV In 8n Sb Te [ Xe )
V TLPb BL Po At Rn
Puc. 3. duransnun 06pa3oBaHMA ITAEMEHTOB,
B TOM, UTo MymnbTuiuietsl (v, 0, A) moarpynnsl Go COBLARAIT €

BeCTHBIMH S-,

p-, d- m fcemeHCTBaMH smemeHTOB. llpm sToM RBamroBoe wme-

JIO A 3a/laeT UMCIO DIEMEHTOB cemelicTBa, a § ONMCBIRAET TAK NA3BIBAEMYIO
«BTOPUYHYK MEPHOJATHOCTE) IJIEMEHTOR.

Y700l MOHATH CMBICH «MAJBIX MYJIBTHILIETOR», T. €. MYIbTHILIETOR
monarpynnel G, OyfeM WCXOMUTH W3 HEKOTOPOTO OOMmero mpejcTaBicHdsa 00
OTIUCAHAYN CBOMCTB B KBaHTOBOH WiaccmPuramum wactui. Ecaum KpauToBas
TEeOPUA HAXOAWTCA B COTVIACHI ¢ HKCHePUMEHTATILHBIMH (PAKTaMU, TO MOMIO
pacCuUUTHIBATE, UTO KaMKJ0C KOJHUECTBEITHOS H3MEPHMOC CBOIICTBO WACTHIL,
OUHCBHIBAEMBIX TEOpHeil, JOMMKHO BBIPAKATLCA «PeryJapnoii», 1. e, aHamgu-
THYECKU TpaBwibhoil, ¢yHKOmHel 0T KBAHTOBBEIX umcesl Teopun. Koueuno,
Tpynmnosoil wOAXOR e MOMKeT KOJHYeCTBEHHO OIPeJeNNnTh DT 3aKomoMep-
HOCTH, HO MOMeT yKasarTb HEKOTOpLIE KaviecTBeHHBIC 3aKOHOMEPHOCTH, 00-

3
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] LuHf Ta W Re Os Ir Pt Au Hg
/7Y ZrNb Mo Tc Ru Rh Pd Ag Cd
Il 8¢ TL V CrMn Fe Co Ni Cu Zn

[ LuHP TaW Re Os Ir Pb Au Hg
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Puc. 6. TenaoThl HCHAPEHUS.

mie noas 6cex cwoiicts, Hampmmep, ecim MeHseTCs OfIHO HW3 KBAHTOBBIX ‘U~
cel, B TO BDPeMs KaK OCTajblble (MKCHDPOBAHBI, TO CBOHCTBO P JoiKHO 3a-
KOHOMEpHO 3aBHCEThb OT BHIODAaHHOTO KBAHTOBOIO YHMCIA, & TIpN H3MEHeHHH
OHOro ®3 (PUKCHPOBAHHBIX YUCEJ HTA 3ABHCHMOCTH [OIKHA DPE3KO MEHATH-
Cf, TIOCKOJBKY KBAaHTOBBIE YHCIA — NMCKPETHO MEHAIMECH IlapaMeTphl.

B cayuae cmMmerpum (3) miTepecymollad HAc 33BHCHMOCTb JOTKIIA
mMeTh BHJ

P=P(v, 8, A u, %). (41.7)

Jlan pasHbIX cpoiicTB P JTa 3aBHCHMOCTH MOMKET OBITh pA3IMUHOH W, KAl
mpapuiio, HeussecTHa. HoO MOKHO TpENBHIETh HEKOTOPBlE KaYeCTBEHHBIS
ocobennoctn 6cexr pymrnmit P. IlpenmomommM, HampuMep, 4TO 3lavenus
v, 8, A, u durcuposams:: v=vi, § =208, A =2, =1, TOrma npu u3MeHe-
Hnm % m3 (7) momydaetcsi HerRoTopas peryispHas ¢yurmomsa Pi(x). Ecan
Temepb M3MEHUTH umcaa v, 0, A, L, LOJOKUB v = Vg, § =09, =1L, L= iz,
To moayumtea dpyeas QyHruma Py(x). VHate ropops, 10 OTHOUIEHHIO K
¢pynsnnn P (%) ocranbHble KBAHTOBBIE 4YHCJIa HIpaoT pPOIb Iapamerpon,
¥ Goabrioe (UesoumcjieHHOe) H3MeHeHHe OfHOTO M3 HHX PE3KO MeHSeT BHJ
P(»). Ecnim durcuposats v, 8, A >0 (7. e, B OOBIUHBIX TEPMUHAX, HEKOTO-
poe p-, d- maum f-cemelicTBO )JIeMEeHTOB), TO IPHU Iepexoje KBaHTOBOTO IHCHA
uw oT A—1/2 k A+ 1/2 zasmcuMocTL JOMKHA, CAe/lOBATE/BHO, pPE3KO HiMe-
HUThCS. JTO MOKeT IIPOABUTLCA B BHAE «paspblsay Ha Tpaduke, Iepexoia
OT BO3pPACTAHUA K yObIBAHMIO ¥ T. I HA TPaHUIe MeMAy IBYMA MaJIbIMH
MyJIbTHINIETAMM C OJHEM W TeMm e A. B Tabm. 12 mecrta «mepexonay 0003-
HAYeHBl Y3KUMII TIPOMEKYTKAMH MEKIY IPAMOYTONBHHKAMH C ONHHM H TeM
e A, HO PA3HBIMU ;.

Ilas ceMeiicTBa JaHTAHOHWJIOB TaKoe paszfeieHme Ha fBa IojiceMelicTBa
¢ pasmEIHBIMH 3aRoHOMepHoCTIMEH Obuio 3ameteHo M. B. TajicmHcknmMm m ero
corpynnmkamu [2]. Mpl Bumm Temeph, UTO Takoe pasfeNeHUe ABIAETCSH
o0ImIM 3aKOHOM, CBA3AHHBIM ¢ TPYINOBOI cammerpmeil: kaxdoe p-, d- uaw’
f-cemeiictreo ua 4h+ 2 ossnemenrtos Oeaurcs wna nodcemeticréea us 2h u
20+ 2 saemenrose ¢ nopadke o3pacTanus ATOMHBLL HOMEPOS, W 3A8UCU-
MOCTb A106020 KOAUMECTBEHHO U3MeEPUMO20 CBOICT8A OT ATOMHO20 HOMEDPE
MEHAETCH NPU nepexode 0T nepeozo CeMelicT8a KO 6TOPOMY. o

Jan cpaBHeHEmA STOTO BHIBOJA € AKCIEPHMEHTANBHBIMEA [AUHBIMH ObLIH
paccMeTpeHBl paszHoo(pasHble CBOHCTBAa BIEMEHTOB, B TOM 4HCJIE CBOUCTBA,
€ KOTOpBIMH OOBIYHO CBA3BIBAETCA HX XUMHATECKOC MOBEACHWE: ITOTCHIIHAJGI:
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HOHM3ALHA, ATOMHBIE O0DBEeMDLI;, DHTAJMBOAN 00pa30BAHUA DJIEMEHTOB; MOJA-
PH3YEMOCTh aTOMOB; TeMIlepaTypa KWHEHHA; TeMHepaTypa ILIasjeHus; Teml-
JI0Ta HCIIAPEeHHA; CPOJICTBO K DJIEKTPOHY; SHEPTHH HMOIHEIX PEILIeTOK; dHEp-
THH paspeiBa cBA3ell IBYXaTOMHBIX MOJEKYJ; DHEPTHM paspHBa cBA3el coc-
JIMHeHUH JIAaHTAaHOUIOB. DBech DKCIePUMEHTAJBHBIR MaTepHAT MON[epPRUIBaeT
commerpuio  (3). Hmke moMemeHo HeCKOJBKO XapakTepHBIX TpadIiKon
(prc. 2—10), paaroCTpUpPYOINAX H3MEHEHHE 3aBHCHMOCTEIl MEIKAY MAaJBIMA
MYJbTHIIETAMHA;, PasfelAlonias MXx TpaHana obo3HaveHA UITPHXOBOM u-
nnmeit. llo-BufiuMoMy, 5Ta 3aKOHOMEpPHOCTH [0 CHX TOp Iie Obuia 3aMeveHa M,
BO BCAKOM ciydae, He MMela 00BACIHeHU.

Jlenenue cemeiicTs ma mojceMeiictsa, ommcammoe B [11] (raGamma ma
¢. 208), ObL10 BOEPBBIE COIOCTABIEHO C OJKCIEPAMEHTAIbHNBIMU JaHHBIMME
B. M. Baxoseim [20}. I'padurn, npusemennbie B dToMm 00630pe, COCTABII
H. N. Coporun, seibpammii s 5Toll Iieau Baskuble cBolicTBa deMeLTOR,

4.2, OmepaTopsl XHMIYECKOTO CPOJICTBA

Mbl BBIDONHEIE [JIA CHCTEMBI DJIeMEHTOB OONBLIYIO TACThL HPOTPAMMEL
knaccmpuramum uvactun, manoykenuoit B 2.7. Haiinem rtemepps mgas  »toro
cayvas OHMepaTopsl CPoJicTBA, MEPEeBOANIAe JPYT B Jpyra TaCTULBI ¢ aHalo-
rouaeiMuE cBoiticTBaMu. CormacHo 2.7 DTH ONEpaTOpHl JOKHBL OBITH IlepecTa-
HOBOYHBI ¢ HEKOTOPOIl IMOATPYHIOH TPYNIBl CHMMETpPHH, BXOAANIEIl B Ijelo'-
Ry rpynn (1.3). BosbMem B rauectse Taroil moarpyunsl Ge = SU(2) X SO(3).

IToxaem, gro omepartopsr Iy, T (cm. (3.3.12)) mepecranoBoumsI
€ pToif mojrpymnmoi. B camMoMm Jiesie, U3 mepecTanoBOUNBIX COOTHOIICHHUH KOH-
dopmuoit  rpymoer - (3.2.16) clenyer, ITO [Pt Qy, I+ K ]|=
=[P, + Q4 J-+K_]=[P.+ Q., J3+ K3}]=0. Orcrona summo, uto I'y, I'-
€OXpaHAT KBaHTOBoe ymcao U. Jlamee, I',, '~ mepecramoBOYHBI ¢ omeparo-
pom Rasmmupa (J;+ K;)2+(Jo+ K2)2+(Js+ K3)? moprpynnmr SO (3) n
TeM CcaMbIM COXpaHAIOT KBaHTOBoe wmciao A. C papyroii cropomsr, I'y =
=P, +Q, u T-=P_+ Q_ mnepecTanoBouHL ¢ OIepPaTOPaMHU HOATPYIIILL
SU(2) m, cuepgosarenvno, ¢ 1, (k=1, 2, 3), a NoTOMy COXPaHAOT KBAHTO-
Boe umeao o. Tag wxark I'y m I'- mepecramosounwsr ¢ J,+ K, u T, B oTAenn-
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HOCTH, OHW TepecTaHOBOYHHL ¢ moarpymmoit Ge=SU(2)X S0 (3). [amee,
I',, I'_ mepecranoBognsl ¢ noprpynmoit SU(2)" m TeM caMBIM COXPaHAIT
kBaHTOoBoe umcso O. Hawomen, kak Msr Bmgenm B 3.3, I', mepeBogmr T, B

Fnsr1, @ I'— nepesogur F, B Tn—1; I103TOMYy B IpocTpamcTBe F* omeparop
') (I'-) mosbmraer (COOTBETCTBEHHO IIOHHU}KAeT) KBAaHTOBOe YHCIO Vv Ha
e MHULY.
IToxasem, 410 muA Bcex 0a3mCHBIX BEKTOPOB
T.lv, 8, &, ta, %> 0. (4.2.1)

Croauana JoKajeM AaHAJOTHUHOE YTBEeKIeHHE IS BCKTOPOB craporo Gasm-
ca v=1|v, 6, A, u, o>. Taxoil BeKTOp HPHUHAJIEKAT HEHPABOJUMOMY IOJ-
mpocTpaHCTBY rpynusl Go, samaumnoMy 3Hauenmamm v, §, A. BospMmem j=
=(v—1)/2 m pasmoskum v mo 0asucy HEIPUBOJHEMOIO IIOJHPOCTPAHCTBA
(v, 6) rpyuusr SO (4) (omyckas KBaHTOBBIe umcia O, 0):

V= azsﬁ“ﬁ 17,0 6, (4.2.2)

Ifie COXPAIEHE JIMIb WIEHE ¢ HenyJesbiMun Kod@dunumenTaMn Yqp. Ilockoabry
v ABIAETCA COOCTBEHHEIM BeKTOpoM omepartopa Js+ Ks; ¢ coGCTBeHHBIM 3Hade-
HHeM M, JJIA Bcex o, B AOKHO ObITh Ou + Tg=p (cm. (3.3.11)). BriGepem
wieH ¢ HAMGOILIIEM 3HAUYCHHEM O, (M TeM CcaMbIM ¢ HAaNMEHBIIMM 3HAYEHH-
eM Tg). llpmmenmm Temeps K Bertopy (2) omepartop I'y. Cormacuo (3.3.13)
Opd 3TOM HOJYYATCA ¢ HeHYIeBBIM Kooddurmentom sertop |j+ 1/2, o, + 1/2,
15 — 1/27, xoTopbIii He MOMKeT COKPATHUTBCSA € JAPYTAMH WIEHAMH, TOCKOIBKY
y Hero Hamboiblllee 3HAUeHHe O,. Tak Kak BexTophl Gasmeca |j-+1/2,04, Tp”
OpTOTOHANBHEI, OTCIOfa caefyeT, uro L' lv, §, A, p, o> # 0. Kar Me Bmpenn
BeIme, I, coxpamser KBaHTOBBIE ymcaa §, A, M, O, yBeImuMBasA v Ha ejxu-
HUDY; moatomy I'ylv, §, A, n, o> =nlv+t1, 8, A, u, o>, rge 17 0. Ilpame-
HOAM K TpefblylueMy paseHcTBy omepartopwl J, + K., J_+ K_, 1, 7_; monb-
sysch (3.3.11) (rme wos¢pdunmeHTs B MPaBBIX UACTAX 3aBUCAT IUINL OT A,
HO He 0T v, §) wm (3.4.13), merro BuAeTh, YTO 1 He 3aBHCHT OT M, 0. LTem
cambiM I', TepeBOJUT OPTOHOPMHPOBAHHBIC GA3MCHBIC BEKTOPHI |v, §, A, p, 6
B COOTBETCTBYIOMEE OasmcHbic BekTophl [v-+ 1, 6, A, W, 07, yMHOMREHHLIC
HA 1], & 9TO 3HAUUT, 4TO JeiicTBue I, cBojgmTcA K m3oMopdHOMY oTOOpaske-
HHMI0 IIpOCTpaHCTBA MyabTHIieTa (v, §, A) Ha mnpocTpamHCcTBEe MYIBTHILIETA
(v+1, 8, A) u ymaomenuo ma 7 0. Tax xax sexrop v, 8, A, 1, %> mpu-
HaJJIeKUT IePBOMY ¥3 3TUX JABYX IPOCTpaHCTB, HepaBeHCTBO (1) jgorasaHo.
Taxum oGpasom,

Llv, 6, &, u, w>=nlv+1, 8 A, u, », (4.2.3)
rae 1 7 0.
Hoxramenm, nanee, uto
T_lv, 8, &, i, x> 70 mpm 0<A<v—2. (4.2.4)
Tax rar Py, (), — spmMuToBEl omepatopsl, To I'y m I'- — opMUTOBO compaKeH-

HBIE OHepaTopel B TpocTpaHcTBe F*; caefoBaTenbHO, g TIOOLIX BeKTOPOB
D, W 3TOT0 IPOCTPATCTBA

(T,vlwd = wT_wd. (4.2.3)

BospMem v=1I[v—1, 8, A, u, x>, w=1Iv, § A, u, >, e 0<<A<v—2;
TOCKOJNBKY JJf 3HA4eHHA KBAHTOBOro umeia v— 1 umeno A mpoGeraer 3ua-
gemnsa 0, 1, ..., (v—1)—1, cymecrsyer mymprmmmer (v—1, §, A) m, cie-
NoBaTeJLHO, BEKTOpP U BxoauT B Oasme mpoctpamctea $t. Toumo Tax iwe
BX0ZuT B 0asuc u BerTop w. B cmry (3) T'yv=n"w, e n'#* 0, tag uro
JeBaf 4acTh (D) He paBHA MY/, OTKYJAA ¥ BhITeRaer I'_w = (.

Harmapasit cmoica omeparopos I'y, '~ cocTomT B TOM, UTO OHM Tepe-
MeIarT OGasucHble BEKTOPHl, m300pajkaeMble KieTKamm Taba. 12, Bipaso
(COOTBETCTBEHHO BJIEBO) N0 TOPH3OHTAJBHEIM CTpOKaM Tabamnul. Ilpm oToa
I'y mcerna mepesopur GasucHbli BexTOop cTonfma (v, §) B GasmcHBI BEKTOp
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eroibna Toir e wermoctm (v -+ 1, 8), ¢ yMHOKeHmeM HA HEKOTOPHIA HEHY-
Jaesoit MuOmuTens. Ouepatop I~ mepeBogur GasumCHBIH BeKTOop cTONONA
{v, 8) B GasmcmbIf BeKTOp cTONOIa TOW :Ke uerHoctTm (v—1, 6), ¢ ymHO-
JKeHHMeM Ha HCeHYJICBOM MHOMKHTENb, CIM TONBKO B NOCJHEJHEM CYUIECTBYeT
BEKTOp Ha TO# jKe TOPHU30HTAJNH (B OPOTHBHOM CjIyuyae, KaKk MOKHO IIOKA-
3aTh, MOJYTAETCA HYIb). )

MokaskeM Temeps, uTO Ty, T_ — ONEPATOPH CPOJCTBA, COENUHSIOMIEC
cTon0ubl pasHoii wermocTH. IloCKOMBKY 9TH ONEpAaTOPHl MEPECTABOBOYHEL
¢ mougrpymmoit Gy =SU(2)X SO(4), oHm COXpaHAIT KBAUTOBBIE YHCI
v, A, U, %, CBA3AHHBE ¢ TOArPynnoi (), W MEmAT TOJBKO KBAHTOBOE UACIO

8 (em. (3.4.13)):
T | vy — 172, Ay 4y %) = | ¥, 172, A, 1y, %D,

, (4.2.6)
T | v, 12, A 4y 1) = v, — 1/2, A, Uy, XD,
’ ’ ’
Haraanuoili ¢MBICH OHEPATOPOB T4, T COCTOHT B TOM, 49TO T4 IIepeMe-
imaer GasucHBIE BEKTOPHI KasyKIOro HeyeTHoro crTosubma tabma. 12 mo ropmson-
’

Tanm B 0asmcrbie BeKTOPHI OMmIKaifiiero MpaBoTO CTONOMA; T mepeMeniaeT
fasucHble BEKTOPBl KaMKIOr0 YeTHOro croiadia o ropu3oHTamu B Oasmc-
HBIe BeKTOphel Oummaiimtero gesoro croibua. Tarmm obpasom, onepatopsbr

’

Ty, I'_, 2, 1_ (4.2.7)

SIBJAIOTCA OIePaTopaMu CPojICTBA, COOTBETCTRYINUMH HOArpyIne Go.

Harx rmgwo uz tabu. 12, mo ropm3oHTAJAM ee pacHoJaralTCA B TOY-
HOCTH MeHOeaee8CKUe 2oMog0zuyeckue padvl, T. €. ceMmelicTBa DJIEeMEHTOB C
Oam3kpMm _cBoiicTBaMu. MBI BBIIEJHIM DT CeMCHCTBA, MCXOJS M3 OIMCAH-
HOTO B 2.7 OONIETO NPHIIKUIA BHIICJeHHA AHAJIOTOB B MYJAbTHILIETAX WACTHII.
IlosTomy ecrecTBeHHO HaszBaTh omepatopbl (7) oneparopamu ITUMULECKO20
cpodcrea.

Temeps BhIACHAECTCA POJL HOATPYNHB Gi: ee MYAbTURAETbL COGEPICAT
no oduomy npedcrasurearo kaxicdozo pada mendeseesckuxr 2om0.40206, TIPH
VCIOBHH, YTO 3TOT PAJ IlepeceKaeT COOTBETCTBYIOMIMiT cTos0er Ta6n 12.
B arom u cocrour emuvica nepuoduriHOCTU, ¢ TOUKW 3peHus Rpedaazaenozo
2pynnoeozo nodxoda.

Kax supuo ms rabm. 12, romonmormueckmit paf, copepsRamuit BIeMenT
v, 8, A, L, %), MOKeT IlepeceKaTh JHUINL Te MYJbTHILIETHI TOJTPYIIIIEL Gy,
OJisT KOTOPBIX A<v—1. JTuM ompefenseTca TpeyroibHas gopma TadIUIBL.
OrMerum, uto mpm v =4, A =3 Hamm omepaToOphl CPOJICTBA YCTAIABIUBAIOT
TrOMOJOTHIO MeKy JIaHTAaHOMJAMU M aKTAHomjamu, obmapysxenuyio Cu6op-
rom. Takum obpasom, DTa roMONOTEA OKABHBAETCA TACTHRIM CIyTaeM MeH-
JeJeeBCKOIl, MoHMMaeMOH B TOJbKO uTo omucamuoM cmeicie. G npyroit cro-
PpoHBI, mojiokeHme He B pAfdy IeJ0THO3eMENBHBIX METAJNIOB IIPecTaBjifget
HeBA3KY B HTOIl KapTHHE, KOTOPYIO MBI He MO;KeM 00bACHHTE.

Moxno HajeAThCA, YTO KBAHTOBHIE UHMCJIA HAIIOH CAMMETPHN OKAMKYTCS
MOJe3HBIME IIPM ONHCAHMM CBOMCTB XHMUUeCKHX coefmHeHWil. ATOMEB, co-
CTaBIAIOIMe MOJIEKYJdy, MOI'YT OBITh 3ajjaHel HafopaMu HX KBAHTOBBIX YH-
cex. loupsysack stumm mabopaMu, MOKHO TBITATHCA KAACCHPUIMPOBATE MO-
JIeKynpl, He YrayOiadAfch B MexaEWsM o0pasyiomero wx B3amMopjeiicTous.
MoHO TaK;Ke HCKATH 3aKOHOMEPHOCTM B CBOIICTBAX MONGKYJX B 3aBHECHMO-
CTH OT KBAHTOBBIX YMCeJ BXOJAUWIMX B HAX DJIEMCHTOB.




Hpraoxenne

E. M. Mupxec, A. II. Ceatan, A. U, Qer
MACCOBBIE ©@OPMYJbI 1JIfd ATOMOB

Ha ocHoBe KoHNENIHU TPYHHOBON CHMMETPUH XUMHIECKHX DIEMEHTOB
W BHITEKAWLICH u3 Hee TEOPETHKO-TPynToBol kaaccupumrammm [11] B pabo-
rax [16, 22] Oblra mpepioskena maccoBag (GopMmyla HJIA ATOMHBIX BECOB

M=mo+a[8(2v—3)—bv+11/2+2(v2—1)]— BA (A + 1), (1)

e M — cpepusist macea (v, 8, A)-MyabTHnieTa; v, 8, A — KBaAHTOBBIe HCIA
110 TEOPeTHKO-FPYNNOBOH KIACCHPUKAIMN XUMHUECKHX ojementor {16, 22]
(em. Tabm. 8 ocuosroro Tekcra craten A. U, @era); my, a, b — rosdpdunuen-
"TBl, HeBHIBC/MMbIE U3 TEOPUH.

Cootmomicune (1) pmaer cpefume aTOMHBIE MAacChl MYJBTHILIETOB, H B
BTOM CMBICIE OHO0 AMANOrH4mo m3pecTHbiM (opmyrnaM Temr-Manma n OryGo
(14, 18] u Bera u Cunra [15] axsa apponos.

B patorax [16, 22] Gbuto momasamo, 9To Macchl TeM JIYIHIC ONMCHIBAIOT-
ca dopmyoit (1), wem tsKenee smementhl. [lo pToit mpudune ObLTO TIpEn-
J0REHO paccMaTpPUBaTh 9Ty POPMYIY KAK «ACHMITOTHUYECKYIO».

Henocratrom cootnomenns (1) sBusercs, BO-IePBLIX , HEOOXOXUMOCTE
HCTIONB30BAHNA Da3ubix Habopos KoddPHUIMEHTOB Mo, @, b ANA JErKux 1
TSKETBIX aTOMOB, BO-BTOPHIX, HCIOIb30BAHME BCETO TPeX KBAHTOBLIX HTHCEJ
v, 8, A U3 marTn Bo3MOKHBIX v, §, A, &, ¥ (cMm, Tabm:. 8),

B macrosimeM npmioskeHUH NpeRiaTaeTcs MAacCoBas d)opuyna JUIITeH-
WA OTMEYEHUBIX IIefOCTATKOB. llpm 5TOM y4YTenmsl BCe NATH KBAHTOBBIX
qICeN, B Pe3YIRTATE Uero MOAYUEeHbI COOTHONICHUS, TO3BOMAIOIINE BEIYHCIATE
e CPeAH0 MYIbTHNIETHYIO, a4 «NO3JAEMEITHYIO» Maccy XHMHUECKHX dJe-~
MEHTOB. ,

Jlast moaywenns MOJHIIOMOB BTOPOTO, TPETHETO W TETBEPTOTO MOPATKOB
GBI UCTOJIL30BAIL CTANZAPTHEIL METO[ PerpecCHoIoro aHain3a:

M=62,329 — 82,256y — 21,6516, — 2,089A — 5,511i, + 1,840% + 32,842v% +
+ 14,704v8, — 2,047vA + 2,515vi, + 0,460vx + 1,1058 A + 0,7478 i +
+ 0,1148,% — 9,60002 + 4,683Li, — 0,2884x — 0,088i,x + 0,081%2,  (
= 4,148 + 5,515v + 3,5708, + 7,632h — 2,8917; + 3,436% —
— 2,162¢% — 6,739v8;, — 4,075vA + 6,879vi;, — 1,768vx +
+ 0,0328,A + 1,6026,i + 0,2828,x — 11,6304 + 0,075%3 + 0,6454% —
— 3,203i3 + 0,704i3% + 0,364%2 + 4,944v® 4+ 4,385v28, — 0,408v2A—
— 1,797v?; + 0,696v3x — 1,472v6,A + 0,469v8,i; + 0,422v8, % —
— 33,518vA2 + 70,230v2i; — 0,214vAx — 32,847vi; —

— 0,741V % + 0,1758,A% + 2,3118,Miy — 2,7848,Ax — 0,1228,i3+ 0,703631‘;94 —
— 0,4758,%* — 0,016)% — 4,3601%1), + 13,391A%% — 0,687Ai; — 15,000hi,% +
+ 1,2310%2 — 0,024i3 + 5,04565% — 0,353i,%2 — 0,291%3, (3)

M = 3,021 — 4,301v + 10,7388, 4+ 5,761\ + 3,615i) + 2,052% + 4,452v3 +

(8]

)
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+ 8,963v28, — 10,454A% — 0,733%i% — 16,257v8, — 4,852vA -+ 2,131vAi, —
— 0,107v3ij, — 0,689v38, + 0,106v%i5 — 1,584i 3% 4 0,745vx% + 0,596%3 -+
+ 0,5666,% — 0,0638,%3 + 0,6598,A + 1,3938,4% — 3,9298,4* — 0,8918,A%;, -+

+ 2,1998, 5, — 0,1840%% + 0,071hi3x 4 0,824%2 — 0,243i,2, (4)
M = 3,626V — 2,432vA, + 1,743v26, + 3,148:% -+
+ 2,628% - 7,835A% + 0,143v4 + 0,263v35,, (5)

rae 6; =28 — 1. '

Coormoruennst (2)—(5) mpefcTaBisaioT cofoil moiuHoMel BTOpoH (2),
Tpetheit (3) u 4erseprofl (4) m (5) crememeil.

BBugy toro, 4ro moiHBlE moamHoM 4-i crememu cofiepskut 103 woad-
dunuenToB, a B3ATBIC HAMM [{OCTOBEPHBIE BKCIEPHMCHTAJLHBIC FAITILIE I10
aTOMHEBIM BecaM HacumrTeiBaloT Toapko 103 saemenTa, mocTpoenme MOJHOTO
NOJMHOMA HeBO3MOXKHO. HNpome Toro, Goasimoe wmesno Ro3(PPUOHEHTOB 3a-
TPyAHAET TPAKTHYECKOe HCIoJib3oBanue ¢opmynsl. llosTomy Bosummma 3a-
mava IOCTPOENHs IMENOJTHBIX IOAWHOMOB 4-f cremenwm (cootnomienns (4)
n (5)). OnmmeM ajaropuTMbl HX IIOCTPOEHHA.

Bregem o6osnauenns: I — MHOKeCTBO HOMEDPOB MOHOMOB, BRIYEHHBIX
B moJHHOM; N — MHOKECTBO HOMEPOB BCeX MOHOMOB, NPEMHA3HAYEHHBIX JJIS
TOCTPOEHIA PETPEecCHOIIHOTO NOJHHOMA; S;— CPeHeRBAJPATIIYHAA OIIHOKa
AMMPORCAMATINY TIOJNMHOMOM, COJEDIKATIMM TOJIBKO Té MOHOMbI, HOMEPA KO-
Topbix BXouAT B 1. B arux ofosmauenusax anroputM moxyuenust (4) uMeer
CIeAYIOUIHH BH/I.

Iar 1: 7=1{1, 2,...,6} (Bce nunefinsie -+ cpofoguplit wien).
Mar 2: lg * SIU{io} i\I:_nNIVI\}I SIU{l)-

Hlar 3: I=1U {lo}

Mar 4: Ecau S;> S, to cnopa mar 2.

B rex e obosHadenusax aaroputM noiydeHus ¢GopMyiasl (D) BBITIATAT
crenyomuM o0pasom:

. 1 = {il, aeny is}-
. I.O = I, l= 1. .
S\ = _ 0in  Si\giguer

1IENNIU{Y)
ii=1y, I=104+1, ecniu { <8 cposa mar 3.
. Ecau I+ I,, cnosa war 2.

Cpepgnersaipamidesle OTKJIOHEHHS [ cooTHoumenuil (2)—(5) paBmbL
4,18; 1,5; 1,25; 1,92 coorBetcTBenno. PesyanTarsl, 110JyYeHHble II0 COOTHO-
mennsaM (1)— (D) mus cpegmux aToMHBIX Macc (v, O, A)-MyIBTHINIETOB,
cBefiensl B tali. 1. 37ech ke Jambl A CPABHEHNS DKCIIEPHMEHTAJIbHBIE
HamHEble 1m0 cpepurM MyabTumiIeTAEM Maccam [10]. Kaw smgmo us vaba. 1,
TOYHOCTH BHIYHCIEHHA cpefiHeir Macchl (v, 8, A)-MYJBTHIUIETOB B CPABHEIMI
¢ SKCIIePUMEHTOM BO3PacTaeT IpPH Iepexofe OT OJHOIO COOTHOINEHHSA K ApY-
roMy B ciefywnieir mx mocxemoparenpHoctd: (1)~ (5) ~ (2) = (3) = (4).
TaxuMm ofpasoM, mamgydmine pe3yibTaTel YHACTCSA IOJAYUHTH € MCIOJIB30-
BagueM TPUALATHKOIPOUIHEHTHOrO HENOJIHOTO IONHINOMA deTBePToli cre-
menn (4), Coornomientte (4) 1ajd0 HAHIyYIIHE Pe3YIBTATHL A CeMH MYyNb-
ramreros: (1, 1, 0), (2, 0, 0), (2, 1, 0), (3, 1, 1), (3, 1, 2), (4, 0, J),
(4, 1, 3). Coornomenua (3), (2) u (9) manm HamIyYnide pe3yabTaThl IJIA
UATH, Tpex U ABYX MyJbTHINIETOB cooTtBetctBemuo: (2, 0, 1), (2, 1, 1),
(3,0, 0), (3, 1, 0), (4, 0, 0); (3,0, 1), (4 0, 1), (4 0, 2); (1, 0, 0),
(3, 0, 2).

B ra0m. 2 npuBedgensl aToMHBle MAacchl OTAENBHBIX TPAHCYPAHOBBIX
5JeMelToB, NpefcKa3biBaeMble Ha OcHoBe coorHolmenmit (1)—(d). dru pgau-
Hble CONOCTABIAKTCcHA ¢ mpefckazammsMu I'. Cmbopra, cHemanfHbIMH ¢ IIO-
Mombio obomoveunoil Momesmu [13). Haw Bmamo ma tabn. 2, B uersipex ciy-
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TaGauma 2. AToMHEle MacCel TPAHCYPAHOBHIX BIEMEHTOR, IPENCKa3aHHbIE
T'. Cuboprom [13] u mo cooTHomennam (1)—(5)

IIpenckasaHHaA Macca (HCTOYHHK)
DJeMeHT A};rg)wllwelg,rﬁ T'. Cufopr CoOTHOILIeHUA
(131 w | o | e | w ®
T 113 297 293 280 292 2N 295
Pb’ 114 298 296 293 300 296 296
Bi’ 115 298 298 287 298 297 299
Po’ 116 298 299 290 303 300 302
At/ 117 311 299 293 309 304 304
Rn’ 118 N4 31 297 35,5 309 307
Fr’ 119 315 312 296 318 312 313
Ra’ 120 316 M5 300 326 317 316

YaAx M3 IIATH BO3MOMKHBIX Jydulnee corsacosanwe ¢ ganmbivu 1. CumbGopra
JOCTHTAETCsT 3a cUeT cooTHoutenws (H) (smementot TU', Pb’, Fr', Ra’).
B pgByx apyrux cayuasx (siaementor At’, Rn’) pesyapratsl, Gosee Gauskue
k mpeackasanusaM I. CuGopra, maer cooruonenne (3). Kax mokasano B
tabu. 1, gasa cpegHHX aTOMHBIX Mace MyabrummetoB (4, 1, 0) m (4, 1, 1)
HnamwJIyuiiee corjacue JOCTUTAeTcA ¢ HCNOJIL30BAHIEM COOTHOIIeHuWit (4)
n (3) coorBercrBenno. Kpome Toro, yaurtblBasx fgamsle Tabm. 1, ceumerernsn-
cTByIOIUe o Goabileil AOCTOBEPHOCTH NUpPeACKA3alMil, CeJaillblX Ha OCHOBE
coornonrenuit (4) u (3), MOMHO NPEANOIOKUTH, UTO ICTHINIBIE 3HAYSHU
QTOMHBIX MacC YKA3aHHBIX TPAHCYPAHOBBIX 3JIEMEHTOB OJike He K IIpef-
ckazanasm I'. Cubopra, a K mpelcKasaHHAM, 3a7aBaeMbIM COOTHONIEHUAMII
(3) m (4). Ogumako BeIOp MEKTYy IHME 3aTPYMUITEIEH, [I03TOMY B Kade-
CTBE TUIIOTETHYECKOI0 TPOTTIO3a JJf ATHX 3JIeMENTOB MOMKHO AATh cpelHHe
aToMIIBIe MacChl, faBaeMbie cootnomenuaMu (3) uw (4):

I’ PD’ BI’ Po’ At Rn’ Fr’ Ra’

291,5 298 297,5 301,5 306,5 312,25 315 321,5

TaxoMm ofpa3oM, HA 0OCHOBe TpPYNMOBOIl KIacCHPUKATME XHMHUYECRUX
3/1eMeNTOR II0JIYyYeHB HECKOJIbKO BHAOB MaccoBoii ¢OPMyJIBI (COOTHOIIEHHS!
(1)—(3)). Ilpu cpaBuenuni ¢ DKCIEPUMEHTANHLHBIMII JANHBIMI YCTANOBJIEHO,
YTO HAWTYYNIHe Pe3yILTATHL AOCTUTAIOTCS € HCIMOJb30BAHNEM COOTIONIeHHIT
(3) n ocobenno (4), orpevalOWUX TOJHOMY HOJTHHOMY TPeTLCH CTeIeHH
H HeHOTHOMY [IOJUHOMY YeTBePTOil Cremenn OT IATH KBAHTOBBIX YHCE
v, 0. A, iy, ® COOTBETCTBEHIIO.

Jlaunl mpeAckasammsi aTOMIUBIX MAcc pfga TPAHCYPANOBBIX 3IeMEHTOB
¢ atoMubiMu momepamu ot 113 mo 120.

Astopsr mpusuateasnbt A, H. Iopbamio 3a maogorsopusie olbcyskpeHns
PACCMOT JeUHbIX B TMPHIOKEHHI BOIIPOCOB.
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